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LIPSCHITZ GEOMETRY OF CURVES AND SURFACES
DEFINABLE IN O-MINIMAL STRUCTURES

LEV BIRBRAIR

ABSTRACT. The paper is devoted to the generalization of the the-
ory of Hoelder Complexes, i.e., Lipschitz classification of germs
of semialgebraic surfaces, for the definable surfaces in o-minimal
structures. The theory is based on the Rosenlicht valuations on
the corresponding Hardy fields. We obtain a complete answer for
the case of polynomially bounded o-minimal structures and for
the case of isolated singularities for general o-minimal structures.

1. Introduction

Metric geometry of singular spaces can be divided into two wide parts.
The first one works with invariants under isometries. Investigations of Brécker
and Bernig (see [6], [7]) and others are devoted to the different notions of
curvature on singular definable spaces.

Another part of this direction is related to bi-Lipschitz invariants. Bi-
Lipschitz equivalence classes of singular spaces are wider than the classes of
isometric singular spaces. That is why one can expect to have a complete
solution of the problem of Lipschitz classification. This problem appears nat-
urally in Singularity Theory and in classical Differential Geometry. Mostowski
[13] studied a question of “tameness” of this problem for complex algebraic
sets. He proved that, for any finite dimensional analytic family, the set of
equivalence classes (according to a bi-Lipschitz equivalence) is finite. Later,
this result was generalized by Parusinski to semialgebraic and subanalytic
sets [15]. However, these finiteness results are “existence theorems” and do
not give any key to resolve a classification problem. Recently, Valette [16]
extended these results to polynomially bounded o-minimal structures.
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1326 L. BIRBRAIR

For germs of semialgebraic and subanalytic curves (one-dimensional semi-
algebraic and subanalytic sets), the problem of bi-Lipschitz classification was
completely solved in [3]. The main result of [3] is that a Lipschitz equiva-
lence class of a curve is totally determined by orders of contact of all pairs
of branches. The paper [1] is devoted to a bi-Lipschitz classification of 2-di-
mensional semialgebraic or subanalytic sets. The problem is studied with
respect to an intrinsic (inner) metric. The inner distance between two points
on a semialgebraic set is defined as a minimal length of a rectifiable curve
on the set connecting these points. This viewpoint is more usual in differ-
ential geometry than in classical singularity theory. The paper [1] gives a
complete bi-Lipschitz invariant—so-called Holder Complex. Holder Complex
is a canonical local triangulation equipped with some rational numbers asso-
ciated to each 2-dimensional simplex. These numbers characterize the orders
of contact of one-dimensional faces of these simplices near a singular point.
In particular, it is proved that if xy is an isolated singular point of a 2-
dimensional semialgebraic set X with a connected link then the germ of X at
Zo is bi-Lipschitz equivalent to a (-horn (a revolution surface of the graph of
the function 27). This result was recently rediscovered by Grieser [10]. In [4],
the number § is computed for quasihomogeneous and semiquasihomogeneous
singularities.

All results described above are devoted to a special class of singular spaces:
semialgebraic and subanalytic sets. The following question looks natural:
What happens in a more general situation? In this paper, we consider a
more general class of singular spaces: definable sets in o-minimal structures.
Topological properties of these sets are similar to a semialgebraic case. What
one can say about metric properties? Note, that the results of Mostowski are
not true for general o-minimal structures. To see it, consider the following set:
X = X U Xy where X = {(:Z?l,xg,xg) € RB,IEl > 0,20 > 0,23 = IT2},X2 =
{(w1,29,73) € R3 21 > 0,29 > 0,73 = 0}. The family of sections of this set
by planes xo = const has infinitely many equivalence classes according to a
bi-Lipschitz equivalence.

The main goal of the present paper is to show that a question of Lipschitz
classification also makes sense in o-minimal case (even in the case when the
set of equivalence classes is not countable).

In [1] and [3] (see also [2]), orders of contact of semialgebraic (subanalytic)
arcs were measured by some rational numbers. These numbers are first ex-
ponents of Puiseux decomposition of corresponding distance functions. Note,
that these Puiseux exponents can be considered as elements of a value group
of a canonical valuation on a Hardy field of germs of semialgebraic func-
tions. In a general case, one can also consider a Hardy field of definable func-
tions and take a value group of the corresponding Rosenlicht valuation (see
[14]). Actually, this idea does not work directly. If an o-minimal structure
is not polynomially bounded, then the canonical valuation does not create



LIPSCHITZ GEOMETRY OF CURVES AND SURFACES 1327

a bi-Lipschitz invariant (see Section 3). That is why we define a notion of
quasivaluation.

Let A be an o-minimal structure. Let K4 be a Hardy field of germs of
definable in A functions ¢ : (0,e) —» R. Let G4 C K4 be a group of local
homeomorphisms near 0. Let Lip 4 C G 4 be a subgroup of bi-Lipschitz home-
omorphisms.

ProposITION (Corollary 3.7). Lip, is a normal subgroup of G4 if and
only if A is polynomially bounded.

We denote by H the set of left cosets in G 4 with respect to Lip 4. Observe
that H is an ordered set. Let Gj be a subset of G 4 of the functions ¢ : (0,e) —
R such that lim; o ¢'(t) # 0o. A canonical projection P : G} — H is called
quasi-valuation. The term “quasi-valuation” has the following motivation. Let
v: K4 — H be a Rosenlicht valuation on K 4. Then for any pair 1,9 € ng,
we have the following: if v(11) = v(2), then P(¢1) = P(1)2). Moreover, if A
is polynomially bounded then cosets are totally determined by the valuation v.

Section 4 is devoted to a relation between quasi-valuations and Lipschitz
geometry of some special definable sets. Namely, we consider ¢-semicusps
Cyp = {(z1,72) € R?|z1 > 0,20 = 0} U {(x1,72) € R?|z; > 0,22 = ¢(x1)} and
¢-triangles T, = {(x1,72) € R?|z1 > 0,0 < 22 < ¢(21)} with ¢ € G;. We show
that two semicusps Cy, and Cy, are bi-Lipschitz equivalent (with respect to
the Euclidean metric in R?) if and only if P(¢;) = P(¢2). The same result
is also true for Ty, and Ty,. Note, that the sets Ty, and Ty, are normally
embedded, i.e., the intrinsic and the Euclidean metrics are Lipschitz equivalent
(see [5]). The results of this section are important for further investigations.

We generalize, in Section 5, the results of [3] for definable curves. We as-
sociate to a germ of a definable curve two combinatorial objects: Valuation
Semicomplex and Quasi-valuation Semicomplex. In order to construct these
complexes, we take all pairs of the branches of a given curve. Let (v;,7;) be a
pair of branches. We can suppose that v; and 7; are parameterized by a dis-
tance to a singular point. Set ¢;; = ||7; — v;||. Taking c;; =v(¢;;) we obtain
a valuation semicomplex and taking é&;; = P(¢;;) we obtain a quasi-valuation
semicomplex. We prove that a quasi-valuation semicomplex is a bi-Lipschitz
invariant and an isomorphism of valuation semicomplexes is a criterion of a
bi-Lipschitz equivalence. In this section, the bi-Lipschitz equivalence is consid-
ered with respect to the Euclidean metric. If all the distance functions ¢;; are
nonflat, in particular, if the o-minimal structure A is polynomially bounded,
then two semicomplexes (valuation and quasi-valuation) are isomorphic and
each of them gives a complete bi-Lipschitz invariant.

Sections 6, 7, 8, and 9 are devoted to the investigation of intrinsic Lipschitz
geometry of definable surfaces. In Section 8, we study isolated singularities.
The main result of this section is so-called Horn theorem.
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Let ¢ € G}, be a germ of a definable in A function. A ¢-horn Wy, is a set
defined as follows:

W¢:{(z1,x2,y)€R3|yZO, I%+I%:¢(y)}

We prove that any germ of a definable in A surface with isolated singular
point with a connected link is bi-Lipschitz equivalent with respect to the
intrinsic metric to a ¢-horn, for some ¢ € Gj". Moreover, ¢1-horn and ¢o-
horn are bi-Lipschitz equivalent if and only if P(¢1) = P(¢2). This result
generalizes a horn theorem from [1]. Grieser [9] obtained a related result
investigating a problem of classification of riemannian metrics with isolated
singularities up to quasi-isometry.

Sections 6, 7, and 9 are devoted to nonisolated singularities. We intro-
duce the notion of Quasi-valuation Complex. It is a generalization, for the
o-minimal case, of Holder Complexes developed in [1]. Quasi-valuation Com-
plex can be defined as a finite graph I' with a function §: Er — H where Er
is the set of edges of I and H is an ordered set related to the notion of quasi-
valuation. This graph I' carries a topological information about a singular
point. The function (3 is responsible for a metric information: “intrinsic or-
ders of contact” of one-dimensional faces of simplices of a triangulation near
a singular point. We show that a Canonical quasi-valuation Complex is a
bi-Lipschitz invariant and a complete bi-Lipschitz invariant in a nonflat case.

2. Basic notations

2.1. Hardy field of definable functions. Let A be an o-minimal struc-
ture. Consider the set of all germs of definable in A functions ¢ : (0,¢) — R.
The usual operations of addition and multiplication of functions provide a
structure of a field on this set. We denote this field by K 4. Clearly, K4 is
totally ordered, and for each ¢ € K4, we have: ¢’ € K4. Thus, K 4 is a Hardy
field.

