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NORMAL FAMILIES OF HOLOMORPHIC FUNCTIONS

JIANMING CHANG, MINGLIANG FANG, AND LAWRENCE ZALCMAN

ABSTRACT. Let F be a family of holomorphic functions in a domain D;
let k be a positive integer; let h be a positive number; and let a be a
function holomorphic in D such that a(z) # 0 for z € D. For k # 2 we
show that if, for every f € F, all zeros of f have multiplicity at least k,
£(2) = 0 = F0)(2) = a(2), and F0(2) = a(z) = |FFHD(2)] < h,
then F is normal in D. For kK = 2 we prove the following result: Let
s > 4 be an even integer. If, for every f € F, all zeros of f have
multiplicity at least 2, f(z) = 0 = f"(2) = a(z), and f"(z) = a(z)
= |f""(2)| + |f)(2)| < h, then F is normal in D. This improves the
well-known normality criterion of Miranda.

1. Introduction

Let F be a family of holomorphic functions on a domain D C C. We say
that F is normal in D if every sequence of functions { f,,} C F contains either
a subsequence which converges to an analytic function f uniformly on each
compact subset of D or a subsequence which converges to co uniformly on
each compact subset of D.

In 1912, Montel [10] proved:

THEOREM A. Let F be a family of holomorphic functions on a domain
D; and let a, b be distinct complex numbers. If, for every f € F, f # a,b,
then F is normal in D.

Later (see [13, p. 125]), he made the following conjecture.
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CONJECTURE. Let F be a family of holomorphic functions on a domain
D, and let a, b be complex numbers with b # 0. If, for every f € F, f # a,
and ' #b, then F is normal in D.

In 1935, Miranda [9] confirmed this conjecture and proved the following
more general result.

THEOREM B. Let F be a family of holomorphic functions on a domain
D; let a, b be complex numbers with b # 0; and let k be a positive integer. If,
for every f € F, f #a, and f*) #b, then F is normal in D.

In this paper, we extend Theorem B as follows.

THEOREM 1. Let F be a family of holomorphic functions in a domain
D; let k # 2 be a positive integer; let h be a positive number; and let a be a
function holomorphic in D such that a(z) # 0 for z € D. If, for every f € F,
all zeros of f have multiplicity at least k, f(z) = 0 = f®)(2) = a(z), and
f®)(2) = a(z) = |f*+D(2)| < h, then F is normal in D.

REMARK 1. Theorem 1 is not valid for &£ = 2.

ExAaMPLE 1. ([12]) Let F = {f,} on the unit disc A, where

so that
J9(2) = e 4 (-1Ye ™, =12,

Clearly, all zeros of f,, are double, f,(z) = 0 = f//(z) = 2, and f//(z) =
2 = f](z) = 0 for any f, € F, but F is not normal in A.

For k = 2, using the method of [12], we get the following result.

THEOREM 2. Let F be a family of holomorphic functions in a domain D;
let h be a positive number; and let a be a nonzero complex number. If, for every
f € F, all zeros of f have multiplicity at least 2, f(z) =0 = f"(2) = a, and
f"(z) =a=0<|f"(2)] <h, then F is normal in D.

In view of Theorems 1 and 2, it is natural to ask whether Theorem 2 is
valid if the nonzero complex number a is replaced by a holomorphic function
a(z) in D with a(z) # 0 for z € D. The following example shows that the
answer is negative.
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EXAMPLE 2. Let F ={f,: n=2,3,...} on the unit disc A, where

n2—-1 e(nJrl)z ef(nfl)z 2¢%
2n? ((n—|— 1)2 * (n—1)2 n2— 1)

2 nz 2
ol e (€L
2n? n+l n—-1)"
and a(z) = e*, h = 3e. Then

2 z
(1.2) fr/:(z) _n- 1 (e(n-i-l)z +e—(n—1)z _ 2e ) ’

(1.1) fn(2) =

2n? n?—1
2 z
" _n - 1 (n+1)z _ _ —(n—-1)z _ 2e
(1.3) fn(z) = 52 ((n +1e (n—1)e 51"

Obviously, all zeros of f,, are double. If f,,(z) = 0, then by (1.1) we have

ne N1
et = ——;
n—1
so by (1.2), we get
2
wy_n"—1/n+l n—-1 2 .
fulz) = 2n? (n—1+n+1 n2—1)°

= e”.

