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SOME SUBGROUPS DEFINED BY IDENTITIES

WOLFGANG P. KAPPE

Meinem verehrten Lehrer Reinhold Baer zum hundertsten Geburtstag gewidmet

ABSTRACT. The subgroups studied in this paper are generalizations of
the subgroup R2(G) = {z € G|[z,9,9] = 1, Vg € G} of right 2-Engel
elements of G. It is shown that they are actually partial margins and
their embedding in G is investigated.

1. Introduction

Let G be a group and f(zg,1,...,%m) a word in zg,...,Zy,. Define a
subset By of G' by

B(f)(G) :{IGG ‘ f(x’glv"'7gW1) :17 v.glr"agm € G}

In general B()(G) is not a subgroup, but it is always a characteristic set. The
terms Z,,(G) of the upper central series are familiar examples, and they are
subgroups. On the other hand, f(x¢) = 22 and f(xo,71) = [z0,21,70] are
simple examples where B (G) is not a subgroup. The set R,(G) of right
n-Engel elements of G is defined by
R,.(G)={z € G| [z,ng] =1, Vg € G},

so it is B(y)(G) for the word f(zo,71) = [2on21]. Here commutators are de-
noted by [l',y] = xilyilxy = [.T, 1y}? [xla cee 7xn,xn+1] = [[xlv s 7$n]7xn+l];
and [iC, n+1y] = [[xv ny]v y]

For n = 1 this is a subgroup, namely R;(G) = Z;(G). For n = 2 again
R»(G) is a subgroup [4], but for n = 3, an example by I.D. Macdonald [8]
shows that R3(G) is in general not a subgroup. More recently, Nickel [10]
has shown that for any integer n > 3 there is a group G with R, (G) not a
subgroup.

There are other ways of associating subsets of G with a given word
f(zo,x1,...,2m). The margin F*(G) introduced by P. Hall [2] and the partial
margins F;*(G) investigated by L.C. Kappe [3] are examples.
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DEFINITION 1.1. For a given word f(xq,...,2,) define the i-th partial
margin of G as

FI(G)={z€ G| flag,...,xai-1,...,am) = f(ao, .-, Gi=1y...,0m),
Yag,...,am € G}.

The margin F*(G) is then the intersection of all the F*(G).

Unlike the sets B(f)(G), the margin and the partial margins are always
characteristic subgroups. If the word f satisfies f(1,z1,...,x,,) = 1, then for
x € Ff'(G) and ag = 1 it follows from

flxyar,...;am) = f(Lia1,...,am) =1

that FY'(G) C B)(G). The subgroups B,(G) studied in this paper are
generalizations of Ry(G). To simplify notation for B(y)(G) and the first partial
margin F;(G) for the word

f(.’Eo,’l,’l, e 7mn+1) = [1130,1'1, cee axn—o—laxl]

we give the following definition.
DEFINITION 1.2. For a positive integer n let

BTL(G) :{$6G | [x’g7a17"'7an7g] = 1’ vg7a17"'7an EG}
Cn(G) ={z € G| [zag,g,a1,...,an,9] = [a0,9,a1,...,an,9],
Vg, aog,-..,a, € G}.

As observed above, C,,(G) C B, (G). It will be shown that C,,(G) = B, (G).
Thus B, (G) is a characteristic subgroup of G. The remaining questions con-
cern the structure of B, (G) and the embedding of B, (G) in G. The structure
of B, (G) has already been determined by I.D. Macdonald [6], [7]: B,(G) is
nilpotent of class n + 2 at most.

2. Preliminaries

Since Ro(G) ={z € G | [x,9,9] = 1, Yg € G} is both a tool and a model
for the investigation of B, (G), the relevant facts are summarized in the next
theorem.

THEOREM 2.1. Let G be a group. Then:

(2.1.1)  R2(G) is a characteristic subgroup of G, and R2(G) is the first
partial margin of [xg, x1,x1].



SOME SUBGROUPS DEFINED BY IDENTITIES 319

(2.1.2)  For z,y € R3(G) and a,b,c € G we have:

(a) The normal closure ¢ of x is abelian.
(b) [x,a,b] = [2,b,a] ",
(C) [x’ [av b]] = [3;‘, a, b] ’
(d) [‘:C’ [a7 ba C]] - ’
(e) [[x,a], [ba C]] =5
(f) [2,a,b,c* =1,
(g) [.17, aa]g — 17
(h) [I? Yy, a, b} - 1
(2.1.3)  Z3(G) C Ra2(Q), and if [R2(G), sG] has no elements of order 2,
then RQ(G) g Z3(G
(2.1.4) For every positive integer m there exists a finite group G with
Ro(G) & Zm(G).

Proof. The fact that R2(G) is a subgroup is proven in [4] and that it is
the first partial margin of [xg,x1, 1] is due to Teague [11]. The identities (a)
through (d) are from [4]. Concerning (f), it was noted in [9] that [x,a, b, c]? =
1, improving on [z,a,b,c]* = [z,[a,b,c]] = 1. Furthermore, [[x,al, b, c]]
[z,a,b,c]* =1 gives (e), since [z,g] € Ra(G) by (2.1.1). Identities (g) and (h
generalize Levi’s results on 2-Engel groups [5]. We have [x,y,a] = [z,a,y] ™! =
[y, [z,a]] = [y, z,a]® = [[z,y]71,a]? = [z,y,a] 2 from (b), (c), and (a). Hence
[z,y,a]® = 1, proving (g). Further, 1 = [[x,y,a]? b] = [z,y,a,b]> combined
with (f) yields (h).

For (2.1.3) note that [x,a,b, ] € [R2(G), 3G]. The result then follows from
(f) of (2.1.2).

Finally, (2.1.4) is due to Gruenberg [1]. Let G be the wreath product of a
group of order 2 and a finite elementary abelian 2-group H. If the base group
of G is denoted by N, then both N and G//N have exponent 2 and N Z Z,,(G)
for sufficiently large H. For x € N and g € G,¢g?> € N, and N abelian of
exponent 2 gives 1 = [z, %] = [z, ¢][x, g, g][z, 9] = [z, 9]*[2, 9, 9] = [2,9. 9], s0
N C Ry(G) and Ry(G) € Z(G). O

=1

In the next lemma and throughout the rest of the paper we will use the
following familiar commutator expansion formulas without further reference:

[xy,z] [3372] [ Z] = [m,z][ac,z,y][y,z];
[z, y2] = [z, 2][2,y]" = [z, 2][z, y][2,y, 2]
[x’y]z = [ Zvyz] = [z7y][z7y7z]'

LEMMA 2.2. If[b,g1,---,Gm—1,9m,c] = 1 for fized b, g1,...,gm-1,¢c € G
and all g, € G, then [[b,g1,- -, Gm—1,9m|%, %] = 1.
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Proof. Commutator expansion gives
1= Hba gi,--- 7gm—lygmd]7 C] = Hb? 91,---59m—1, dev g1,--- 7g'm—1vgm]d7c]
= Hbaglv"'7gm—1vgm]d7c]' O

LEMMA 2.3. Let ¢ € B,(G). Then for all g,a1,...,an,wo,...,w, € G
we have

(2.3.1) [[J:,g,a1,---7an]GagG] =1,
(2.3.2) [z.g9,a1,...,a,]% 2% =1,
(2.3.3) [ [z, 9]0 @] an] 9] = 1

Proof. For x € B,(z) we have [z,g,a1,...,a,,9] = 1. Thus (2.3.1) fol-
lows directly from Lemma 2.2 for m = n+ 1,b = z,91 = ¢ = g and
g2 =a1,...,Gm = ay. For (2.3.2) note that

1= [wigaa/la"'7an7xg} = [x,g,al,...,an,g][x,g,al,...,an,x]g

= [a:,g,al, .. 'aa‘nax]ga

and (2.3.2) follows from Lemma 2.2.
To prove (2.3.3), note that

Wn, Un

[ [%g]wo,m]wl?,,,,an} = [[x’g}va'i’lw..?an }U"+1

for suitable vy,...,v,41 € G, and observe that (2.3.1) holds for all a; € G.
Thus (2.3.3) follows. O

For f € G, define [f,G] = ([f,h] | h € G). Then [f, h]* = [f, k] ~'[f, hk] for
f,h,k € G shows that [f, G] is a normal subgroup of G. If N is normal, define
inductively [N, ;+1G] = [[N,;G], G] and note that [N, G;] C [N, ;G], where G;
is the i-th term of the lower central series. For x € B, (G) and N = [z, g]¢
we have [N,;G] = ([,9,91,---,9i] | 91,---,9; € G), and so (2.3.1) says that
[N, .G, g] = 1. In the following lemma a simplification is given for some terms
that occur in commutator expansions.

LEMMA 2.4. Ifz € B,(G),v1,...,v, € [1,9]% and a,b,a4,...,a, € G,
then

[ la,b,ad]™, s an]™, g] = [la, b, a1, ., an], g].