Let H be an ordered group (called a value group). A valuation v: K4 —
{0} — H is called a Rosenlicht valuation if v(f) > v(g) when lim;_q % =0.
The Rosenlicht valuation is canonical in the following sense. Let vy : K4 —
{0} — H; be another Rosenlicht valuation. Then there exists an order-
preserving embedding j: H — Hj such that v1(¢) = j(v(¢)). We will use
the notation

b1~ da; if v(d1) =v(h2).

2.2. Inner (intrinsic) metric on definable sets. Let X C R™ be a con-
nected definable in A set. We define an intrinsic distance dg(x1,x2) between
two points x1,22 € X in the following way. Set d¢(z1,z2) = inf £(y) where
v :[0,1] — X be a rectifiable curve such that v(0) = z1,v(1) = 2 and £(7) be
a length of the curve 4. By Definable Triangulation Theorem (see [17]), the
distance d, is well defined.
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2.3. Bi-Lipschitz equivalence. Let X7, X5 be two metric spaces. A map
F: X, — X, is called bi-Lipschitz if F and F~! are Lipschitz homeomor-
phisms. A definable in A subset X C R™ can be considered as a metric space.
There are two natural metrics on X: Euclidean metric d(z1,z2) = ||z1 — z2||
and an intrinsic metric dy; defined above. Two connected definable sets X1, X5
are called bi-Lipschitz equivalent (isomorphic) with respect to the Fuclidean
metric if there exists a bi-Lipschitz (with respect to the Euclidean metric)
map F: X7 — X5. The sets X1, X5 are called bi-Lipschitz equivalent with
respect to the inner (intrinsic) metric if there exists a map F: X; — X5
bi-Lipschitz with respect to the inner metric. The sets X7, X5 are called bi-
Lipschitz equivalent (with respect to the Fuclidean or to the inner metric) in
A if a bi-Lipschitz map F' is definable in A.

3. Germs of definable homeomorphisms

Let A be an o-minimal structure over R and let K4 be a Hardy field of
germs at 0 € R of definable in A functions ¢ : (0,6) = R. Let G4 C K4 be
the subset of K4 defined as follows:

Ga= {¢eKA,¢>o and tng(l)gzy(t):o}.

Each function ¢ from G4 can be extended to [0,¢) putting ¢(0) =0. The el-
ements of G4 are germs of definable homeomorphisms ¢ : [0,1) — [0,e2).
They form a group where the group operation is a composition. Let Lip 4 be
the subgroup of G 4 of the germs of bi-Lipschitz homeomorphisms. Observe
that Lip 4 can be defined as follows: Lip, = {¢ € Ga,v(¢) =v(Id)}, where
v: K4 — H is a Rosenlicht valuation and H is a value group of v.

DEFINITION 1. Two homeomorphisms ¢, and ¢o of G4 are called
R-Lipschitz equivalent if q§f1¢2 € Lipy. If ¢1¢51 € Lip,, the homeomor-
phisms ¢; and ¢o are called L-Lipschitz equivalent. Homeomorphisms ¢
and ¢ are called RL-Lipschitz equivalent if ¢1 = [y gbng_l, for some bi-Lipschitz
homeomorphisms ly,l € Lip 4.

Let Gy C G4 be a subset defined as follows: G, = {¢ € G 4,v(¢) > v(Id)}.
Let G4 ={¢ € Ga,v(¢) <v(Id)}. Clearly, G4 = G, UG} and Lip, =G, N
o

PRrROPOSITION 3.1.

(1) If p € G, then ¢~ € G,.

(2) If 1 and ¢o are L-Lipschitz equivalent or R-Lipschitz equivalent and ¢ €
GX, then ¢o € GX.

(3) Homeomorphisms ¢1 and ¢2 are R-Lipschitz equivalent if and only if qﬁfl
and ¢2_1 are L-Lipschitz equivalent.

The proof is straightforward.
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PrOPOSITION 3.2. Let A be a polynomially bounded o-minimal structure.
Let ¢1,¢9 € Ga. Then the following assertions are equivalent.

(1) ¢1,¢2 are R-Lipschitz equivalent.
(2) ¢1,¢2 are L-Lipschitz equivalent.

(3) v(1) =v(2).

Proof. Let v(¢1) = v(¢p2) = a. Then by the results of van den Dries and
Miller [18], ¢y £, ¢y~ t*, 1+ ~ta and ¢y~ to. Thus,

$1 "pont and ¢y ¢yt
We obtained that gi)l—lgbg € Lip 4 and ¢1¢2_1 € Lipy.
Assume that v(¢1) = a1, v(d2) = as and a3 # ay. Hence,
o1 ot and gy gy ot

It means that ¢, "¢o ¢ Lip, and ¢1d5 " & Lip 4. d

PROPOSITION 3.3. Let A be an o-minimal structure (not necessary polyno-
mially bounded). Let ¢1, o € ng. Then ¢1 and ¢2 are L-Lipschitz equivalent

if and only if v(¢1) = v(¢2).
Proof. Suppose that v(¢1) =v(¢2). Then ¢p1é; ' ~t. Let ¢ be L-Lipschitz

equivalent to ¢5. Thus, there exist two positive constants K; and K such
that

K1 < (¢1(674(5))) < K.

Hence,

o5(ds (s))
Thus, ¢—i is bounded away from 0 and infinity. By L’hospital rule, it is also
true for % It means that v(¢1) =v(¢2). O

PROPOSITION 3.4. Let ¢1,¢2 € G, and let v(¢1) =v(¢2). Then ¢1 and ¢o
are R-Lipschitz equivalent.

To prove this proposition we need the following lemma.

LEMMA 3.5. For all ¢ € GX and for all K >0, the germs ¢ and K¢ are
R-Lipschitz equivalent.

Proof. The property is clear if v(¢) =v(Id). Suppose that v(¢) > v(Id).
Consider the case K > 1. Since ¢’ is a monotone function and ¢’'(0) =0, we
obtain

(6(Kz) — Ko(x)) = K (¢'(Kz) — ¢/(x)) >0,
for z > 0. Thus,
o(z) < Ko(z) < ¢(Kx).
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Since ¢ is a monotone function, we obtain

¢~ (0(x) < ¢ H(Eo(x)) < ¢ ($(Ka)).
Finally,
2 < 6~ (Ko(2)) < K.
Hence, ¢~ (K ¢(x)) € Lip 4.
The same arguments give the proof for K < 1. g

Proof of Proposition 3.4. Since v(¢1) = v(p2), there exist two constants
K1, K5 > 0 such that

K1¢a(t) < ¢1(t) < Kaa(t).

Since ¢ ! is a monotone function, we obtain

¢y (K192(t)) < 63 ' (01(1)) < " (K22(t)).
Therefore, ¢5'¢1 € Lip, because, by Lemma 3.5, ¢ ' (K142) € Lip, and
5 ' (K2¢2) € Lip 4. 0

REMARK. The inverse statement for R-Lipschitz equivalence is wrong.
Let A be an exponential o-minimal structure. Then, by [12], the function
e” is definable in A. Thus, ¢; = e+ and 02 = e 2 belong to GX. Clearly,
¢1 and ¢y are R-Lipschitz equivalent but v(¢1) # v(¢p2).

COROLLARY 3.6. If ¢1,¢2 € G:Z and ¢1,¢2 are RL-Lipschitz equivalent
then they are R-Lipschitz equivalent.

Proof. Since ¢1 and ¢, are RL-Lipschitz equivalent, there exists ¢ € Lip 4
such that ¢ and ¢of are L-Lipschitz equivalent. Then by Proposition 3.3,
v(¢1) = v(p2f), and by Proposition 3.4, ¢y and ¢2f are R-Lipschitz equivalent.
Hence, ¢; and ¢o are R-Lipschitz equivalent. O

COROLLARY 3.7. Lip 4 is a normal subgroup in G 4 if and only if A is a
polynomially bounded o-minimal structure.

Proof. If A is a polynomially bounded then the equivalence classes by
R-Lipschitz equivalence and by L-Lipschitz equivalence are the same. Thus,
Lip 4 be normal. Let Lip, is normal. Let A be an exponential structure.
Then there exist two functions ¢; and ¢ (see the Remark) such that they
are R-Lipschitz equivalent but not L-Lipschitz equivalent. 0

PROPOSITION 3.8. Let ¢1,¢2,¢3 € Gj; be the germs of definable functions
such that, fort #0,¢1(t) < ¢a(t) < ¢3(t). Let ¢1 and ¢3 be R-Lipschitz equiv-
alent. Then ¢1 and ¢o are R-Lipschitz equivalent.

Proof. Since ¢1 and ¢ are germs of definable homeomorphisms, we have
that g2 = @14, 93 = ¢1{, for some definable homeomorphisms ¢ and ¢. Since
¢1 and ¢3 are R-Lipschitz equivalent, £ € Lip 4. Clearly, t < £(t) < £(t). Thus,
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Let H be the set of left co-sets of Gj with respect to Lip 4. Let P : Gj; —
H be the canonical projection. We can define a natural order in H in the
following way. Let hq,hs € ﬁ, h1 # ho. Set ho > hq if there exist ¢ € hy and
¢2 € ho such that, for t # 0,$1(t) > ¢2(t). By Proposition 3.8, this order is
well defined and H is totally ordered. Let Ht = o(G¥).