Thus fn(z) = 0= f//(z) = €*.
Now let f/(z) = e*. Then by (1.2), we have
2 2n?
n2—1 n2-1
Solving the above equation, we get either e™* = (n 4+ 1)/(n — 1) or e™* =
(n—=1)/(n+1). If e”* = (n+1)/(n — 1), then by (1.3),

(L.4) f;;'(z):"%;l((n+1)”+1—(n—1)”_1 2 )ez

enz + e—?’LZ _

n—1 n+l n2—1
n?—1n+13—-(n-1)3-2

= e
2n2 n?—1

= 3e”.

If €"* = (n —1)/(n+ 1), then by (1.3),
15 =" ()i - i - e

z

2n2 n+1 n—1 n2—1
_n2—1 2 P

2n? <_ n2—1>e
= —¢e”.

Thus by (1.4) and (1.5), we find that f//(z) = e* = 0 < |f//"(2)| < 3e on A.
But F is not normal in A.
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For k = 2 and a holomorphic function a, we have the following result.

THEOREM 3.  Let F be a family of holomorphic functions in a domain
D; let h be a positive value and s > 4 an even integer; and let a be a function
holomorphic in D such that a(z) # 0 for z € D. If, for every f € F,
all zeros of f have multiplicity at least 2, f(z) = 0 = f"(z) = a(z), and
f"(2) = a(z) = |f"(2)| + |f®)(2)| < h, then F is normal in D.

REMARK 2. Example 1 also shows that f”(z) = a(z) = |f*)(2)| < h is
necessary and that one cannot replace even s by odd s in Theorem 3.

THEOREM 4. Let F be a family of holomorphic functions in a domain
D; let k > 2 be a positive integer; and let a be a function holomorphic in D
such that a(z) # 0 for z € D. If, for every f € F, f(z) = 0= f'(z) = a(z),
and f'(z) = a(z) = |f®)(2)| < h, then F is normal in D.

Theorem 4 improves results of Chen and Hua [2, Theorem 1], Pang [11,
Theorem 1], and Fang and Xu [6, Theorem 3].

REMARK 3. In Theorems 1, 3 and 4, the condition a(z) # 0 is necessary,
and cannot be replaced by a(z) Z 0.

EXAMPLE 3. For k # 2, let F = {nF*22F+2 . n =1,23,...}; let a(z) =
22, h=1;and let D = {z: |2| < 1}. Then, for any f € F, all zeros of f are
of multiplicity at least k; f(2) = 0 = f*)(2) = a(2); and f*)(2) = a(z) =
|fF+D(2)] < h for z € D, but F is not normal in D.

EXAMPLE 4. For s > 6, let F = {n%2*: n=1,2,...} and a(z) = 2%
for s = 4, let F = {n*(z* —1/n"?: n =1,2,...} and a(z) = 3222, Let
D ={z: |z| <1}. Then for any f € F, all zeros of f are of multiplicity > 2;
7(2) = 0= /() = a(2); and J"(2) = a(z) = |} (2)] + |f9(2)] < 1920
for any z € D, but F is not normal in D.

EXAMPLE 5. For [ > 3, let F = {n?22 : n =1,2,...}; for | = 2, let
F={(nz—1)22: n=1,2,...}. Let a(z) =z and D = {z: |2|] < 1}. Then
for any f € F, f(2) =0 = f(2) = a(2); and /() = a(z) = |0 (2)| <4
for any z € D, but F is not normal in D.

REMARK 4. Theorems 1, 3 and 4 do not hold for meromorphic a.

EXAMPLE 6. Let F = {(nz — 1) : n =1,2,3,...}; let a(z) = k
h =1; and let D = {2z : |z| < 1}. Then, for any f € F, f(z) = 0 =
f®)(2) = a(z), and f*)(2) = a(z) = |f*+tD(2)| < h for any z € D, but F

is not normal in D.
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2. Some lemmas

In order to prove our theorems, we require the following results. We assume
the standard notation of value distribution theory, as presented and used in
[7].

LEMMA 1 ([12, