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ESTIMATES OF GREEN FUNCTIONS FOR SOME
PERTURBATIONS OF FRACTIONAL LAPLACIAN

TOMASZ GRZYWNY AND MICHAL RYZNAR

ABSTRACT. Suppose that Y; is a d-dimensional symmetric Lévy process
such that its Lévy measure differs from the Lévy measure of the isotropic
a-stable process (0 < a < 2) by a finite signed measure. For a bounded
Lipschitz open set D we compare the Green functions of the process Y
with those of its stable counterpart, and we prove several comparability
results, both one-sided and two-sided. In particular, assuming an addi-
tional condition about the difference between the densities of the Lévy
measures, namely that it is of the order of |z|~¢*¢ as |z| — 0, where
o > 0, we prove that the Green functions are comparable, provided D
is connected.

These results apply, for example, to the relativistic a-stable process.
The bounds for its Green functions were previously known for d > a and
smooth sets. Here we consider also the one-dimensional case for o > 1,
and we prove that the Green functions for a bounded open interval are
comparable, a case that, to the best of our knowledge, had not been
treated in the literature.

1. Introduction

The purpose of the paper is to study estimates of the Green functions of
bounded open sets of a symmetric Lévy process Y; in R, We assume that
its Lévy measure is close in some sense, which we specify later, to the Lévy
measure of the isotropic a-stable process. From the point of view of infinites-
imal generators, the generator of the semigroup corresponding to Y; can be
considered as a perturbation of the fractional Laplacian by a bounded linear
operator. The potential theory of stable processes has been extensively in-
vestigated in recent years (see [2], [4], [6], [15]), and there are several results
providing estimates of the Green functions of bounded C1! sets (see [14] and
[7]) or even bounded Lipschitz sets ([12], [3]). We intend to make a comparison
of the Green functions of the process Y; with those of its stable counterpart.
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One of the first results in this direction was given in [16], where the relativis-
tic a-stable process was considered. This is a process whose characteristic
function is of the form

FOpi=Ye — e—t((\z\2+m2/“‘)"‘/2—m)’ s c Rd7

where 0 < a < 2 and m > 0 is a parameter. Observe that for m = 0 this
process reduces to the isotropic a-stable process. The main result of [16] says
that the Green function of a bounded C!:! set is comparable to the Green
function of the isotropic a-stable process if d > «. Later, in [8], this result
was derived by a different method. In the present paper, we develop the
method from [16] to derive several extensions of the results proved therein.
The main results are contained in the following two theorems.

THEOREM 1.1. Let D C R? be a bounded connected Lipschitz open set.
Suppose that Yy is a symmetric pure jump Lévy process in R® with d > 1 and
vY (x) is the density of its Lévy measure. By v(x) we denote the density of
the Lévy measure of the isotropic stable process and by Gp its Green function
of D. Assume that o(z) = v(z) —v¥(z) > 0, x € RY, and o(x) < c|z|o?
for |z| <1, where ¢, 0 > 0. Then there exists a constant C = C(d,a, D, g, ¢),
such that _ B

C_lGD(mvy) < Gg(xay) < CGD(xay)7
forallz,y € D.

In the next theorem we remove the assumption about the positivity of the
function o at the cost of some mild assumption about the behaviour of the
density of the Lévy measure.

THEOREM 1.2. Let d > «. With the same notation as in the previous
theorem assume that there are positive constants ¢ and o such that |o(x)| <
clz|=4re for |z| < 1, and that v¥ (z) is bounded on B¢(0,1). Then there is a
constant C = C(d, o, D, p,0) such that for any xz,y € D,

C~'Gp(z,y) < Gh(z,y) < CGp(z,y).

Observe that in the first theorem the assumption about the positivity of
o enables us to not require any assumptions about the behaviour of v¥ (z)
away from the origin except that it has to be dominated by v. For example,
vY (z) can vanish outside some neighborhood of the origin. Of course, the
assumptions are readily checked for the relativistic process (see [16] for the
description of the Lévy measure), so the theorem extends to bounded Lipschitz
domains the main result of [16] (see also [8]). In addition, note that it covers
the one-dimensional case for o« > 1, which was not treated in either of the
two papers cited above. Actually, both papers assumed d > 2, but the proofs
remain valid for d > «. To the best of our knowledge, the one-dimensional
result is new and fills a gap in the potential theory of the relativistic process.
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The methods we apply are elementary and are based on the fact that for any
two pure jump processes such that the difference between their Lévy measures
is a positive and finite measure one can represent one of the processes as a
sum of the other and an independent compound Poisson process. A different
approach in taken in [8], where the problem in the C1'! case was tackled by
the so-called drift transform technique. After obtaining the main results of
the present paper, the authors found on the website of Panki Kim a paper of
Kim and Lee [13] with results similar to ours, but for even more general sets
(so called k-fat sets). The method they use is essentially designed in [8], so our
methods and results can be viewed as an alternative approach to the problem
of comparing the Green functions. On the other hand, there is a difference
between the results in [13] and in the present paper which is worthwhile to
mention. Namely, one of their core assumptions is a certain condition (see
Theorem 2.2 in [8]), which in our setting is equivalent to

v (z —y)

zyeD v(x —y)

Essentially this means that the Lévy measure v¥ cannot vanish anywhere if

we want to consider a domain D of a large diameter. Our method can handle
the situation when the Lévy measure v¥ vanishes outside some neighborhood
of the origin, which seems not to be possible with the other method used in
[8] or [13].

The paper is organized in the following way. In Section 2 we set up the
notation and state the definitions and basic facts needed in the sequel. At
first, we do not assume that Y; is compared with the stable process, but
instead work in a slightly more general setting, where Y; is compared with
another Lévy process X; under appropriate assumptions about their Lévy
measures. In Section 3 we prove the main estimates along with some other
related results. To prove Theorem 1.2 we first prove the estimates for sets of
small diameter, and then use this to prove the Boundary Harnack Principle
(BHP) for the process Y; in the case when its Lévy measure dominates the
Lévy measure of the isotropic a-stable process.

2. Preliminaries

In R%, d > 1, we consider a symmetric Lévy processes X; such that its
characteristic triplet is equal to (0, v, 0), where v is its (nonzero) Lévy measure.
That is, its characteristic function is given by

Eoeiz-Xt — et Jza (1—cos(z-w)) v (dw) = Rd.
If the measure v is absolutely continuous with respect to the Lebesgue mea-

sure, then we denote its density by v(z). We assume that the transition
densities of X; exist and we denote them by p(¢,x,y). Moreover, they are
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assumed to be bounded and defined for every z,y € R%. The potential kernel
for X; is given by

Ue,y) = Ule — y) = /0 (e — ),

if the integral is finite, that is, the process is transient.

We use the notation C = C(a,3,7,...) to mean that the constant C
depends on «, 3,7, . ... The values of constants may change from line to line,
but they are always strictly positive and finite. The dependence on usual
quantities (e.g., d, «) is sometimes not explicitly indicated in the notation.

We write f =~ g on D to denote that the functions f and g are comparable,
that is, there exists a constant C such that

C7'f(z) < g(w) < Cf(z), wzeD.

Let D C R? be an open set. By 7p we denote the first exit time from D,
that is,
o =inf{t >0: X; ¢ D}.
Next, we investigate the boundedness of the first moment of 7p.