THEOREM 3.9. There exists a map v: HT — H such that
(1) For each ni,n2 € H such that my > n2, one has: v(ny) > v(n2).
(2) The diagram
Gt
P\, /7
H
18 commutative.
Proof. Let ne HT, let ¢ € v=1(n). Define v(n) = P(¢). By Proposition 3.4,

the map v is well defined. By the definition of the order in H, the map v
satisfies the condition (1). O

The map P : Gz — H is called Quasi-valuation map. If A is polynomially

bounded then H can be identified with H+ and P is the restriction of a
valuation v to GX.

COROLLARY 3.10. Let ¢1,¢2 € G&. Then P(¢1 +¢2) = min{P(¢1), P(¢2)}.

Proof. Since ¢1,¢s € Gj;, then v(¢1 + ¢2) = min{v(¢p1),v(¢p2)}. By The-
orem 3.9, P(¢1 + ¢2) = 9(v(P1 + ¢2)) = v(min{v(¢1),v(d2)}) = min{P(¢1),
P(¢2)}. O

A function ¢ € Gj is called flat if (d;Tﬁh:o =0,foralln>1,n€Z. A func-
tion ¢ is called nonfilat if it is not flat. The following result shows that for
nonflat functions, a quasi-valuation is equivalent to a valuation.

THEOREM 3.11. Let ¢ € Gj; be a nonflat function. Let ¢ € GX be another
function such that P(¢1) = P(¢2). Then v(¢1) =v(¢2).

To prove the theorem we need the following

LEMMA 3.12. Let ¢ € GX be a nonflat function. Then for every r >0, we
have v(¢(t)) = v(@(rt)).

Proof. Without loss of generality, we can suppose that r > 1. Let k be a
(dt)" |t =0 7& 0. We
|t 0o =M where M # oco. If

number such that, for i < k, we have (dt |t o =0 and

k
have two possibilities: &Tﬂh:O = 00 or (dt
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(dt ¢ |,—o = M using L'Hospital rule we obtain

o) _ 1. oM@ 1

P 9rt) T G
Thus, v(¢(t)) = v(P(rt)).

k
Consider the second case: (dt \t o = 00. We have:

L) 1 oY)
P ot ~ T 8 )

Since ¢*~1(0) =0 and ¢~ () is a monotone function we obtain that

lim o(t) <
=0 ¢(rt) ~ it
On the other hand, since lim;_.o¢*) () = oo and ¢(¥) (¢) is a monotone function
we obtain that

o) 1. oM@ _ 1
20 g(rt)  rk LS oyany o®) (rt) Z 5

Hence, v(¢(t)) =v(4(rt)). The lemma is proved. O
Proof of Theorem 3.11. Let P(¢1) = P(¢2). It means that ¢o(t) = ¢1(I(t))

where [ € Lip 4. Thus, there exists a couple of constants r1,ry > 0 such that
rit <I(t) < rot. Since ¢y is an increasing function we have

¢1(r1t) < @o(t) < da(rat).

Since ¢; is a nonflat function, by Lemma 3.12, v(¢1(r1t)) = v(d1(rat)) =
v(¢1(t)). Hence, v(¢1) = v(¢2). O

PROPOSITION 3.13. Let ¢ is a flat function. Then for all r > 0,r # 1, we

have v((rt)) # v($(2)).

Proof. Suppose that » < 1. We have

() gy 00 (D)
o =" m e

Since ¢(¥)(rt) < ¢F)(t), we obtain

lim ¢(rt) <rk
=0 ¢(t)
This inequality is true for all k. Thus, v(p(rt)) > v(¢(t)). O
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4. Germs of definable sets in R?

Here (in this section), a bi-Lipschitz equivalence is considered with respect
to the Euclidean metric.

Let ¢ € G be a germ of a definable homeomorphism. A ¢-semicusp Cy is
a germ at (0,0) of a 1-dimensional subset in R? defined as follows:

Cp ={(21,72)|71 > 0,22 =0} U {(21,22)|71 > 0,72 = $(21)}.

THEOREM 4.1. Two semicusps are bi-Lipschitz equivalent in A if and
only if the germs of corresponding definable homeomorphisms ¢1 and ¢o are
R-Lipschitz equivalent.

To prove this theorem we need two lemmas.

LEMMA 4.2. Let ¢1, ¢2 € G;. Let Cy, and Cy, be bi-Lipschitz equiva-
lent in A. Suppose that ¢1,¢2 ¢ Lipy. Let F: Cy, — Cyp, be a definable
bi-Lipschitz map. Then F((0,0)) = (0,0).

Proof. Suppose that F'((0,0)) =a € Cy,,a # (0,0). Consider two points x =
(t,0) and y = (t,¢1(t)) sufficiently close to (0,0). Since Cy, is a
1-dimensional smooth manifold near the point a there exist two constants
K1 and K5 such that

Kyt <d(F(x),F(y)) < Kst.
But d(x,y) = ¢1(t). Thus, ¢1(t) € Lip 4. This is a contradiction. O

LEMMA 4.3. Let F': Cy, — Cy, be a definable bi-Lipschitz map. Then there
exists another definable bi-Lipschitz map F - Cy, — Cy, such that the image
of the graph of ¢1 by F belongs to the graph of ¢o and the image of the positive
r1-azis by F belongs to itself.

Proof. Let Cy be a ¢-semicusp. Let Fy : Cp — Cy be the map defined as
follows: Fy(x1,22) = (x1,—(x2 — ¢(x1))). Fyp is a definable bi-Lipschitz map
because ¢ € ng. Clearly, the image of the graph of ¢ by Fy belongs to the
positive z;-axis and the image of the positive x;-axis by Fj, belongs to the
graph of ¢. Let F': Cy, — Cy, be a bi-Lipschitz map such that the conclusion
of the lemma do not hold. By the preceding lemma, F(0,0) = (0,0). Set
F= Fy, o F. Then Fisa bi-Lipschitz map satisfying the conclusion of the
lemma. 0

Proof of Theorem 4.1. Let Cy, and Cy, be bi-Lipschitz equivalent in A.
Note that ¢ € Lip 4 if and only if Cy is a Lipschitz submanifold. Thus, if Cy,
and Cy, are bi-Lipschitz equivalent then ¢1,¢2 € Lip 4 or ¢1, P2 ¢ Lip 4.

Assume that ¢1,¢ ¢ Lip,. Let F: C4, — Uy, be a bi-Lipschitz map
satisfying the conclusion of Lemma 4.3. Then for (¢,¢41(¢)) € '7351’ we have:
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F(t,01(t)) = (h(t), p2(h(t))), for some definable bi-Lipschitz map & : [0,e) —
[0,00). Let us prove that the map F' : Cy, — Cy, constructed as follows:

is also a definable bi-Lipschitz map. Let x = (¢,0) and let y = (¢,¢1(t)) be
two points on Cy,. Then F(z) = (h(t),0), F(y) = (h(t), p2(h(t))) and F(z) =
(iL(t), 0), for some definable bi-Lipschitz map h. Since F is a bi-Lipschitz map,
there exists K7 > 0 such that

d(y,x) > Kid(F(y), F(x)) = K1d((h(1), 62(h(1))), (h(1),0))
> Kad((h(t), ¢2(h(t))), (h(t),0)) = K1d(F(y), F(z)).
On the other hand, there exists K5 > 0 such that
d(F(y), F () > Kod(F~'(F(y)), F~(F(x))) = Kad(y, F~ (F(2)))
= Kad((t,¢1(t)), (W (h(1)),0)) = K2 () = Kad(y, ).
This proves that F' is bi-Lipschitz. The map F': Cy4, — C4, can be presented
in the following form: F(x1,22) = (h(z1),l(z2)). Thus, ¢2 =Il¢1h~!. Since
F' is a bi-Lipschitz map, and since the maps h and [ are definable in A, we
obtain that the maps h and [ are bi-Lipschitz. It means that ¢; and ¢o are
RL-Lipschitz equivalent. By the results of Section 3 (Corollary 3.6), they are
R-Lipschitz equivalent.
If ¢1,¢2 € Lipy, then ¢1 and ¢ are R-Lipschitz equivalent because Lip 4
is a group.
Let ¢1 and ¢2 be R-Lipschitz equivalent: ¢ = ¢of. Let us define a map
F : R? - R? in the following way:

(.1‘1,332), if Tq <0,
2 F =
@ (@1,22) {(Z(zl),@), if 2, > 0.

F'is a bi-Lipschitz map because [ € Lip 4. Clearly, F'(Cy,) = Cy,. The the-
orem is proved. O

COROLLARY 4.4. Two semicusps Cy, and Cy, are bi-Lipschitz equivalent
in A if and only if P(¢1) = P(¢2) where P : G — H is the quasi-valuation.

DEFINITION 2. Let ¢ € G} and let Ty = {z = (z1,22)|z1 > 0,0 < 25 <
@(z1)}. A germ of the set T, is called ¢-triangle. In other words, Ty is a set
bounded by Cj.

PROPOSITION 4.5. Ty, and Ty, are bi-Lipschitz equivalent in A (with re-
spect to both inner and Euclidean metrics) if and only if P(¢1) = P(¢2).