Proof. Set N = [z,9]% and observe that [a,b,a1]"* = [a, b, a1][a, b, a1,v1] =
[a,b,a1] modulo [N,3G], since [vy,[a,b,a1]] € [N,G3] C [N,3G]. Assume
inductively that y¥ = y modulo [N, ;2G| for y € Ggi2 and v € N. Then
y? = zy for some z € [N, ;42G] and

[y, h] = [zy, h] = [z, h)![y, k] = [y, h] modulo [N, ;4+3G].
Since [[N, ,G],g] =1 by (2.3.1), this proves the lemma. O
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3. Basic results for B, (G)
The goal of this section is to prove the following results for B, (G).

THEOREM 3.1. For all positive integers n and a group G we have:

(3.1.1)  Bn(G) = C,(G) and hence B, (G) is a characteristic subgroup
of G.

(3.1.2)  R2(G) C B1(G) and B,(G) C By+1(G).

(3.1.3)  [x,9,G1,...,an,h,h] =1 for z € B,(G) and all
g,a1,...,an,h € G, ie., [x,9,a1,...,a,] € Ra(G).

(3.14) [z,9,9,a1,...,an,h] =1 for x € B,(G) and all
g,a1,...,an,h € G,
i€, ©Zn+1(G)/Zni1(G) C Ro(G/Z,11(Q)).

(3.1.5)  [z,g,a1,...,an,b,c,d]?> =1 for x € B,(G),
g,a1,...,an,b,c,d € G.

(3.1.6)  [z,9,a1,...,an,h] =[x, h,a1,...,a,,9]7" for x € B,(G),
g,a1,...,an, h € G.

Proof. We have [za, g] = [z, g]*[a, g] and by induction

[xa,g,al, e 7an] = [[[x,g]wo’aﬂw17 v 7an]w” [a’agvala s 7an]

for suitable wo, w1, ..., w, € G. Since z € B,(G), the first factor on the right
commutes with g by (2.3.3). Hence [za, g,a1,...,an,9] = [a,9,a1,...,a4,4],
ie., B,(G) C C,(G), and (3.1.1) follows since Cy,(G) C B,(G) was noted
before.

To prove (3.1.2), let € Ry(G). Since Ro(G) is normal in G, also [z,g] €
R5(G) and from (b) of (2.1.2) we have

[[x,g],a,g} = [[x,g],g,a]_l = [La]_l =1,

proving R2(G) C B1(G). For z € B,(G) we have [x,g,a1,...,0n,ant1] €
[z,g,a1,...,a,]%, 50 (2.3.2.) yields [z,g,a1,...,0n,an11,9] = 1 and B, (G) C

B+1(G). Commutator expansion of [z, gh,a1,...,a,] yields
[fE,gh, aiy. .., an] = [[(E, h][wvg]h,al, L) an] = Y1Yy2,
y1 = [ [z, hyal]™, o an]n,
Y2 = [[$7g]h,a1, DR an]

for suitable wy,...,w, € G. By (2.3.3) we have [y1,h] = 1 and [y2,g] = 1.
Then the commutator expansion of 1 = [z, gh,ay,...,a,, gh| gives

1= [y1, gh)*[y2, gh] = [y1, K" [y1, 9" [y2, B][y2. 9]"-

Hence 1 = [yl,g]hy2 [y2, h].
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Commuting with h and observing that [[y1,g]"¥2,h] = 1 by (2.3.3), we
obtain [ys, h, h] = 1. The substitution of a/* for a; finally gives

1= [[x,g}h,a’f,... al h,h] = [x7g,a1,...,an,h,h]h,

» '

proving (3.1.3).

To prove (3.1.4), substitute [z, g] for z in 1 = [y;, g]"¥2[y2, h] and note that
[y1,9] = 1 by (2.3.3). Thus 1 = [ya, h] = [[x,9,9]",a1,...,an,h] for all a; € G,
proving (3.1.4).

Next, (3.1.5) follows from (3.1.3) and (f) of (2.1.2). Finally, for (3.1.6),

commutator expansion of 1 = [z, gh, a1, ...,an, gh], as in the proof of (3.1.3),
leads to 1 = [y1, g]"¥2[y2, h], where y; = [... [z, h,a1]"",. .., a,]"" with
w1 = [xag]h7w2 = [w17a’1]; ey Wp = [wnflaanfl]a

which are all elements of [r,g]“. Thus Lemma 2.4 implies that [y;,9] =
[z,h,a1,...,a,,9]. We have [y1,g]"™? = [y1,9] by (2.3.1) and (2.3.2), since
y2 = [z, 9", a1, ..., an) € x¢. To simplify [ys, h], write [z, g]" = [z, g][x, g, ]
and expand

[y2, B = [... [z,g,a1]", ... an]", B+ |2, g, h, a1, . .., an, B,
where
vy = [z,9,h],v2 = [v1,01], ..., Vn = [Un—1,8n-1], Vnt1 = [Un, Gn]-
Here [z, g,h,a1,...,an,h] =1, since [z, g] € B,(G) and
[...[x,9,a1]", ... @] " B+ =[x, 9,01, . .., apn, h]"

by Lemma 2.4 and (2.3.2), since vy,...,v, € [z,9,h]% and v, € 2%. Alto-
gether we have

1= [yl,g]hy2[y27h] = [.’E, hvalv cee ,anag][xvgvalv cee ,an,h]»
proving (3.1.6). O

4. The embedding of B, (G)

The following simple observation leads to an estimate of the embedding of
B, (G) in the upper central series. From (3.1.5) we have

[z,g,a1,...,an,b,¢c,d]* =1
for x € B,(G). So, if Ry(G) or B,(G) have no elements of order 2, then
B, (G) C Z,4+4(G). We will show next that this can be improved for even n.

LEMMA 4.1. Let N be a normal subgroup of G and i > 1. If y1,y2 €
[N,iGl,a € G and y = y1y2 mod [N,;12 G], then [y,a] = [y1,a][y2, a] mod
[Na 2+3G]
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Proof. By assumption y = zy1y2 with z € [N,;412G] and y1,y2 € [N,;G].
Then [z,a)¥'¥? € [N, ;+3G] and [y1,a,y2] € [N,i+1G,G'] C [N, ;4+3G] so that
[y7a] = [Z7a]y1y2 [ylaa][y17a7y2][y2va] = [ylva][y27a] mod [N7 i+3G]' u

LEMMA 4.2. For z € B,(G) and g,t,h,ay,...,a, € G we have

[(E,t7 ha A1y .-y aTL?g] = [1.7970417 s 7an7t7 h]_l mod [BH(G)7TL+4 G]

Proof. This result is obtained from (3.1.6) by substituting th for h and

commutator expansion. Let N = x¢. Then [z,th] = [z, h][z,t][z,t, h] with
[z, h], [z,t], [x,t, h] € [N,G]. Apply Lemma 4.1 to obtain

[z,th,a1] = [z, h, a1][z,t,a1][x, t, h,a1] mod [N, 4G]
and by induction,
[z, th,a1,...,an, 9] = [z, hya1 ... a0, g][x,t,a1,... a0, g][x,t,h,a1,. .., a0, 4]
modulo [N, ,4+4G]. We also have
[2,g,a1,...,an,th] =[z,9,a1,...,an, hl|[z,g,a1,...,an,t[2,g,01,...,an,1t, h].
All these commutators commute by (2.3.2), and (3.1.5) gives
[T, 9,01, an, 9] = [2,9,a1, .., an,y] "
for y = th,t and h. Together this yields
[z,t,h,a1,... 4n,9] = [x,g,a1,...,an,t,h] " mod [B,(G), 4G,
the desired result. O

That some restrictions on elements of order 2 are needed for our estimates
follows from R2(G) C B, (G) and (2.1.4).

THEOREM 4.3. Let G be a group with [By(G), n44G] having no elements
of order 2. Then:

(4.3.1)  Bu(G) C Z,14(G).
(4.3.2) [, t,h,a1,...,an,9] = [x,9,a1,...,an,t,h] 7"

(4.3.3)  Ifnis even and [B,(G), n+3G] has no elements of order 2,
then Byn(GQ) C Zn43(G).

Proof. From (3.1.5) we have [x,g,a1,...,a,,b,¢,d]?> =1 and [2,9,a1,...,
an,b,c,d] € [Bn(G), nt4G]. The assumption gives [x,g,a1,...,a,,b,¢,d] =1
and so (4.3.1) holds. For (4.3.2) note that the elements [z, g, a1, ..., an,b, ¢, d]
generate [By,(G),n+4G|; hence [Bn(G), n+4G] = 1 and (4.3.2) follows by
Lemma 4.2.

Finally, since [Bn(G),n+4G] < [Bn(G),n+3G] and by assumption
[Br(G), n+3G] has no elements of order 2, we have from (4.3.2) that

[Ivta h7a17"'7an7g] = [‘rag’ala"'va’nvta h]il'
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So repeated application gives
_q{\yn+3
[mvgvalv'”,anatvh]:[xvgaala"'vanvtvh] 1) )

since the permutation of the arguments is a cycle of length n 4+ 3. For n
even we have [r,g,a1,...,a,,t,h)> = 1 and [z,g,a1,...,an,t,h] = 1, since
[%,9,a1,...,an,t,h] € [Bn(G), nt3G], which has no elements of order 2 by
assumption, proving (4.3.3). O

5. An example

From Theorem 4.3 we see that both B;(G) and B(G) are contained in
Z5(G) if there are no elements of order 2. The following example shows that
this can not be improved to B1(G) C Z4(G).