LEMMA 2.1. For any bounded open set D there exists a constant C' =
C(D) such that

sup E*tp < C.
z€ERY

Proof. The proof of this lemma uses the same arguments as in the classical
case of Brownian motion (see [9]). The argument therein requires the existence
of ty > 0 such that sup,cgpe P*(Xy, € D) < 1.

The process is nonzero. Hence one can find y € R%, y # 0, such that the
real-valued process (y, X;) is a nonzero Lévy process. Since D is bounded, we
can find r such that D C {z € R? : |{y,2)| < r}. Hence by Lemma 48.3 in
[17] we obtain

sup P*(X; € D) < sup P*(|(y, X)) | <r)=0@1t"Y?), t—o0. O
z€RI z€R

In order to study the killed process on exiting D we construct its transition
densities by the classical formula

pD(ta z, y) = p(ta Zz, y) - TD(ta z, y)7
where
rp(t,z,y) = E*[t =2 mp;p(t — D, Xrpy, )]

The arguments used for Brownian motion (see, e.g., [9]) will prevail in our
case and one can easily show that the transition density pp(t, z,y), t > 0,
satisfies the Chapman-Kolmogorov equation (semigroup property). Moreover,
the transition density pp(t, z,y) is a symmetric function (z,y) a.s. Assuming
some other mild conditions on the transition densities of the (free) process,
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one can actually show that pp(¢,z,y) can be chosen as continuous functions

of (z,y).
Next, we define the Green function of the set D,

GD(m,y):/ pp(t, z,y)dt.
0

Let us see that the integral is well defined. We have
/ Gp(z,y)dy :/ / pp(t, x,y)dtdy :/ P?(rp > t)dt = E¥1p < o0.
D D Jo 0

Hence for every x € R? the Green function Gp(z,vy) is well defined (y) a.s.
Again, under assumptions which make the function pp(t, z,y), t > 0, con-
tinuous in the arguments x,y, one can show that the Green function is a
continuous function (in the extended sense) on D x D.

It is well known that if the Lévy measure is absolutely continuous with
respect to the Lebesgue measure, then the distribution of X, restricted to
D’ is absolutely continuous as well (see [11]) and the density is given by the
so-called Tkeda-Watanabe formula:

Pp(x,2) = /D Go(a.y)uly — 2)dy, (2.2) € D x D",

We call Pp(z,z) the Poisson kernel. Under some other mild conditions X,
has zero probability of belonging to the boundary of D, so in this case the
Poisson kernel fully describes the distribution of the exiting point.

We say that a measurable function u is harmonic with respect to X; in an
open set D if for every bounded open set U satisfying U C D,

u(z) = E*u(X,,), zeU.
If
u(z) = E*uw(X,;,), x €D,
then we say that w is regular harmonic with respect to X; in an open set D.

The following lemma is a simple consequence of Lemma 2.1 and the bound-
edness of p(t, ).

LEMMA 2.2. For anyx € D andt > 1 we have

EITDEyTD (y) a5

pD(tvxay) < C(X) )

Proof. Observe that for s > 0,
sup pp(s+1/4,z,y) < sup p(s+1/4,z—y) = sup p(1/4,-) = p(s, )
z,yeD z,yER zER4

< sup p(1/4,2) = Cy.
zER?
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Hence, by the Chapman-Kolmogorov equation we obtain for ¢ > 1/2 and (y)
a.s.

pp(t,x,y) = / pp(t/2,2,2)pp(t/2,z,y)dz < C1P*(1p > t/2).
D

Applying again the Chapman-Kolmogorov equation together with the above
inequality we get for ¢t > 1,

pp(t,z,y) < C1P*(tp > t/4) /DpD(t/2,z,y)dz
= C P*(tp > t/4)PY(Tp > t/2),
where 7p = inf{t > 0 : —X; € D}. But the process X; is symmetric, so
{X,} 2 {—X,}. Hence
PY(Tp > t/2) = PY(tp > t/2).
Therefore, we have
pp(t,z,y) < C1P*(tp > t/4)PY(tp > t/2).

An application of Chebyshev’s inequality completes the proof. O

REMARK 2.3. If X is an isotropic stable process, then by similar argu-
ments we have for ¢t > 0 and z,y € D,
Ew TD EyTD

pD(t,fE,y) < C(avd) $2+d/a

In one of our general results (Theorem 3.1) we require the following prop-
erty which exhibits a relation between the moments of the exit times and the
Green function.

PROPERTY A. There is a constant ¢ = ¢(D) such that
E*tpEYTtp < cGp(z,y), =,y € D.

At first glance the above condition looks a bit restrictive, but actually it
holds in the stable case ([15], [6], [1]) and it is usually derived as a consequence
of the intrinsic ultracontractivity of the killed process. In a recent paper of the
first author (see [10]) the intrinsic ultracontractivity is studied under much
broader assumptions. For example, the above property holds if pp(t,-,-) is
continuous in x,y and the Lebesgue measure is absolutely continuous with
respect to the Lévy measure.

From now on we consider two symmetric Lévy processes Y; and X; such that
the signed measure o = vX —v¥ is finite, where v¥, X are the Lévy measures
of Y; and Xy, respectively. We use this notational convention throughout the
whole paper; e.g., we denote the transition density of X; by p*(¢,2) and the
transition density of Y; by p¥ (¢,2) (the density must exist since the measure

o = vX —vY is finite). Later on we will require one of the processes, say X, to
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be the isotropic stable process. The aim of this paper is to make comparisons
between the two processes in various aspects of which the relationship of the
Green functions is our main target. Some of the results are general, but our
typical situation is a comparison between the isotropic stable process and
another process such that their Lévy measures are sufficiently close to each
other.

With the assumption that o = vX — ¥ is finite we have the following
formula comparing infinitesimal generators on L!(R9) of these processes:

AY = AX — P, where Pp(z) = 0 * o(x) — (R p(z).

The fact that P is a bounded operator implies that the domains of these
generators coincide.

As mentioned above, very often the process X is taken to be the isotropic
a-stable process, 0 < a < 2 . To emphasize its role, we denote it by X;. This
process has the following characteristic function:

. .~ _ o
EVe* Xt — ¢=tZ1" 2 c RY,

From now on, we will use the tilde sign to denote functions, measures, etc.,
corresponding to X;. For example, its Lévy measure is given by the formula

ﬁ(B):/B;zf(—a,dﬂx\‘d“"dx,

where r((d 1/2)
—P
ﬂ( ) ): d/29p .
m4/220|0(p/2)|
The potential kernel, which is well defined for o < d, is given by

U(z) = o (o, d)|x|*"¢, zeR

The next two lemmas provide the basic tools for examining the relationship
between the Green functions. In the first lemma we compare the moments of
exit times assuming only that ¢ = vX — 1Y is a finite signed measure, while
in the second lemma we require that ¢ is nonnegative. This assumption gives
a nice inequality involving the transitions densities. Although both lemmas
have already appeared in the literature under some additional assumptions
(see [16]), for the reader’s convenience we provide the proofs.

LEMMA 2.4. Let D be a bounded open set and let ¢ = vX — Y be finite.
Then we have on D,
E*t% ~ E°7).

Proof. Suppose that ¢ = o —o_ is the Jordan decomposition of o. Let V;
be a compound Poisson process independent of X; with Lévy measure o_ and
let Vt/ be a compound Poisson process independent of Y; with Lévy measure

or. We put Z; = X; + V;. Then, of course, we have {Z;} 2 v, + v/},
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where 2 means equality in distribution. Hence it is enough to show that
E’”Tg = E’”Tg .

Let us define a stopping time T by T' = inf{¢ > 0 : V; # 0}. The processes
X; and V; are mutually independent. Therefore X; and T are independent as
well. Besides, Z; = X; for 0 <t < T. We set m = o_(R?).

First, we claim that E*(r5) < 2E*(t5 At) for t large enough. Indeed, by
the Markov property and Lemma 2.1 we have

EIT,%( = E“(Tg At) —I—E‘"”(Tg > t;rg —t)
= E%(1p At)+ E*(1p > t; EXt1)

< E*(tR At) + CPE (18 > t)
E=x X
< E*(t& At)+C tTD,

which proves our claim for ¢ > 2C.
Because Tg AT = Tg AT, by the independence T and X; we get

E*tf > E*(t5 AT) = E* (15 AT) = / E*(1(y At)yme ™ dt
0

oo
1
> / E®(t3 Atyme ™dt > e MBS,
2

Q
N

Now, we prove the upper bound. Again, by the strong Markov property
and Lemma 2.1 we arrive at

E*18 = E*(t ANT) + E*(18 > T;78 — T)
< E*tS + E°(1E > T; E?T1E)
< Bt + CP* (18 > T),
but
Pt >T)< P*(rp = T) = m/ P*(1p = t)e ™ dt < mE®T},
0
which completes the proof. O

LEMMA 2.5. Suppose that 0 = vX — Y is a nonnegative finite measure
and D is an open set. Then for any x € D and t > 0,

ph(t,z, ) < e™py(t,x,-) a.s. .

If, in addition, we assume that p¥ (t,-) and pX(t,-) are continuous, then we

have for x,y € D,

rh(t @, y) < My (t e, y).

Proof. We put m = o(R?) < oo, and define a compound Poisson process
V; with the Lévy measure o independent of Y;. Note that the process Y; + V;
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is a copy of the process X;. Hence we may assume that X; = Y; + V;. The
random variable

(2.1) T=inf{t >0:V; #£0}

has exponential distribution with intensity m. Then Y; and T are independent
and for 0 <t < T we have X; = Y;.

Let A be a Borel subset of D. Since Y; = X;, for t < T we infer that
{r5 >t} n{T >t} = {r% >t} N {T > t}. By the independence of ¥; and T
we have

Pt <78V, € A)P™(T > t) = P*(t <7; Vs € A;T > t)
Pt < Th; Xy € A;T > t)
<Pt <75 X, € A).

So we obtain that (y) a.s.,
Ph(t 2,y P7(T > 1) < pl(t,2.).
But T has exponential distribution with intensity m, that is,
P*(T >t) =e ™.

The second inequality is proved analogously, using the first with D = R?
in the intermediate step. Moreover, the continuity of p¥ (¢,-) and pX(t,-) is
required to justify the last step:

rh(t,y)e ™ = B*[t > ;Y (t— 7, Yo, y) ] PY(T > 1)

=
= B[t} <t <T;p" (t—75,Y,x,v)]
5 <

= emtrg (t,z,y). O

The next lemma is a sort of comparison between transition densities in
the sense that a “nice” behaviour of these for one process implies that the
transition densities of the second are uniformly bounded away from zero. The
“nice” behaviour is present, for example, if the first process is the isotropic
stable process. We use this result in the sequel to ensure that the transition
densities of the killed process are continuous and to obtain Property A. We
define the exponential of a signed finite measure o by

0 *n( A
exp{o}(A) = e ®") Z 07('), where A C R? is a Borel set.
n!
n=0

LEMMA 2.6.  Suppose that vX and vY are absolutely continuous and o(x) =
vX(x) —vY () is an integrable function such that |pX (t, ) xo(x)|+|o(x)| < ¢1
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for |z| > 6 and t < 1. If pX(t,x) < cot™¢ for t < 1, where ¢ > 0, and
pX(t,x) < c3(8) for |z| > 6, then there is a constant C' such that

pY(t,x) <C, x| > ([(JV1)§ and t > 0.

Proof. Suppose that [, |o(z)|de = M < co. We put [, o(x)dz = m. We
can write

¥ (t.x) = p¥(t, ) * exp{~to}

X tm ( t)np (t7 ) * " (-’L‘) tm
_ t § .
=p ( 7x)e e n' e

Observe that
M'rl

[p¥ (8, ) 0™ (2)| < sup p¥(ty) M" < 2=,

yeER4

so for t < 1 we have

X \n, X (4 . *1 X in—¢pqn
n>¢ : n>¢ '

Now, we show that if [p*X(¢,-) x o(z)| + |o(x)| < ¢(1) for |x| > 6 and t < 1,
then

(2:3) ¥ (t, ) x o™ ()| < c(n),  |a] = nd.

We assume (2.3) for n and we prove it for n 4+ 1. Observe that

pﬂunw%mwﬂ<é(6yﬁm»w”w—MW@wy

+/‘ X (1) * 0 (z — y)| o (y)ldy
B(z,nd)
<c(n)M + e M",

because if y € B(z,nd), then |y| > |z| — |x — y| > 6. Combining (2.2) and
(2.3) and using that p* (t,z) < ¢(d) for |x| > §, we complete the proof for
t< 1.

Next, for t > 1 we have

sup p¥ (t,x) = sup p* (1,) xp" (t —1,2) < sup p* (1,2) = C,
zERE zERE zERI

which proves the conclusion for ¢ > 1. (]

The following lemma is an attempt to find a condition under which the
potential kernel of a process is comparable at the vicinity of the origin with
the stable potential kernel. It will play an important role in proving the upper
bound for the Green function GY, by its stable counterpart (see Theorem 3.23).
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LEMMA 2.7. Letd > . Let —o = vY — U be a nonnegative finite measure
such that U % (—o)(x) < CU(z) for |z| < 1. Then for some constant C > 1,
C7W(x) <UY(z) <CU(z), |z|<1.

Proof. Suppose that —0 = v¥ — 7 > 0. Let —0(R%) = m > 0. We can
write

P (t,x) = p(t,-) * exp{—to} = p(t, x)e” "™+ pt, ) *n(!ig)*n(x) e tm,

n=1
Observe that

mTL

p(t, ) * (—o)™(x) < sup p(t,y)m" = CW’
yeRY

so for n > d/a — 1 we have

00 yn(4 . _\*n 0 yn—d/a,,n
/ t p(tﬂ ) * ( 0) (I’) eftmdt < C/ l m eftmdt
0 n! — Jo

n!
S CF(n +1- d/oz)md/oH_1 < Cmd/c““‘1
n! nd/a
This implies that
o et "D t,- _\*n 0 d/a+1
(2.4) / 3 p()jfﬂ(@fmgc > T <o
0 n>d/a—1 ’ n>d/a—1

Next, estimating t"e~*" < C(n,m) < oo, we have

/°° t"p(t; -) * (=0)™" (x)

n!

e tmdt < C(n,m)U = (—0)"(z).
Let o
Ul(x)

-
If we assume that U % (—o)(x) < CU(z) for |z| < 1, then we claim that
(2.5) U (—0)"(z) < C(n)U(z), |z|<1.

We check this for n = 2, since the general case will follow by induction.
Oxo?@)= [ Ox-ola-p(-od)+ [ Tla-pody)
B(z,1) Be(z,1)

<c[ O go)d)+ o
B(z,1)
< C?U(z) + o m? < C(2)U(x),

because lim|,|_q U(z) = co. By (2.4) and (2.5) we conclude that UY (z) <
CU(z), |z| < 1.
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Getting the reverse inequality is almost immediate, since
B(t,x) < e™p¥ (t, )

by Lemma 2.5 together with the fact that p(¢,-) and pY (¢,-) are continuous.
The following estimate is well known:

(2.6) Bt ) < C(d, ) (t—d/a A |x2+a) .

Hence for |z] < 1,

for some constant C' = C(d, ). Therefore

1 1
U(z) < / p(t,z)dt < em/ pY (t,x)dt < e™UY (x),
0 0
for |z| < 1. O
REMARK 2.8. If —o(z) is a nonnegative density of a finite measure and
_U(‘r) < C|m|_d+gv |:,C| <1,
where ¢ > 0, then the condition U * (—o)(z) < CU(z) for |z| < 1 is satisfied.

The last lemma in this section is intended to treat the one-dimensional
situation while comparing two processes of which one is a symmetric a-stable
process with az > 1 (the recurrent case). This case is different from the case
a < 1 (the transient case) and requires somewhat different arguments.

LEMMA 2.9. Letd=1,a>1 and 0 <ty < 1. Suppose that o = U — v¥
is a finite measure. Then there exists a constant C' = C(m, M) such that

to
/ |B(t, ) — e~ 2mpY (1) | dt < Ot M,
0
where m = o(R) and M = |o|(R).
Proof. Let 0(R) = m and |o|(R) = M > 0. We can write

nﬁ(ta ) * U*n(x) etm

pY(t7 x) = 'p’(u ) * exp{—ta} _ ﬁ(t, :L')etm + Z (—t) -

n=1

Next,
M’I’L
tl/a’

[p(t,-) x o™ (x)| < suppl(t,y)M" =C
yeR
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Using this estimate we obtain
Bt ) — e 2™ pY (t,x)|

= |p(t,z)(1 —e ™) — Z "l ) + U*n(m)e_mt

n=1
_ _ C X (tM)™ _
mt 2 mt
Sp(t7m)(1_e )+ tl/a =1 TL' ¢ )

From this it easily follows that there is a constant C' = C(m, M) such that
[p(t, ) — e 2™pY (t,2)| < Ct' 7Y, t< 1

Now the conclusion follows by integration. O

3. Comparability of the Green functions
In this section we prove our main results. We start with a general one-sided

estimate of Green functions.

THEOREM 3.1. Let D be a bounded open set and 0 = v~ —v¥ be a
nonnegative finite measure. Suppose that for one of the processes X; or Y;
its Green function satisfies Property A. Then there exists a constant C' =
C(o,D,a,d) such that for x € D,

Gh(z,y) < CGH(z,y) () as..

Proof. Denote o(R%) = m. From Lemmas 2.2 and 2.5 we get that (y)
almost surely

to o0
G}l;(x,y) :/ pg(t,x,y)dt—i—/ pg(tw,y)dt
0

to

to [e%e}
< emto/ pg(t,x,y)dt—i—cl/ t2E*rY EYr) dt,
0 to
for tg > 1. Hence

(o) < O (w9) + By BV,
0
If Y; satisfies
(3.1) E*rY EYrY < CaGY(z,y),
then for tgp = max{1,2C,C3} we get
Gp(a,y) < 2665 (x,y).
Now, suppose that (3.1) holds for X;. Then by Lemma 2.4 we have
Gp(z.y) < G (w,y) + CE T BV < CGp(x,y),
which completes the proof. O
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Kulezycki in [15] showed that for the isotropic a-stable process Property A
is satisfied for any bounded open set D, so we obtain the following corollary.

COROLLARY 3.2. Let D be a bounded open set. If o = — vY is a non-
negative and finite measure, then there is a constant C' such that

If v¥ — U is a nonnegative and finite measure, then

Suppose that pX (¢, z,-) and p3 (¢, -, x) are continuous for any x € D. If the
Lebesgue measure is absolutely continuous with respect to the Lévy measure
of Xy, then the following theorem is true for any bounded open set D. On
the other hand, if there exists a radius r > 0 such that the density v, of the
absolutely continuous part of the Lévy measure satisfies

inf vX(z)>0
2€B(0,r) ac( ) ’
then the following theorem holds for any connected Lipschitz bounded set D
(see [10]).

THEOREM 3.3. For everyt > 0 there is a constant ¢ = c(t, D, &) such that
cE*th BVt <pp(tay),  wy€D.

If we integrate the above inequality with respect to dt, we get Property A
for X;:
CE*t8 BV < G¥(x,y).

Therefore from Theorem 3.1 we obtain the following corollary.

COROLLARY 3.4. Let py(t,-,-) be continuous for every t > 0, and let
the finite measure 0 = v~ — v¥ be nonnegative. Suppose that the Lebesgue
measure is absolutely continuous with respect to v~. Then for any bounded
open set D there exists a constant C = C(o, D, a,d) such that for x € D,

Gh(z,y) < CGH(z,y), () as..

Our next goal is to reverse the above estimate. We are not able to do
this under the above assumptions alone, but instead need some additional
assumptions. We proceed in several steps. In the first step, we take advantage
of the following lemma, which can be proved in the same way as Lemma 7 in
[16].

LEMMA 3.5. Let 0 = vX — Y be a nonnegative finite measure. Suppose
that GX (z,-) and G¥(z,-) are continuous. Then

Gp(z,y) < Gh(z,y) + E*[r) > TG (X1, )],
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where T is defined by (2.1).

This lemma can be rewritten in the following way, which is more useful for
further analysis.

COROLLARY 3.6. Suppose that 0 = vX —vY is a nonnegative finite mea-
sure, and G (z,-) and G%(x,-) are continuous. Then

G5@) <Ghlaw)+ [ [ 6 @w)6* W+ zy)oldz)du.
D JD—-w
Proof. See the proof of Lemma 9 in [16]. O

From now on we assume that X; = Xt and that the measure o0 = v —
vY is finite and absolutely continuous. We will use the following notational
convention: in the case when a measure p is absolutely continuous we denote
its density by u(x). Thus, o(z) is the density of 7 — Y. Moreover, we assume
a particular behavior of o(z) near 0, namely, we suppose that there exist ¢ > 0
and C such that

(3.2) lo(x)] < C’|x\g_d, lz] < 1.

In addition, we assume that o(x) is bounded on B¢(0,1), which obviously is
equivalent to the boundedness of ¥ (x) on B¢(0,1).

For example, the above conditions are satisfied by the Lévy measure of the
relativistic process (see [16]) and the Lévy measure of the a-stable process
truncated to B(0,1) (v (z) = 15(0,1)(2)v(x)).

With these assumptions we have that the characteristic function of Y; is
integrable, so p¥ (t,-) is bounded and continuous. Moreover, by (2.6) we get
that for any § > 0,

p(t,x) <C0), |z| =6
Therefore from Lemma 2.6 we obtain that the transition density of Y; also
satisfies

pY(t,z) <C(6), |z| >4
This property enables us to prove, similarly as for the Brownian motion in [9],
that pY(t,z,-) and pY (,-,y) are continuous, and that G (x,-) and G¥ (-, y)
are continuous, too. Hence, under the present assumptions, in the statements
of all results proved so far, the estimates hold for every y, and not just for
almost all y.

Furthermore, by (3.2) there exist a radius r and a constant ¢ such that
v(x) < v (z) on B(0,7). So, inf,ep(o,r) v (x) > 0. Therefore from Theorem
3.3 we have that for any bounded connected Lipschitz open set the process Y;
satisfies property A. That is, we have the following corollary.

COROLLARY 3.7. Let o(x) = v(x) — v¥ (x) be an integrable function sat-
isfying (3.2). Moreover, let o be bounded on B¢(0,1). Then Property A holds
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for Yy and any bounded connected Lipschitz open set. On the other hand, if
we assume that v¥ > U, then Property A holds for Y, and any bounded open
set.

Let D Cc R? be a bounded connected Lipschitz open set with Lipschitz
character (ro, A) (see [12], [2] for the definitions). We need to introduce some
additional notations related to D. We assume that D is a nonempty bounded
open set. We put rg = ro/diam(D) and x = 1/(2v/1 4 A2). The set {x €
D :d0p(x) > r9/2} is nonempty. We choose one of its elements and denote it
by zo = x0(D). We also fix a point z; such that |xg — 21| = 79/4. For any
z,y € Dlet r =r(z,y) =0p(x)Viop(y) V| —y|l If r <ro/32, welet A, ,
be an element of the set

B(z,y) ={A € D:B(A,xr) C DN B(z,3r)N B(y,3r)},

and if r > 79/32, we set A, , = 1.

For bounded Lipschitz open sets Jakubowski [12] proved the following the-
orem, which gives estimates of the Green function for the isotropic a-stable
process in the case d > 2. If d = 1, then an analogous theorem is true also for
a <1 (see, e.g., [5]).

THEOREM 3.8. Let D be a bounded open Lipschitz set and d > a. There
is a constant Cy = C1(d, A\, ro,diam(D), «) such that for every x,y € D we
have

(-1 00(@)0n ()

: o= g2 < Gp(a,y) < ¢ 220000 ama

¢b(Aa.y) ¢h(Aa.y)
where ¢p(x) = Gp(z, z0) A (d, a)r§~ ~ E*7p.

From the scaling property of the Green function for the isotropic a-stable
process we have the following remark.

REMARK 3.9. The constant C; depends on the constants 7o and diam(D)
only via their ratio rg.

Now, we recall estimates for the Green function of the isotropic a-stable
process if 1 = d < a. Their proof can be found, e.g., in [5].

THEOREM 3.10. Let d =1 and D be an open interval. Then we have on
D x D,

1 <Wl)(y))l/2 + 1> a=1
Go(w,y) ~ . . (a—1)/2 £5D($)5D(y))a/2 |
min {(5D(33)5D(y)> ' ’|$_y|} , 1<a

Theorem 3.8 and Theorem 3.10 imply the following corollary.
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COROLLARY 3.11. Let D be a bounded Lipschitz open set if d > 2 or a

bounded open interval if d = 1. For |x —y| = 6 > 0 there exists a constant
C(0) such that

Gp(z,y) < C(O)E*TpEYTp.
Proof. We prove only the case d > 2, since the other case follows immedi-

ately from Theorem 3.10 and the fact that E*mp ~ (6p(z))*/2.
By Theorem 3.8

¢D( )¢D(y)
0} (Auy)
Next, note that, by the definition of the point A = A, ,, we have

Gp(z,y) <

|$_ |a—d.
O0p(A) > klz —y| Arg/d > KO Arg/d =19,
which shows that
(bD( ) & 7'D>E TB(ATQ)—CTQ
This implies the conclusion. O

A consequence of Lemmas 13 and 15 from [12] is the following lemma.

LEMMA 3.12.  There are constants C = C(d, A\, o, rg) and v = v(d, A\, ) <
a < d such that for every x,y,z,w € D we have

52 —_ul _ _ |2
_ 9p(Aay) < Cmax {17 |z —yl 7 |z —yl ’ |z —yl } .
¢D(Aac,w)¢D(Az,y) |$ - wl’Y |Z - y"y |$ - w|V|z - y|’y

Proof. First, we assume that |z —y| < |x —w|. Then it can be proved using
similar methods as in Lemma 13 of [12] that

(33) gD(Awﬂ/) < C(d,)\,OJ,I‘Q)(ED(ALw)-

Now, let |z — w| < |x — y|. Then from the proof of Lemma 15 in [12] we infer
that

(3.4) 3n(Asy) < Cd, A ay1) o y'i 30 (Anw),

for some 0 < v < . Combining (3.3) and (3.4) completes the proof. O

LEMMA 3.13. Letx#y € D, —d< o and 0 < a,b. We set

Q(x,y):/ / |yfz|“*d|zfw\9|w7m|b*ddzdw.
DJD
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Then there exists a constant C = C(d, a,b, 0) such that

|z — y|otet?, a+o0+b<0,
14 log (AamtP)), a+o+b=0,
Q.y) < C T e
(diam(D))® <1 + log ( l|iniy| )) , a=b=—p,
(diam(D))atett, otherwise.
Proof. By changing variables to u = I;:Z\ and v = ‘1;’:;" we get
Q(z,y) = |o —y|r+re [ul*~ o[~ u — v — q|?dudv,
D—y D—z
[z—y] lz—yl
_ a—y
where q = =ik

For o+ a < 0 we have
[ el 0=l = G gl +
and for o+ a + b < 0 we have
/Rd ||~ + q|*T2dv = Ca.ap.0s
which proves the first case. If o+ a + b = 0, then we have

/ [ol* o + q*+edv < / [o[*= o + ql*+edvt
D—x

)

[ —y]

+2—9—“/ o] ~dv
B(0,diam(D)/|z—y|)\ B(0,2)

= C(d7 a7 b’ Q)+

+C(d,a,0) (log (W) - 10g(2))> VO

< C(d,a,b, o) {1 +log (‘m(m>}.

|z —y|
If0<o+a+b<b, then

Jo e < [ el
D—z B(0,2)

+ 2*9*“/ |v|9+“+b*ddv
B(0,*Z20P\B(0,2)

ER]]

< C(d,a,b, 0) {1 + (M)Q+a+b}.

|z -y

[z—y]

The remaining cases can be proved in the same way. O
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LEMMA 3.14. Letd > «. Suppose that there exist positive constants o and
c1 = ci(diam(D)) such that |o(x)| < c1|z|e~? for |z| < diam(D). Then there
exists a constant C' = C(d, \,rg, o, 0) such that for all x,y € D,

/ / ép(y, 2)|o(z — w)\CNY'D(w, x)dwdz < 1C (diaum(D))C1 |x — y|<2C~¥D(ﬂc, Y),
pJD
for some (1 = 0 and (2 > 0.