Proof. If Ty, is bi-Lipschitz equivalent to Ty, then Cy, is bi-Lipschitz
equivalent to Cy,. Thus, P(¢1) = P(¢2) by Corollary 4.4.
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Let P(¢1) = P(¢2). Then ¢; and ¢o are R-Lipschitz equivalent. It means
that there exists [ € Lip 4 such that ¢;1(t) = ¢2(I(¢)). Consider the map F'
defined in the end of the proof of Theorem 4.1. Clearly, F' is a definable
bi-Lipschitz map and F(Cy,) = Cy,. Observe that Ty, =Jy<,<; Cas, and
Ty, = Upcact Cass- For each a € [0,1], we have that agi(t) = ada(I(t)).
Hence, F(Ty,) =Ty,. O

PROPOSITION 4.6. Let W : Ty, — Ty, be a Lipschitz homeomorphism with
U (0,0) = (0,0) and let there exists a positive constant C' such that, for each
x €Ty, , we have:

Cd(z,(0,0)) < d(¥(z),(0,0)).

Proof. By the assumption of the proposition, we obtain that

C
o2 §t) aw(e0). vt 01 (0)
Since W is a Lipschitz map, we have:

d(¥(t,0), (¢, 61(1))) < Kd((t,0), (t,01(1))) = K1 (2),

for some constant K. Finally, we obtain: ¢2($t) < K¢1(t). Since P(¢(t)) =
P(¢(%$t)), and by Lemma 3.5, P(¢) = P(K¢), for all ¢ € G, we have:
P(¢2) > P(¢1). The proposition is proved. O

PROPOSITION 4.7. Let ¢ € GX be a flat function. Let W : Cypy — Cyir) be
a map such that one of the following conditions holds:

(1) There exists s <1 such that d(¥(t,0),(0,0)) < 7t, t > 0.
(2) There exists s > 1 such that d(¥(t,0),(0,0)) > 7t, t > 0.

Then the map V¥ is not bi-Lipschitz.

Proof. Consider the first case: d(¥(t,0),(0,0)) < 7, for some s <1. Sup-

pose that the map W is bi-Lipschitz. Using the same arguments as in the proof
of Theorem 4.1, one can construct a bi-Lipschitz map g Cot) = Cyre) such
that W(t,0) = (¥(t),0) and W(t,¢(t)) = ((t), p(ke(t)). Since ¥(t) < 2t, we
obtain that ¢(ki(t)) < ¢(st). By Proposition 3.13, one has v(¢(t)) < v(¢p(st)).
It means that the map U cannot be bi-Lipschitz.

If ¥ satisfies the condition (2) the proof is similar to the first case. O

PROPOSITION 4.8.

(1) Two semicusps Cy, and Cy, are bi-Lipschitz equivalent if and only if they
are bi-Lipschitz equivalent in A.

(2) Definable in A triangles Ty, and Ty, are bi-Lipschitz equivalent if and
only if they are bi-Lipschitz equivalent in A.



LIPSCHITZ GEOMETRY OF CURVES AND SURFACES 1337

Proof. We are going to prove the first part. The second part can be proved
in the same way. Note, that it is enough to prove that if there exists a bi-
Lipschitz map ® : Cy, — Cy, then P(¢1) = P(¢2). Consider a pair of points
(f,O) and (t,(bl(t)). Let (I)((t,O)) = (tl,O) and (I)((t,¢1(t))) = (t2,¢2(t2)). Let
p(t) = min{ty,t2}. Since ® is a bi-Lipschitz map, there exists a constant
K7 >0 such that p(t) > Kyt. By the same reason, there exists a constant
K5 > 0 such that d(®(t,0),®(t,¢1(t))) < Ka¢1(t). Finally, we obtain that
Kggbl(t) Z (i)g(Klt) Hence7 P(¢1) é P(¢2)

Considering the map ®~! we obtain that P(¢2) < P(¢1). O

5. Germs of definable curves in R"

As in Section 4, we consider here a bi-Lipschitz equivalence with respect
to the Euclidean metric.

We call a definable in A set of dimension 1 a definable in A curve. Let
X CR" be a definable in A curve and let 2o € X. By [17], there exists
a neighborhood U,, of z¢ in R™ such that X NU,, = Ule X, satisfies the
following conditions:

(1) For all i, X; is definable in A.

(2) There exists a definable in A homeomorphism h; : [0,e) — X; such that
(3) For Z#j,XZ OX]- =X.

(4) There exists a number rg, such that for all 0 <r <7y, we have: #(X; N

Sp-1)=1 (here 7.} is the sphere centered at x¢ of radius r).

The subsets X; are called the branches of X at xg.

Let X be a germ at x( of a definable curve with two branches X; and X5.
Let z;(t) be a point on X; (where i =1,2) such that ||x;(t) — zo|| =¢t. We
define a test function Tx as follows: 7x(t) = ||x1(t) — x22(t)||. Observe that
Tx € GX

THEOREM 5.1. Let X CR™ Y CR™ be two definable in A curves. Let us
suppose that X has two branches at g € X andY has two branches at yo € Y.
Then the germs of X at xg and of Y at yg are bi-Lipschitz equivalent with
respect to the Fuclidean metric if and only if P(tx)= P(ry) where P is the
quasi-valuation in G7;.

In order to prove the theorem, we need some preliminary results. Observe
that a ¢-semicusp can be considered as a set described above, i.e., a definable
curve with exactly two branches. Let 7¢, be the test function for Cy.

LEMMA 5.2. Let v be a Rosenlicht valuation in K4 and let Cy be a ¢-
semicusp. Then v(1c,) =v(¢).

Proof. Let v(¢) > v(Id). Suppose that v(¢) <v(r¢,). Consider the trian-
gle with vertices A(t), B(t) and C(t) where A(t) = (¢, O) B(t) = (¢, ¢(t)) and



1338 L. BIRBRAIR

C(t) is the intersection of the graph of ¢ with a circle centered at (0,0) of
radius ¢. Since ¢'(t) tends to 0 when ¢ tends to 0, the angle at the vertex
B(t) has to tend to 7/2. On the other hand, ||B(t) — C(¢)|| < ||A(t) — B(t)]-

Suppose that v(¢c,) < v(¢). Consider again the triangle A(t), B(t),C(t)
defined above. Since ||A(t) — C(t)|| > ||A(t) — B(t)]|, the angle at the vertex
A(t) tends to § when ¢ tends to 0. It means that the angle at the vertex A(t)
in the triangle (0,0), A(t), C(t) must tend to 0. But it is impossible because
JA®) | = ()]

If v(¢) =v(Id), the statement is trivial. O

Let X CR™ and Y C R™ be two definable in A curves. Assume that X have
exactly two branches at o € X and let Y have exactly two branches at yy € Y.
We define z;(t) € X; and y;(t) € Y; (here i = 1,2 and X;,Y; are corresponding
branches of X and Y') as above: ||z;(¢t) —xo|| =t and ||y;(t) —yo|| =t. Observe
that for a sufficiently small ¢, these points are well defined. Let ® : (X, zq) —
(Y,y0) be the map defined as follows: ®(z;(t)) =;(¢)(i =1,2).

LEMMA 5.3. Assume that v(tx) =v(ry). Then ® is a definable bi-Lipschitz
map.

Proof. Without loss of generality, we can suppose that X NY = @. Let us
define a function r(z) in the following way:

() |z — xol], ifzeX,
r(z) =
lx —yol, ifzxeY.

Since r(x) is a definable function, we conclude that ® is a definable map. Let
x1,x2 be two points sufficiently close to xp such that z; € X; and z5 € Xo.
Suppose that r(z1) <r(z2). Let z3 € X5 be the point such that r(x3) = r(z1).
Since X and Y are definable sets, the branches are sufficiently close to their
tangent vectors at zg and yo (see [18]).

We can suppose that the angles at the vertex x3 of the triangle (1,2, x3)
and at the vertex ®(z3) of the triangle (®(x1),P(x2), P(x3)) tend to some
values 67 > 0 and 03 > 0. These values #; and 6, depend only on angles
between the tangent vectors of branches. (For example, if X; and X5 have the
same tangent vector then 61 =7 /2.) Thus, there exist two positive constants
K and K5 such that

Kymax{|r(z1) — r(z2)|, 7x (r(21))} < [[21 — 22l
Kymax{[r(z1) — r(z2)|, 7x (r(z1))} > |21 — 22|
and

Ky max{[r(®(21)) = (@ (22))], 7v (r(®(21))) } < [[@(21) — D(22)],
Kymax{|r(®(z1)) = r(®(x2))|, 7y (r(®(21)))} = | (1) — P(22)]].
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Since v(7x) = v(7y ), there exist two positive constants M; and My such
that Mi7x(r(z1)) <7y (r(z1)) < Matx(r(x1)). By the definition of the map
®, we have r(x;) =r(®(x;)) (i=1,2,3). Thus, the above inequalities imply
that ® is a bi-Lipschitz map. g

Proof of Theorem 5.1. By Lemma 5.2 and by Lemma 5.3, a set X satis-
fying the conditions of the theorem is bi-Lipschitz equivalent in A to 7x-
semicusp C, . By Corollary 4.4, two semicusps C, and C, are bi-Lipschitz
equivalent in A if and only if P(rx)= P(7y). By Theorem 4.8, bi-Lipschitz
equivalence of the semicusps is equivalent to bi-Lipschitz equivalence in A. [

DEFINITION 3. A complete finite graph I" with a function a: Ep — H™T
(where H™ is a subset of the value group H defined as follows: H+ =v(G}))
is called a valuation semicomplex if « satisfies the “isosceles” condition: for
all a1, a9,as € Vp, the following is hold: if a(a1,az2) < a(az,as) < a(ai,as),
then a(ay,as) = a(az,as).