Let p be an odd prime and N an elementary abelian group of order p3°
with generators x1,...,%5,Y1,...,Y12,21,---, 212, V.

Automorphisms a, b, ¢, d of N of order p are defined in the table below. Let
H = {(a,b,c,dy and G = H - N, the semidirect product of N by H. The six
commutators [a, b], [a, c], [a,d], [b, c], [b, d], [¢, d] are calculated, the results also
being listed in the table. From this one can see that [s, t] commutes with r for
any s,t,r € {a,b,c,d}. This proves that H has class 2 and order p'°. Each
element h € H can then be written as

h = a"b2c"3d “a, b [a, ]2 [a, )73 b, ]’ b, d)?*[c, d]’
with integers i1, ...,14, j1,---,jg Which are unique mod p. Since
[xlv a, b, c, d} = [‘r2v b7 c, d] = [ylv ¢, d] = [Zlvd] =v 7& 1,

we have 21 € Z4(G). To show that 1 € B1(G), it suffices to prove [z1, g, h, g] =
1 for g,h € H, since N is abelian. The verification of [z1,g,h,g9] = 1 is
straightforward but rather lengthy and omitted here.
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| o | o] ¢ ] a]lat]lad]lad]| bd [ bd] [cd ]

o1 || Tiw2 | T3 | T1ma | 2125 |T1y1yy | T1Y2ys | T1YsYLo| T1YsYs | T1Ye Yty T1Yeyis
o X2 T2Y1 | T2Y2 | T2Y3 X2 To X2 1‘22123_1 33222,24_1 I2252’6_1
T3 || T3Y4 T3 T3Ys | T3Ye T3 T3Z327 | 32428 T3 X3 13321021_11
T4 || TaY7 | T4Ys T4 T4Y9 $42127_1 T4 T42629 T4 T424212 T4

Ts5 || TsY10 | Ts5Y11 | TsY12 | Ts x5zzz8_1 x5Z529_1 Ts a:521oz1_21 Ts5 Ts5

Y1 Y1 Y1 Yi1z1 | Y122 Y1 Y1 Y1 Y1 Y1 ’le2
Y2 Y2 Y223 Y2 | Y225 Y2 Y2 Y2 Y2 yov~? Y2

Y3 Y3 Yzza | Y326 Y3 Y3 Y3 Y3 y31)2 Y3 Y3

Ya Ya Ya Yaz7 | Yazg Ya Ya Ya Ya Ya y4v’2
vs || w523t ys | ws |yszio| s s ys5v° s s Ys

Y6 yezgl Y6 | Y6211 | Y6 Ye y61)72 Ye Y6 Ye Ye

yr |l yr |yezr | we |yrze | wr Y7 Y7 Y7 yrv? Y7

ys || yszr | ys | ys |yszi2| s ys | ysv | ys ys ys

Yo || yozs | yozry'| o Yo | yov® Yo Yo Yo Yo Yo
Yyio0|| Y10 ynglymz;l Y10 Y10 Y10 Y10 Y1002 Y10 Yo
yi||viizs | v |ynzs| v | oy | yuv? | oy Y11 Y11 Y11
Y12 y122§1y12z;(,1 Y12 | Y12 y12v_2 Y12 Y12 Y12 Y12 Y12

Z1 Z1 Z1 Z1 zZ1v Z1 zZ1 Z1 zZ1 zZ1 z1

29 29 29 290U 1 29 29 29 29 29 29 Z9

23 23 23 z3  |z3v 1 23 23 23 23 23 23

z4 z4 z4 zZ40 zZ4 z4 zZ4 z4 z4 zZ4 zZ4

z5 z5 zZ5V z5 z5 z5 z5 z5 z5 z5 z5

z6 z6 Z(;’L)_l z6 z6 Z6 z6 z6 z6 z6 26

27 27 27 27 zw_l 27 27 27 27 27 27

z8 z8 z8 zZ8V z8 z8 z8 z8 z8 z8 z8

29 29 29V 1 29 29 29 29 29 29 29 29

z10|| 21007 210 210 | 210 210 Z10 210 210 Z10 210
211 211V | 211 211 Z11 211 Z11 211 Z11 Z11 Z11
Z12|| 212V | 212 212 Z12 Z12 Z12 212 Z12 Z12 Z12

v v v v v v v v v v v
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