Proof. From Theorem 3.8 and Lemma 13 in [12] we obtain

G (r,w)Gp(zy) < [z — | > 6p(w)6p(2)0D (Aa.y)
GD(% Z/) |$ - w”y - Z| ¢2D(Aw,w)¢2D(Az,y)
. ( [z —y| )d‘“ _ b(Aey)
|z —wlly — 2| ¢p(Az,w)dD(Azy)

Because |o(2)| < ¢1]z]?27¢, for |z| < diam(D), we get |o(w—2)| < ¢;|w— 2|24
on D x D. So, by Lemma 3.12 it is enough to prove that for some (; > 0 and
<2 > 07

x—wa—pl—dw_zg—dz_ya_pz_d .
/D /D ‘ ‘ |x J y|ad/’1P2 | dwdz < C(dlam(D))G |.T _ y|427

for some C = C(d, p1, p2, 0), where p1, p2 € {0,7}. Recall that v < a. Hence
the above inequality is a consequence of Lemma 3.13. (]

By inspecting the estimates from Theorem 3.10 one obtains the following
remark.

REMARK 3.15. In the case d = 1 < « the above lemma does not hold.
This is why the proof given below of Theorem 1.1 in the one-dimensional case
for a@ > 1 requires arguments different from those in the general case.

3.1. Proof of Theorem 1.1. Throughout this subsection we assume that
o =v—vY is a finite nonnegative absolutely continuous measure and that its
density satisfies

o(x) < Cla|*™, Jal <1,

for some positive . Then there is a constant ¢ = ¢(C, d, a, diam(D)) such that
o(x) < c|lz|e=? for |z| < diam(D). Let D be a bounded connected Lipschitz
open set. Then Property A holds for Y; by Theorem 3.3.

By Corollaries 3.2 and 3.6 we have the inequality

(3.5) CrlGY(x,y) < Gp(z,y) < Gh(z,y) + CiRp(,y),

where Rp(z,y) = In I Gp(z,w)o(w — 2)Gp(z,y)dwdz.
By Corollary 3.11 we have, for |z —y| > 6 > 0,

éD (117, y) S C(@)EI?DEy?’D
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Hence, by Property A and Lemma 2.4 we get
Gp(z,y) < C(0)Gh(z,y), |o—y|>0>0.

It remains to show that Rp(z,y) < ﬁép(:ﬂ,y) if |z — y| is small enough.
But for d > « this is a consequence of Lemma 3.14. This completes the proof
for d > a. B

Next, we deal with the case 1 = d < a. We need to show that Gp(z,y) <
CGY (x,y) if |x — y| is small enough. Recall that in this case D is a bounded
open interval.

LEMMA 3.16. Let d = 1. Then there is a constant C = C(a, D,m) such
that for any x,y € D,

(0p()dp(y))*/? .

RD(xay) <C |.’I,‘—y|1_‘g/\1

Proof. From Theorem 3.10 it is easy to see that

(3.6) G (e, y) < 02D
' ST e

Hence, for ¢ < 1 we can prove in the same way as in Lemma 8 in [16] that

dw _ (0p(x)*"?
—ylt=r T e -yt

3.7 /é T, w
(37) [ G
From the above,

dw Sp(z)*/?

/DGD(:E,w)a(zw)dwgC’/DGD(:c,w)m_z'l_g <C

|z — z|1—e’

If o > 1, then ¢ is bounded and since E*7p ~ (5p(x))*/2, we have
/ Gp(z,w)o(z — w)dw < CE*7p < cbp(z)*/?.
D

Now, we use the symmetry of the Green function and the inequality (3.7)
again to get
(6p(2)dp(y))*/?

g
o =yt

Rp(z,y) < C

We are now able to prove the desired lower bound of the Green function
forl=d<a.

PROPOSITION 3.17. Let D be a bounded open interval. Let o > 1. Then
there exists a constant C = C(m,d, «, D) such that for any x,y € D,



ESTIMATES OF GREEN FUNCTIONS 1429

Proof. Note that we only need to consider the case |[x — y| < 6 for some
sufficiently small § > 0. First, we assume that 6p(2)dp(y) < |z — y|?. By
Theorem 3.10 this implies that

(5D(x)5D(y))a/2
|z -yl
Next, we apply Lemma 3.16 to obtain
Rp(x,y) < Clz —y|*"'Gp(x,y),

for some constant C. Thus, from (3.5) it follows that

(3.8) Gp(z,y) < Ghla,y) + Cle — y[*M G p(z,y).

By the estimates of pp(t, z,y) (Remark 2.3) we have

(3.9) / Po(t, @, y)dt < Oty (3p(2)dp () /2.
to

Next, from Lemma 2.5 with X = X we have
(3.10)  Pp(t,z,y) <pp(t,x,y) + Bt z,y) — e >™pY (t, 2, y),

so integrating over [0, %], where to = (0p(2)dp(y))®/® < 1, and using Lemma
2.9 together with (3.9) we obtain

to oo
(311)  Gpla,y) = / B (t, . y)dt + / Bt 2, y)dt
0

to

to
< GY(a.y) + / ((t,2,y) — ™Y (¢, 2, y))dt+
0

+Cty TV (0p(2)dp ()2

< Gh(a,y) +ety Vo + Ot (0p(2)0p (1))

= GY(2,y) + c(6p(2)3p(y) T

Now assume that |z — y|? < dp(2)dp(y) and take into account that in this
case Gp(z,y) > C(6p(x)dp(y))@1/2, so that we can rewrite (3.11) as

(3.12) Gp(@.y) < Gp(x,y) + c(p(2)0p(y))*Gp(z,y),

where p = 2% > 0. Observe that (3.12) in the case [z—y|*> < 6p(2)ép(y) < 6,
and (3.8) in the case dp(2)dp(y) < |z —y|* < @ for 0 sufficiently small, provide
the conclusion in these cases. Of the remaining cases dp(z)dp(y) > 0 or
|z —y|? > 6 only the first needs to be considered and can be handled in a very
simple way. Indeed, in this situation,

(6 (2)dp(y) T < (Gp(x)ép(y)F6~ % < COT Gh(a,y),

where the last step follows from the fact that Y; has Property A and Lemma
2.4. Hence the conclusion holds by (3.11). This completes the proof. (]
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3.2. Case VY > 7. Throughout this subsection we assume that vY > 7,
and, in addition, that D is a bounded Lipschitz open set. Note that in this
case, by a result of Sztonyk [18], the process Y does not hit the boundary on
exiting D. In verifying the conditions needed for the result to hold (see [18]),
we apply Corollary 3.2 and Lemma 2.4 to reduce the problem to the stable
case, which is known to be true. Hence, if u is regular harmonic on D with
respect to the process Y, then

(3.13) u(z) = E*u(Y;,) = / u(2)Pp (x,2)dz, =€ D.

c

The aim of this section is to prove that the Green functions are comparable,
first for sets D with small diameter, and then for arbitrary bounded Lips-
chitz open sets. The result for sets D with small diameter allows us to prove
a version of the Boundary Harnack Principle (BHP) under the following as-
sumptions:

(G1) v¥(x) > v(x) for x € R4\ {0}.

(G2) For some R > 0 there are constants ¢; = ¢1(R) and p such that

lo(z)] = [7(z) — vY (2)| < er]z]@™? for |z| < R.
(G3) There is a constant ca = c2(R) such that
Y (2) < e (y)

for any x,y € R? such that |z — y| < R/2 and ||, |y| > R/2.

Then, after establishing BHP, we show that we can remove the assumption
about the diameter of the set D.

We start by iterating the inequality from Corollary 3.6 to obtain, for
GY(x,-) continuous,

(3.14) Gh(w.y) < Y _[(HP)*Cp (- 9)l(@) + [(H)" ' GH (- 9)l (@),
k=0

where HY, : L' (D) — LY(D) is given by

[Hz;f(-)](x):/D/DéD(x,w)|a(w—z)\f(z)dwdz.

We now prove the comparability of Green functions for sets of small diam-
eter. Note that the constant C' in the conclusion of the following proposition
depends on D through ry and A. This feature is crucial for our future appli-
cations.

PROPOSITION 3.18.  Letd > a. Let D be a Lipschitz open set and G%(x, )
be continuous and let v¥ satisfy (G1) and (G2). Then there exist constants
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Ry = Ro(d,a, A\, r9,0) < R and C = C(Ry) satisfying the following property:
if diam(D) < Ry, then
C'Gplz,y) < Gh(z,y) < CGp(z,y), =z,yeD.
Proof. If diam(D) < R, we get by Lemma 3.14 that
[H}Gp(-,y)](x) < C1 diam(D) Gp(,y),

for some constant C; = Cy(d, o, A\, rg,0) and ¢ > 0. Tterating the above
inequality, we obtain that [(H%)*Gp(-,y)](x) is bounded by

(Cy diam(D))*G p (x, y).

Setting
= %Cf VSR,
we obtain for diam(D) < Ry that
(3.15) [HRG (- y))(x) < 0Gp(.y).

for some 0 < 1/2.
Next, we show that for any  # y € D

lim [(HR)"GH (- y)](x) = 0.
Indeed, let us observe that for a positive f € L'(D) we have from (3.15) that

(H5)*f)(z) = / / (HE)Gp (-, w)) (@) 0w — 2)|f (=) dzduw

9/ / Gp(z,w)|o(w — 2)|f(2)dzdw
— 0[Hp f)(a
Iterating, we obtain
[(HE)" ' GL(9)(z) < 0" [(HP)GH (-, y)](@).
So it is enough to prove that [(H%)GE (-, y)](z) is finite. But from Lemma 2.7

we obtain that there is a constant C' such that G¥ (z,y) < CU(z —y). Hence
by Lemma 3.13 we get

(HRGH (@) <€ [ [ B - wlatw =20z - pduds < .
pJD
Finally, we infer from (3.14) that if diam(D) < Ryg, then

0 ~

which together with Corollary 3.2 completes the proof. O

REMARK 3.19. The constant C(Rp) in the above theorem converges to 1
if diam(D) converges to 0.
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The next result shows that the Poisson kernels for D are comparable un-
der the assumptions of the preceding result. This will provide the necessary
tools to establish BHP, which is employed to obtain comparability of Green
functions for sets of arbitrary finite diameter.

ProprosiTION 3.20. Let d > « and D be a bounded Lipschitz open set.
Assume that v¥ satisfies assumptions (G1) and (G2) and is bounded on
B¢(0, R). There exist constants Ry = Ro(d, a, A\,rg,0) < R/2 and C = C(Ry)
which satisfy, for diam(D) < Ry,

C'Pp(x,2) < P (z,2) < CPp(z, 2),

forany x € D and z € D dp(2) < Ry. Moreover, if we suppose that v¥
satisfies assumption (G3) with R = 2 Ry, then there exists a constant C(Ry)
such that

C~ WY (2 — 2)E°7Tp < Py (x,2) < Cv¥ (2 — ) E*7p,
forz €D and z € D : 6p(2) > Ro.

Proof. By Proposition 3.18 there are constants Ry < R/2 and C;(Ry) such
that
C;'Gp(a,y) < Gp(z,y) < C1lp(x,y),
if diam(D) < Ry. Next, by Theorem 1 in [11] we have
Ph(e.2) = [ vV~ 9)Gh ey,
D
But
lo(w)] < er|w| = = e1.o7 (—a, d) ™ o (w) |w|eTe.
So for z € D : 6p(z) < Ry we have
lo(z —y)| < e1/ (=, d) ™ (2R0) " 0(2 — ).
Hence, we put

S ad\ M)
Ro=Ro A= ((a,))
2 261

and then

lo(z —y)| < 5v(x).
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By the above inequality we obtain

PY(2,2) < Cy / VY (2 — y)Gp(x,y)dy
D

=C (/D v(z — y)éD(x,y)dy + /D oz — y)ép(m,y)dy)
<CiPo(ay) + €1 [ oz = IGola,)dy
D

3~
< §CIPD<x7y)a
and

PY(a.2) > Cf! / VY (2 = )G (2 y)dy
D

> O Pp(a,y) - O / oz — )| y)dy
D
-1

C ~
2 #PD(x;y)v

which completes the proof of the first claim of the theorem.

Now, suppose that there is a constant ¢ = ¢(Ry) such that v¥ (z) < ev¥ (y)
for all |z|, |y| > Rp such that |z —y| < Ry. Assume that z € D : 6p(z) > Ry.
For z,y € D we have

|x — 2| 2 0p(2) = Ry and, of course, |z — y| < diam(D) < Ro.

Hence, we get

PY(z,2) < O (@~ 2) [ Golwy)dy
D
= cCyvY (z — 2)E*7p.
Similarly, we obtain the lower bound
PY(x,2) = (cC) 'Y (2 — 2) E*7p. O

THEOREM 3.21 (Boundary Harnack Principle (BHP)). Letd > « and D
be a bounded Lipschitz open set. Suppose that v¥ satisfies (G1)~(G3). Let
Z € dD. Then there exists a constant pg = po(D) such that for any p € (0, po]
and any two functions u and v which are nonnegative in R? and positive,
regular harmonic in D N B(Z, p) the following holds: If u and v vanish on
DeN B(Z,p), then for xz,y € DN B(Z, pB)

u(z) _ L u(y)

@) = u(y)’
for some constant C = C(D,a,0) and 5(d, \) € (0,1).
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Proof. There is a constant Ry = Ry(d,\) > 1 (see, e.g., [2]) such that for
all Z € 9D and r € (0,79), there exists a bounded Lipschitz open set Q(r)
with Lipschitz constant A R; and localization radius diam(D)ry/ Ry, such that

DNB(Z,r/Ry) CQ(r)Cc DNB(Z,r).