DEFINITION 4. A complete finite graph [ with a function &: Ex — H

(where H is an ordered set associated with the quasi-valuation P : G}y — H )
is called a quasi-valuation semicomplex if & satisfies the “isosceles” condition.

Let (X, o) be the germ at xg € X of a definable in A curve. We associate a
valuation semicomplex (I', ) to (X, ) in the following way. The branches X;
of X correspond to the vertices a; of I'. Let X;; = X; UX,. Set a(a;,a;j) =
v(Tx,;). We associate a quasi-valuation semicomplex (T, &) to (X,z0) in a
similar way: set I =T and a(ai, a;) = P(Tx,;)-

PROPOSITION 5.4.

(1) (T, ) is a valuation semicomplex.
(2) (T,&) is a quasi-valuation semicomplex.

Proof.

1. We must prove the isosceles property. Let X;, X;, X} be three branches
of X at wo. Since K 4 is a Hardy field, we can suppose that 7x,, <7x,, <7x,,.
Thus, v(1x,;) > v(7x,,) > v(7x,,). But, 7x,, <7x,; +7x,,. Since v is a
Rosenlicht valuation, we obtain: v(7x,,) =min{v(rx,;),v(7x,,)}

2. The proof of Assertion 2 is the same. 0

DEFINITION 5. Two valuation (quasi-valuation) semicomplexes (T', ) and
(I,a/) are called isomorphic if there exists an isomorphism f: ' — I such
that, for all a;,a;, we have: a(a;,a;) =o' (f(a), f(a;)).

Let (T',«) be a valuation semicomplex. We can define a corresponding
quasi-valuation semicomplex (T, &) in the following way. Set I' =T and set
&(a;,a;) = v(a(a;,a;)) where o is the map defined in Theorem 3.9. Clearly,

(I',&) is a quasi-valuation semicomplex. The following result shows that a
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quasi-valuation semicomplex is an invariant under bi-Lipschitz maps and an
isomorphism of valuation semicomplexes is a criterion of a bi-Lipschitz equiv-
alence.

THEOREM 5.5.

(1) If two germs of definable curves (X, xq) and (Y,yo) are bi-Lipschitz equiv-
alent, then the corresponding quasi-valuation semicomplexes are isomor-
phic.

(2) If the valuation semicomplexes associated to the germs of definable curves
(X, z0) and (Y,yo) are isomorphic, then these germs are bi-Lipschitz equiv-
alent.

Proof.

1. If F: (X,z0) — (Y,yo) is a bi-Lipschitz map, then for all pairs of
branches X;, X;, by Theorem 5.1, we have: P(7x,;) = P(7p(x,,;)). Hence,
the corresponding quasi-valuation semicomplexes are isomorphic.

2. Let (X, ) and (Y, o) be a pair of germs of definable curves such that
the corresponding valuation semicomplexes are isomorphic. Let z;(¢) be a
point on the branch X; of X such that ||a;(e) — zo|| = . Let y;(g) be a point
on the branch Y; of Y such that ||y;(e) — yol| =¢. Set ®(z;(e)) =wy;(e). By
the same argument, as in the proof of Lemma 5.3, the germ of ® at x¢ is a
germ of a bi-Lipschitz map. O

REMARK. A valuation semicomplex, in general, is not a bi-Lipschitz in-
variant. To see it consider the semicusps Cy, and Cy, with ¢;(t) =1/t and
Pa(t) = e~ /2.

The following statement shows that in the nonflat case a quasi-valuation
semicomplex is a complete bi-Lipschitz invariant.

COROLLARY 5.6. Let (X,z0) and (Y,yo) be the germs of definable in A
curves where A is an o-minimal structure, not necessarily polynomially
bounded. Suppose that all functions Tx,;, and Ty,; are nonflat at 0. Then
(X, z0) and (Y,yo) are bi-Lipschitz equivalent if and only if the corresponding
valuation (quasi-valuation) semicomplexes are isomorphic.

Proof. By Theorem 3.11, in this case valuation semicomplexes are totally
determined by quasi-valuation semicomplexes. Thus, the statement follows
from Theorem 5.5. g

THEOREM 5.7 (Realization theorem for definable curves). Let (I',«) be a
valuation semicomplex. Then there exist a definable in A curve X C R? and a
point xg € X such that (I', &) is a valuation semicomplex associated to (X, xo).
The germ (X, xq) is called a realization of (T, ).

Proof. Let Vi be a set of vertices of I'. We use the induction on #$V1 (the
number of vertices of I'). For §V = 1, the statement is trivial. Suppose that
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the statement is proved for all T such that #Vr < k. Moreover, suppose that

there exists a realization of (', «) satisfying the following conditions:

(1) o= (0,0) € R2.

(2) Each branch X; of X at xo is a graph of a definable in A function
¢; = [0,€) — R such that ¢;(0) =0,¢;(t) >0, for t > 0, and ¢;(t) > ¢;—1(t),
for t > 0.

Let op = maxi<j j<k+t1 (ai,a;). We can suppose without loss of generality

that ap = a(ag,apt1). Let T be a graph obtained from I' by exclusion of

the vertex axi1. Let &= alyxv.. Let (X,(0,0)) be a realization of (I, @)

satisfying the conditions (1) and (2). Let {X;} be the branches of X. Let

each X; be a graph of a definable function ¢; : [0,e) = R. Let ¢ € ng be

a definable function such that v(¢) = ag. Set ¢; = q~5i, fori=1,2,...,k and

Okt1 = qzk + 1. Then by Lemma 5.2 and straightforward calculations, we

obtain that X = graph(#;) is a realization of (T, «). O

COROLLARY 5.8. Let (f,d) be a quasi-valuation semicomplex. Then there
exist a definable in A curve X C R? and a point xg € X such that (I',&) is a
quasi-valuation semicomplex associated to (X, xg).

PROPOSITION 5.9. Let (X, x0) and (Y,yo) be germs of definable in A curves
such that they have exactly two branches. Suppose that Tx and Ty are flat
functions such that v(tx) =v(1y). Let F: (X,z0) — (Y,y0) be a map satis-
fying one of the following conditions:

(1) F(xo) =yo and there exists 0 < S <1 such that d(F(x),yo) < Sd(x,x0),
forallx e X.

(2) F(xzo) =yo and there exists S > 1 such that d(F(z),yo) > Sd(z,x0), for
allz e X.

Then the map F' is not bi-Lipschitz.
This proposition is a corollary of Theorem 5.1 and Proposition 4.7.

COROLLARY 5.10. Let ¢ be a definable in A flat function. Let (X,x)
and (Y,yo) be germs of definable in A curves such that they have exactly two
branches. Let v(tx) =v(¢(t)) and v(ry) = v(¢(Kt)), for some K > 0. Let
F:(X,x0) — (Y,y0) with F(xg) =yo satisfying one of the following condi-
tions:

(1) There exists 0 < S <1 such that d(F(z),yo) < 2d(z,x0), for all z € X.
(2) There exists S > 1 such that d(F(z),yo) > 2d(z, ), for all z € X.

Then a map F is not bi-Lipschitz.

The following result shows that the quasi-valuation semicomplex is not a
complete bi-Lipschitz invariant.
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THEOREM 5.11. Let A be an o-minimal structure which is not polynomially
bounded. Then there exists a pair of germs (X,xzo) and (Y,y0) of definable
in A curves which are not bi-Lipschitz equivalent but the corresponding quasi-
valuation semicomplexes are isomorphic.

Proof. Let ¢ be a definable in A flat function. Let (I';,1) be a valua-
tion semicomplex with vertices al,a},al such that a;(ai,ad) = ay(ad,al) =
ai(al,al) =v(g(t)). Let (I's,az) be a valuation semicomplex with vertices

a?,a3,a3 defined as follows:

052(0’%7045) = 042(0'%’ a%) = v(¢(t))7 QZ(CL%v a’%) = U(¢(t/2))
Note, that the quasi-valuation semicomplexes corresponding to (I'1, ;) and
to (I, ) are isomorphic because P(¢(t)) = P(¢(t/2))

Let (X,z0) be a realization of (I'1,a1) and let (Y,y0) be a realization of
(T, a2). Suppose that (X,x0) and (Y,yo) are bi-Lipschitz equivalent. Let
F: (X,z9) — (Y,yo) be a corresponding bi-Lipschitz map. Let X7, X5, X3 be
branches of X and let Y7,Y5,Y3 be corresponding branches of Y. The set
X7 U X5 is bi-Lipschitz equivalent to Y7 UY;. By Proposition 5.9, applied to
this pair of germs, we obtain that d(F(z),yo) < 3d(z,z), for = sufficiently
close to xg. But, by Corollary 5.10 applied to F': Xo U X3 — Yo U Y3, we
obtain that d(F(x),yo) > 3d(x,z0). This is a contradiction. O

6. Quasi-valuation complexes

Let A be an o-minimal structure and let P : Gj — Hbea quasi-valuation
in A. Let I' be a finite graph and let Er be the set of edges of I'. " A pair
(T',B) (where 8: Er — H) is called a quasi-valuation complex. Two quasi-
valuation complexes (', 3) and (I',3') are called isomorphic if there exists
an isomorphism i : I' — I such that, for each edge g € Er, we have (g) =
8(i(9)):

A vertex a € Vr is called a smooth vertex if it is connected with exactly
two vertices and by exactly one edge with each of them. A vertex a € Vp is
called a loop vertex if it is connected with only one other vertex by two edges.
A graph I is called simplified if it has no smooth vertices. A quasi-valuation
complex (T', ) is called simplified if T' is simplified and, for any loop vertex a
and for two edges g; and go connected to a, we have 5(g1) = 5(g2).

REMARK. The Holder complexes considered in [1] give examples of quasi-
valuation complexes. In this case, since the semi-algebraic structure is polyno-
mially bounded, the quasi-valuation coincides with the canonical Rosenlicht
valuation.

Now, we are going to describe a simplification procedure of the quasi-
valuation complexes. This procedure is essentially the same one as in [1] but
we are going to present it here in order to make our exposition self contained.
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Elimination of a smooth vertex. Let (T, 3) be a quasi-valuation complex
and let a € V1 be a smooth vertex. Let g; and go be two edges connected
to a. Let a; and as be two other vertices connected with a. Let us define a
quasi-valuation complex (I, 3') in the following way. Let us cut the union of
g1,92 and a from I" and connect the vertices a; and as by a new edge g’. Set
B'(¢") =min(B(g1),5(g2)). For other edges g € Er/, we put 5'(g) the same as
it was in (T, 8).

Correction near a loop vertex. Let (I',3) be a quasi-valuation complex
and let a € Vr be a loop vertex. Let g; and go be two edges connected
to a. We define a quasi-valuation complex (I, ") in the following way. Set
I"=T. Set §'(g) = B(g), for all edges g # g1 and g # g2. Set 3'(g1) = §'(g2) =
min(B(g1), 3(g2))-

A simplified quasi-valuation complex (IV,3’) is called a simplification of
(T',B) if it can be obtained from (T',3) by a finite sequence of operations
described above.

THEOREM 6.1 ([1]). For any quasi-valuation complex (T',3), there exists a
simplification. Two simplifications of the same quasi-valuation complex are
isomorphic.

7. Quasi-valuation complexes and definable surfaces

In this section, we study a bi-Lipschitz equivalence with respect to the
inner metric. The word “bi-Lipschitz” means bi-Lipschitz with respect to this
metric.

Let A be an o-minimal structure. Let (T', 3) be a quasi-valuation complex.

DEFINITION 6. A germ at a point g of a definable in A surface X is called
a Geometric Quasi-valuation Complex associated to (I, 3) if:

1. For some small ¢, X N By, . is homeomorphic to CT' (here By, . is a ball
centered at xo of radius € and CT is a cone over T).

2. Let @ : CT'— X N By, .. be a homeomorphism and let ®(ag) =z (here ag
is a vertex of CT'). Let Cg C CT be the subcone of CT corresponding to
the edge g. Then there exist a function ) € Gj{ and a definable in A bi-
Lipschitz map ¥ : ®(Cg) — T such that P(¢)) = 5(g) and ¥(zo) = (0,0).

Let X C R™ be a definable in A closed surface and let 2o € X. Let {X;} bea
definable triangulation and simultaneously a pancake decomposition of X. Let
S be a standard simplicial complex corresponding to the triangulation {X;}.
Let 6: S — X be a definable triangulation map. Let &= 60"(zo). Let S
be a star of the vertex g, i.e., S contains the simplices of S such that Zq is
a vertex of these simplices. A quasi-valuation complex (T', 3) corresponding
to the germ (X,zg) can be constructed in the following way. Let I' be a
graph-link of Zg in S, i.e., the vertices of I' are one-dimensional faces of S
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and the edges of I' are two-dimensional faces of S. Moreover, two vertices are
connected by an edge if and only if the corresponding one-dimensional faces
belong to the boundary of the corresponding two-dimensional face. Clearly,
S is homeomorphic to the cone over I'. Let g be an edge of I'. Let a; and
as be two vertices connected to g. Let s; and sy be the one-dimensional
faces corresponding to a; and as. Let 3 =0(s1) and 75 = 6(s2). Clearly,
xg =71 N~2. Let 7 be the test function defined, in Section 5, for the pair of
curves v and 2. Set B(g) = P(7).

ProrosiTION 7.1. The germ of X at xg is a Geometric quasi-valuation
Complex associated to (T, 3).

Proof. Condition 1 of the definition of the Geometric quasi-valuation Com-
plex is satisfied because {X;} is a triangulation of X.

Let X; be a simplex of a triangulation {X;} of X such that z( is a vertex
of this simplex. If dimX; =1, then it corresponds to an isolated vertex
in I'. If dim X; = 2, then the germ of X at xg is bi-Lipschitz equivalent to
a germ at (0,0) of some 2-dimensional definable set Y C R?, because X is a
pancake (see [11]). The set Y can be obtained from X, using a projection to
some 2-dimensional subspace of R™ (see [1] for a complete description of this
procedure in a semialgebraic case). Let 47 and 42 be two boundary curves
of Y. Then we can choose a coordinate system in R? such that 7; and 7, are
graphs of some definable in A functions: 41 = (z,91(x)), 52 = (x,¢2(z)). Then
using the same construction as in Section 4 (Theorem 4.1) we can show that
Y is bi-Lipschitz equivalent to a germ at (0,0) of a set Ty, where ¢ =1 — 9.
By Proposition 4.5 and Theorem 5.5, P(7) = P(%)). O

In fact, Proposition 7.1 can be reformulated in the following form.

THEOREM 7.2. Let X CR™ be a definable in A closed surface and let
xo € X. Then there exists a quasi-valuation complex (I',3) such that a germ
of X at xy is a Geometric quasi-valuation Complex associated to (T, 3).

REMARK. Note that the quasi-valuation complex defined in Theorem 7.2
is not canonical, i.e., depends on the choice of a pancake decomposition. It
becomes canonical if we use the simplification procedure.

THEOREM 7.3. Let (I',3) be a quasi-valuation complex. Let X be a de-
finable in A set, let xo € X and let the germ of X at xo be a Geometric
quasi-valuation Complex associated to (T, [3). Let (F,B) be the simplification
of (T, B). Then the germ of X at xg is a Geometric quasi-valuation Complex

associated to (T, 3).
We need some preliminary results.

LEMMA 7.4. Let Y CR"™ be definable set such that there exists a defin-
able bi-Lipschitz map ¥ : Y — T, where 1 € G and ¥(yo) = (0,0), for some
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Yo €Y. Let y1 and v2 be curves defined as follows: ~1(t) = U=1((t,0)) and
Yo(t) = UL((¢,2p(t)). Then there exist ¢ € G}y and a definable bi-Lipschitz
map ¥ :Y — Ty such that P(¢) = P(¢) and

T(y) = {(T(y),O), ify €72, (3)
(r(w),o(r(¥)), yem, (4)
where (y) = ||y — yoll-

Proof. Since v, is a definable curve, it has a tangent vector at yo, and thus,
the germ at 0 of the function 7(¢) = r(v1(¢)) belongs to Lip 4.

Let Wy : [0,00) x R — [0,00) x R be a map defined as follows: Wy (z1,22) =
(7(z1),22). Set ¥y = Wy 0W. Thus, for y € y1, we obtain Uy (y) = (r(y),0).
By the construction, \I!1 is a definable bi-Lipschitz map. The image of T
by the map V¥, is a set bounded by the straight line 22 =0 and a graph of
some function ¢ € G¥. By the definition of the map W1, the germs of ¢ and v
are R-Lipschitz equivalent and, thus, P(¢) = P(¢). Let 6: [0,00) x R —
[0,00) x R be the map defined as follows:

0(x1,x2) = (1, —2), 01 (w1, 22) = (21,22 + ¢(21)).
We define U : Y — Ty in the following way:
Uy =6 000,
Clearly, U, is a definable bi-Lipschitz map. For y € 1, we obtain that

() o (y) = (r(y), o(r(y)))-
Thus, the condition (4) is satisfied and now we are going to correct the map
U5 in order to obtain the condition (3).
Let R(x) =r(¥; ' (x,0)). We will show that
R(z) =z + ¢1(x),
for some ¢ € G such that P(¢:1(z)) > P(¢()).
Since ¥y is a bi-Lipschitz map, there exists a number K > 0 such that
Ko(z) = K|[(2,0) — (,6(x))]| > (V5 (2,0), U5 (z, 6(x)))-
On the other hand,
dy(U5 " (2,0), 05 (2, 6(x))) > W5 (2,0) — U5 ! (2, $(2)) |
> [[| W3 (,0) — yoH — 195 (2, 6(x)) — wolll
Using (5), we obtain
%5 (z, 6(x)) = yoll =«
and by the definition of R(z), we have:

1% (,0) = yol| = R(x).
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Thus,
K¢(z) 2 R(x) —z=¢1(z) and v(d1(z)) = v(d(2)).

By the results of Section 3, we obtain

P(¢1(2)) = P(¢()).
Suppose now that v(¢(x)) > v(Id). We define a map V3 : Ty, — T} in the
following way:
(6)  Ws(z1,12)

_ {(R(xl)(l — 50y) (i) a2), if (x1,22) # (0,0
(an)a if (991,1’2):(0,0).

~—

)

Let us show that W3 is a bi-Lipschitz map. Computing the derivatives we
obtain

3‘1’:1’,_1 @( xz) ﬁ(wzﬂh(ﬂh)) dén

8:51 T da:l ¢($1) d],‘1 ¢($1)2 dl‘l.

Since v(¢) > v(Id), then % and % tend to zero when x; tends to zero.
Thus, for small € > 0, there exists 0 > 0 such that if (z1,22) € Ty N Bg,0),5
then g\ijf €(1—¢,14¢). Computing g\ijf’, we obtain

ovl

2 (w1, 22) = _¢>1(331)_

Oz ¢(x1)

av:

Since v(¢1) > v(¢), we have that 72 is bounded.

Finally, || D3| is bounded away from 0 and infinity, ¥3 is homeomorphism
near (0,0), and thus, the germ of ®3 at (0,0) is a germ of a bi-Lipschitz map.

Let v(¢) = v(Id). We can suppose that ¢(r) < 5 and % < 3, for x suffi-
ciently close to 0. Otherwise, we apply a corresponding linear transformation
L : R?* - R?. Then the map W3 : T, — T}, defined in the same way as above is
bi-Lipschitz by the same arguments as in the first part of the proof. Note, that
all the points belonging to the curve (z1,¢(x1)) are the fixed points of Us.

Let us define ¥ : Y — T, as follows:

\AI}:\Ing\AI}Q.

It easy to see that for y € 1, we obtain U(y) = (r(y), d(r(y))), and for y € 2,
we have U(y) = (r(y),0). The lemma is proved. O

Proof of Theorem 7.3. We can suppose that a simplification (f,B) is ob-
tained from (I, 3) by using a single operation: an elimination of a smooth
vertex or a correction near a loop vertex.
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Consider the first case. Let a be a smooth vertex and let g; and go be
two edges connected to the vertex a. Let ®: CT' — X N By, . be a homeo-
morphism from the definition of a Geometric quasi-valuation Complex asso-
ciated to (T, 3) (see Definition 6). Using Lemma 7.4, we can construct de-
finable bi-Lipschitz maps ¥,, : ®(Cg1) — Ty, and ¥y, : (Cygs) — Ty, such
that P(¢1) = 6(g1) and P(¢a) = B(g2). Let 0 : Ty, — R? be a map defined as
follows:

O(z1,22) = (21,22 + ¢1(1)).
Let us define a map ¥, : &(Cg1) UP(Cg2) — Ty, 14, in the following way:

(z) = Uy, (x), if t e ®(Cq),
P00, (2)), if 2 € ®(Cga).

This map is definable in A, continuous on ®(Cg;) U P(Cygz) (by Lemma 7.4)
and bi-Lipschitz on ®(Cg¢;) and on ®(Cg2). Hence, it is bi-Lipschitz on
®(Cg) = P(Cygyr) UP(Cgz) with respect to the intrinsic metric. Since P is
a quasi-valuation, we obtain that P(¢1 4+ ¢2) = min(P(¢1), P(¢2)). It means
that for some € > 0, the set X N By, . is a Geometric quasi-valuation Complex
associated to (T, 3).

Consider the second case when (fﬁ) can be obtained from (T, ) using
correction near a loop vertex. Observe that a set T, can be considered as a
union of two sets 77 and 75 such that they are bi-Lipschitz equivalent to T}.
Namely, Ty :T% and Th = {(xl,x2)|@ < a9 < p(x1)}. Let a be a loop
vertex of (T', 3). Let g1 and g2 be the edges connecting a with another vertex b.
Suppose that 5(g2) > 5(g1). Let ¥y, : &(Cg1) — Ty, and ¥y, : ®(Cg2) — T,
be maps constructed in Lemma 7.4. The set Ty, can be divided into the sets
Ty and T5 such that 77 and T3 are bi-Lipschitz equivalent to Ty, . Now, we can
construct a quasi-valuation Complex (I, 5’) such that I'" is obtained from I" by
adding an additional vertex a’ on the edge ¢g;. The edge g; is decomposed into
new edges g; and g} connecting o’ with a and b correspondingly. Set 5(g1) =
B(g5) = B(g1). Clearly, X N By, - is a Geometric quasi-valuation Complex
associated to (I",3’). The set ®(Cygy) is defined as W, !'(T2). Then a is a
smooth vertex of (I, '), and the first part of proof can be applied to this

case. Clearly, (T', 8) is a simplification of (I”, 3"). We obtained that X N By, .
is a Geometric quasi-valuation Complex associated to (T, 3). O

8. Horns. Isolated singularities

Let A be an o-minimal structure and let ¢ € Gfg be a germ of a definable
in A function. A set W, C R? defined as follows:

Wy = {(z1,2,73) € R®, 23 > 0,1/23 + 23 = p(3) }

is called ¢-horn.
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Wy can be obtained as a “surface of revolution” of the graph of ¢. It is
easy to see that Wy is normally embedded in R3. Each point x = (21,72, 23)
belonging to W, has natural “polar” coordinates: p(x) = z3 and the angle

coordinate n(z) defined as follows: cosn(z) = 3oy Sin n(x) = 35y

THEOREM 8.1. Wy, and Wy, are bi-Lipschitz equivalent if and only if
P(¢1) = P(¢2).

REMARK. Here, a bi-Lipschitz equivalence can be considered with respect
to the inner or to the Euclidean metric. The both notions are the same
because W, is normally embedded in R3.

Proof of Theorem 8.1. If P(¢1) = P(¢2), then by Corollary 4.4, the semi-
cusps Cy, and Cg, are bi-Lipschitz equivalent. Hence, one can extend a
bi-Lipschitz map to surfaces obtained by revolution of Cy, and Cl,.

Let F': W4, — Wy, be a bi-Lipschitz map. Let S. be the set of points
x € Wy, such that p(z) =€. Let a(e) and a(e) be two points on F(S;), such
that for each other pair y,g € F(S.), we have: ||y — || < |la(e) — a(e)||. Since
F' is a bi-Lipschitz map, there exists a positive constant C such that

Cillz = || = [la(e) — a(e)]
where F(x) =a(e) and F(Z) = a(e). Since z,% € Se, we obtain that ||z — || <
2¢1 (¢) and, hence,
2C161(e) = [la(e) —a(e)]]-
Let b(e) € F'(S:) be a point such that p(b(e)) = minyep(s.) p(y). Let b(e) be
a point on F(S.) such that n(b(e)) =n(b(e)) + 7, i.e. b(e) is an opposite to
b(e) point on F'(S;). By the definition of a(e) and a(e), we obtain:
la(e) —a(e)|l = [Ib(e) — be)]l.
But
Ib() = b(e) | = 262(p(b(e)))-
Since F' is a bi-Lipschitz map, there exists Cy > 0 such that
p(b(e)) = Cae.

Using the above inequalities, we obtain:

C11(e) > ¢2(C2e).
Hence, P(¢1) < P(¢2). Considering the map F~!, we conclude that P(¢;) =
P(¢2). g

PROPOSITION 8.2. Let X be a definable in A set and let xo € X. Suppose
that X is a union of two definable subsets X1 and X5 such that X1 N X5 =
v1 Ue where v1 and 7o are two definable in A curves and v Nyy = xg. Let
X1 and Xy be bi-Lipschitz equivalent in A to Ty, and to Ty, correspondingly
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with respect to the inner metric and let the image of x¢ by corresponding
bi-Lipschitz maps is a point (0,0) € R2. Suppose that P (1) < P(1bs).

Then the germ of X at xo is bi-Lipschitz equivalent in A with respect to
the inner metric to the germ of the horn Wy, at (0,0,0) € R3.

Proof. Let Wy : X1 — T, be a definable bi-Lipschitz map. The set Ty, can
be decomposed into union of the sets T and 75 such that T3 =Ty, and T5
is a closure of Ty, —T7. Note, that T} and T, are bi-Lipschitz e2quivalent
in A to Ty,. By Theorem 7.3, we obtain that Xy U \Ill_l(Tg) is bi-Lipschitz
equivalent in A to Ty, .

Let Wy C W, be a subset of Wy, defined as follows: Wy = {z € Wy,,
x1 >0}, Let Wy = {a € Wy, , 21 <0}. Clearly, Wy, =W; U W, and both
W1 and Wy are bi-Lipschitz equivalent to Ty,. By the same arguments as
in the proof of Theorem 7.3, there exists a bi-Lipschitz (with respect to the
inner metric) map ®; : Xo U W' (Ty) — W, such that |z — x| = | @1 ()],
for z belonging to the boundary of X, U W !(T,). Using the same proce-
dure, we can construct a bi-Lipschitz (with respect to the inner metric) map
@y UTHTy) — Wy such that |l — xg|| = | ®2(x)||, for = belonging to the
boundary of U, !(T}).

Let @ : X — W, be a map defined as follows:

@i(2), freXouTTN(Th),
q)(m)_{Qg(x), it 2 € UTH(TY).

By construction, ® is a bi-Lipschitz map. O

THEOREM 8.3 (Horn theorem). Let X CR™ be a definable set. Let xg € X
be an isolated singular point such that the link of X at xy is connected. Then
there exists a definable in A function ¢ € Gj such that the germ of X at xg
is bi-Lipschitz equivalent in A with respect to the inner metric to the germ of
Wy at (0,0,0) € R3.