The proof consists of showing that there are constants C' = C(D, «, o) and
po such that for p < pg and z € Q(p)° N B(Z, p/R1),

(3.16) Py, (2,2) < Cooz p)Pg;p)(W),

where z,y € DN B(Z,p/(R12)). It is worth mentioning that the constant
C' is universal for all sets Q(p), p < po. This will give the conclusion with
B =1/(2Ry), since by (3.13) we have

u(zx) = Yrg) /QP)C Pg(p) x, z)dz

/ u(z )PQ(p)(JC z)dz
Q(p)e\B(Z,p/R1)

E*Tq(p)

Q

- w(2) Py (y, 2)dz
EYTq(p) /Q(p)c\B(z,p/Rn )

E*7,
=C (p) u(y)

Ey;ﬁ(p)

which implies

u@) v(W) B Tow) (E'Ta
u(y) v(x) EYToy  E*T TQ(p)
Now we prove (3.16). By Proposition 3.20 there exist constants py < (D)
and C; = C1(po) such that for any p < po

Cflﬁg(p)(x,z) < Pg(p) (x,2) < Clﬁg(p) (z, z),

if dq(p)(2) < po. Note that C; is universal for all Q(p).
By Theorem 2 in [12] there is some Cy = Ca(a, d, A, 1() such that for any
z,y €D and z Gﬁc,

C2

EB* TQ ¢Q (Ay,z’) ‘y — Z|d70‘ ~
EyTQ(p) q%(p) (Am,z,) |:U - z|d
where 2/ € {A € D : B(A, kg, (2)) C DN B(S, 00 (2))} if dain(2) <

70/32, and 2" = w1 if gy (2) > r0/32 for S such that [z — S| = dqg(,)(2). If
x,y € DNB(Z,p/(R12)) and z € Q(p)° N B(Z, p/R1), then

ly—2 Jz =+l —yl <<1+ p/ Ry )Z
|z — 2| |z — 2| p/(2R1)

Poy)(x,2) < Co
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Now, suppose that dg(,)(2) < p/32. Then we obtain

7
2| > |p—2]|—|2—2| > [w—z|—|2—S|— |z —S| > £ 260, () > = o

2 6"~ 32
while if 0o,y (2) > p/32, then 2’ = x1, s0 dq(,)(2') = 10/4. Therefore, A, .» =

x1 = Ay and, of course, (Eg(p)(Ay,z/)/quSQ(p)(ALz/) = 1. Hence for x,y €
DN B(Z,p/(R:2)) and z € Q(p)° N B°(Z, p/Ry) such that dg(,(2) < po we
get

_JETa
Py, (x,2) < C2C,3¢ E%E”; PY (. 2).
P

Next, observe that (G1)—(G3) imply that for » < R there is a constant
¢ = ¢(r) such that v¥ (z) < ev¥ (y) for all x and y such that |z —y| < 7 and
|z|, ly| = 7. Hence for dg(,)(2) = po we have

Poy (@, 2) < C3(po)v” (2 — 1) E*Toq) < Calpo)clpo)v” (2 — y) B Tay)

E*7
< cC? 2e) Pg{(p) (y, 2).

’ Ey;ﬂ(p)

This completes the proof of (3.16) and hence that of the theorem. g

For regular harmonic functions which vanish on D¢ the following remark
holds.

REMARK 3.22. Suppose v¥ satisfies (G1), (G2) and is bounded on B¢(0, R).
Let Z € 0D. Then there exists a constant pg = po(D) such that for any
p € (0, po] and any two functions v and v which are nonnegative in R? and
positive, regular harmonic in DNB(Z, p) the following holds: If u and v vanish
on D¢, then for z,y € DN B(Z, pB)

w(@) _ ~uly)
X Cia
o) = “oly)
for some constant C' = C(D, «,0) and §(d, ) € (0,1).

THEOREM 3.23. Letd > a and D be a bounded Lipschitz open set. Assume
that v¥ satisfies assumptions (G1), (G2) and is bounded on B¢(0,R). Then
for x,y € D we have

C™'CGp(z.y) < Gh(a,y) < CCp(a,y),
for some constant C = C(d, \,rg,0).

Proof. Observe that for |z —y| < N(0p(z) A dp(y)),

GD(,9) 2 Gl sp@)non (n)nro(D)) (@ 4) = CC B sp(2)r6 () ARo) (5 ),
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where Ry is such that Gg(o Ro) (@) & éB(O,RO)($7y> (such an Ry exists by
Proposition 3.18). Next, it is easy to see from Theorem 3.4 in [14] that

(3.17) c(N)|z = y|*™ < G Ba.sp(@)rsow)aRe) (T:Y) < CGH (@, y).
From Lemma 2.7 we have
(3.18) GY(z,y) U (z —y) <CU(x —y) = Clo — y|* %

We define similarly as in Theorem 3.8 the truncated Green function for Y;

by
¢p(x) = Gp(z1,y) A (d, a)rg ™,

Using Remark 3.22 we can repeat the arguments from Lemma 17 in [12] to
show that

op(w) ~ B*1p.
Next, by Lemma 2.4 we get

E*7) ~ E"7p.
Therefore
(3.19) oD () ~ ép(a).

From the above and (3.18) we infer that there is a constant r such that
¥ (z) = GY(z,30) for x € D N B¢(xg, 7). Hence by Harnack’s inequality for
a-stable harmonic functions we obtain, for all z,y € D N B¢(xg,r) such that
[z —y| < N(dp(z) Adp(y)),

(3.20)  Gp(z,@0) = ¢p(x) = ép(x) < C(N) 6p(y) = ép(y) = GH(y, zo).

Using BHP for Y; (see Remark 3.22), and taking into account (3.17), (3.18)

and (3.20) we can prove a version of Theorem 3.8 with G, instead of G p (see
the proof of Theorem 1 in [12]), namely,

o-19D@)9h ) o5 (2)0% (1)
b (0h(Ary))? (01 (Azy))?

Applying (3.19) and then comparing the above estimate with the bound from
Theorem 3.8 we get the conclusion. O

o —y[*™! < Gh(a,y) <O - —y[*

3.3. Proof of Theorem 1.2. Let d > o and D be a bounded connected
Lipschitz open set. Suppose that |o(z)| < eslz|~4T¢ for [z < 1, where ¢ > 0
and Y (x) is bounded on B¢(0,1). Then Property A holds for Y; by Corollary
3.7.

Let {Z;} be a Lévy process with the density of its Lévy measure given
by v(z) V U(z). Then, of course, the process Z; and the set D satisfy the
assumptions of Theorem 3.23. Hence there is a constant C such that

(3.21) Cr'Gp(a,y) < G4 (z,y) < C1Gp(z,y).
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By Corollaries 3.2 and 3.6 we have
(322) 02_1G£(13,y) < G%(xvy) < Gg(zv y) + CZR%(:E’ y)7

where R (z,y) = [}, [p Gh(z, w)|o(w — 2)|G5(2,y)dwdz. From (3.21) and
Lemma 3.14 it follows that there exists a constant 6 such that for |x —y| < 0,

~ 1 ~ 1

From inequality (3.21) and Corollary 3.11 we obtain the following inequal-
ity:

G4 (x,y) < C1Gp(z,y) < C(O)E*TpEYTp, |z —y| > 0.
Hence, by Lemma 2.4 and Property A for Y; we get for |z —y| > 0,
(3.24) Gh(x,y) < CGR(a,y).
Combining (3.22), (3.23) and (3.24) we arrive at
(3.25) Cy'Gh(x,y) < Gh(x,y) < C3Gh(z,y).

By (3.21) and (3.25) we have
C™'Gp(x.y) < Gpla,y) < CCp(,y),
which completes the proof.
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