Proof. Let (T', 8) be a quasi-valuation complex corresponding to (X,xg).
Clearly, that a simplification (f,/@) of (T, 8) must have the following form:
the graph ' contains only two vertices a; and as connected by two edges
g1 and g2 and B(gl) = B(gg). By Theorem 7.3, (X,z0) is a Geometric quasi-
valuation Complex associated to (I', 3). Let ¢ be a function such that P(t)) =
B(g1) — B(g2). Then by Proposition 8.2, the germ of X at z( is bi-Lipschitz
equivalent to the germ W, at (0,0,0) € R3. O

The main result of this section is the following.

THEOREM 8.4 (Classification theorem for definable surfaces with isolated
singularities). Let X be a definable in A surface and let xo € X be an isolated
singular point. Then:



1350 L. BIRBRAIR

1. There exists a finite family of definable in A functions ¥ < hg < -+ <Py,
such that the germ of X at xq is bi-Lipschitz equivalent in A with respect
to the inner metric to the germ of Wy, U Wy, U---U Wy, at (0,0,0) € R3.

2. The sets Wy, UWy, U---UWy, and W5 UWy U---UW;  are bi-Lipschitz
equivalent with respect to the inner metric if and only if P(y;) = P(1/~)1-),
fori=1,... k.

REMARK. The functions t1,%s,...,1 defined in the theorem are not
unique, but the collection of values P(i1),P(2),..., P(¥y) is unique and
gives a complete bi-Lipschitz invariant for this type of singularities.

Proof of Theorem 8.4. 1. Using general properties of length-spaces (see
[8]), one can observe that if Y and Z be length-spaces such that Y =Y; UYs,
7 =71UZy, #{Y1NYa} =1, #{Z1NZ3} = 1,Y] is bi-Lipschitz equivalent with
respect to the inner metric to Z; and Y5 is bi-Lipschitz equivalent with respect
to the inner metric to Z; then Y is bi-Lipschitz equivalent to Z.

Let X be a definable surface and let x¢ € X be a singular point. Then X can
be decomposed into a union of surfaces X1, Xs, ..., Xy such that ﬂf:IXi =x
and the link of each X; at xg is connected. By Theorem 8.3, each X is bi-
Lipschitz equivalent to Wy, , for some v; € GX. By the observation from the
beginning of the proof, we obtain the part 1.

The part 2 is a direct corollary of Theorem 8.1. O

COROLLARY 8.5. Let (X,x0) and (X',z() be germs of definable surfaces
with isolated singular points xo € X and z( € X'. Suppose that there exists
a bi-Lipschitz (with respect to the inner metric) map F: (X,z0) — (X', xp).
Then there exists a definable in A bi-Lipschitz (with respect to the inner met-
ric) map G : (X, x9) — (X', zy).

Observe that Theorem 8.1 is proved for any bi-Lipschitz map and all the
maps constructed in the proofs of Theorem 8.3 and Theorem 8.4 are definable
in A.

9. Canonical quasi-valuation Complex

DEFINITION 7. Let A be an o-minimal structure and let X C R™ be a
definable in A surface such that zo € X. Let (', 3) be a quasi-valuation Com-
plex such that (X, x) is a Geometric quasi-valuation Complex associated to

(T, 3). Let (T, B) be a simplification of (I', ). Then (T, 3) is called a Canon-

ical quasi-valuation Complex of X at .

THEOREM 9.1. Let X, X' be definable in A surfaces such that xq € X,
xy € X'. Then:

1. A Canonical quasi-valuation Complex of X at xg is well defined up to an
isomorphism.
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2. If germ of X' at x{y is bi-Lipschitz equivalent with respect to the inner met-
ric to the germ of X at xq, then their Canonical quasi-valuation Complexes
are isomorphic.

Proof. Note that the Statement 1 is a direct corollary of the Statement 2
because the identity map is bi-Lipschitz. Let (T',3) be a Canonical quasi-
valuation Complex of X at z and let (I, 3") be a Canonical quasi-valuation
Complex of X’ at x(. Let ®: CT' — X N By, and &' : CT' — X' N By
be the corresponding homeomorphisms. Let F': (X,zq) — (X', () be a bi-
Lipschitz map. Since I' and IV do not have smooth vertices, F' induces an
isomorphism ¢ between I' and I”. Let g be an edge of I' connecting vertices
a; and as. Suppose that a; and ay are not loop vertices. Let g’ =i(g). Let
Wy : (Cg) — Ty and V), : '(Cg') — Ty be the corresponding bi-Lipschitz
maps described in the definition of Geometric quasi-valuation Complex (see
Section 7). By the construction, the map \Il’g/ oFo W;l : Ty — Ty is a bi-
Lipschitz map. Thus, by Proposition 4.5 and Theorem 4.8, we obtain P(¢) =
P().

Let a € V1 be aloop vertex. Let g1 and go be edges connecting a to another
vertex a;. Let T’y be a subgraph of T' such that Vr, = {a,a1} and Er, =
{91,92}. By Proposition 8.2, we have that ®(CT') is bi-Lipschitz equivalent
to ¢-horn W, where ¢ € 3(g1). By Theorem 8.1, we obtain that F(®(CT')) is
bi-Lipschitz equivalent to Wy and P(¢) = P(¢’). Since (I, ') is a simplified
quasi-valuation complex, i(I'1) is a graph I} (a subgraph of I'') with vertices
a’,a} and the edges ¢4, g5. By Theorem 8.1, we have: 8(g}) = 5(¢5) = 8(g1) =
B(g2). The theorem is proved. O

The following result shows that Canonical quasi-valuation Complex is not
a complete bi-Lipschitz invariant, for o-minimal structures not polynomially
bounded.

THEOREM 9.2. Let A be an o-minimal structure which is not polynomi-
ally bounded. Then there exists a pair of germs of definable in A surfaces
(X,79) CR3 and (Y,yo) C R® such that the corresponding Canonical quasi-
valuation Complexes are isomorphic but the germs (X, zo) and (Y, yo) are not
bi-Lipschitz equivalent.

Proof. Let ¢ be a definable in A flat function. Let (T', 3) be the following
quasi-valuation complex:

Vr = {ao,a1,a2,a3}, Er = {(ao,a1), (ao,a2), (ap,as)}
and B(ag,a1) = B(ao,a2) = B(ao,a3) = P().

Let (X, z0) be a realization of (I', ) constructed as follows. Let Vq, V5, V3
be three planes in R? such that Vi3 N Ve N V3 = {(x1,22,73) € R3|z; € R,
29 =23 =0}. Let T1,T5,T3 be three copies of T, on these planes such that
TnNTyNTy = {(1‘171'2,{133) S R3|1‘1 >0,x9 =23 = 0} Set X =T UT, UT5.
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Clearly, (X,(0,0,0)) is a realization of (I',3). Let T4 C V3 be a copy of e
on the plane V3. Set Y =T, UT, UT4. Clearly, (Y,(0,0,0)) is another realiza-
tion of (I",8). By the same arguments as in the proof of Theorem 5.11, the

sets (Y,(0,0,0)) and (X, (0,0,0)) are not bi-Lipschitz equivalent. O

DEFINITION 8. A germ (X, x¢) of a definable surface is called totally non-
flat if the Canonical quasi-valuation Complex (T',3) satisfies the following
condition: for every edge g € Er, there exists a nonflat germ v € ng such

that P(¢) = 3(g).

REMARK. If A is polynomially bounded, then every germ of every definable
in A surface is totally nonflat.

THEOREM 9.3. Let A be an o-minimal structure. Let (X, x0) and (Y,yo) be
two germs of definable in A totally nonflat surfaces. Then the germs (X, x¢)
and (Y,yo) are bi-Lipschitz equivalent with respect to the inner metric if and
only if the corresponding Canonical quasi-valuation Complexes are isomor-
phic.

Proof. Let (I'1,51) and (I's,82) be Canonical quasi-valuation Complexes
associated to (X,zo) and (Y,yo), correspondingly. Let {X;} and {Y;} be
triangulations of X and Y corresponding to (I',3;) and (I's,32). Let X
be a simplex of the triangulation {X;} or of the triangulation {Y;}. Let v
and 75 be boundary curves of X. Then by the same arguments as in the proof
of Lemma 7.4, we obtain that there exists a definable bi-Lipschitz (with re-
spect to the inner metric) map U : X — f¢ (here ﬁ, ={(z1,72) € R?|z; >0,
—¢(x1) <x9 < @(x1)}) such that

¥ o (2) = {(7“1 (2),6(r1())

, for x € 7y,
(r2(z), —¢(ra(2))), for z €7s,

(%)

where r1(z) = || — zo]| or ra(x) = ||z — yol|. B

Let i: (I'y, 1) — (T2, 82) be an isomorphism. Let Y € {X;} be a sim-
plex of the triangulation {X;} corresponding to some edge g € I'1. Let
i(Y) be a simplex of {Y;} corresponding to i(g). Now, we can define a
map VU : (X,29) — (Y,y0) independently on each simplex Y € {X,}. Let
U= \T/;Ol—,) ) \Ilyf. Since ¢ is a nonflat function, we obtain that U is bi-Lipschitz
on each simplex Y € {X;}. Since ¥ is well defined and continuous on bound-
ary curves, we conclude that V¥ is a definable bi-Lipschitz map on X. O

Hence, the Canonical quasi-valuation complex is a complete bi-Lipschitz in-
variant for totally nonflat surfaces. In particular, it is a complete bi-Lipschitz
invariant for all definable surfaces in polynomially bounded o-minimal struc-
tures.
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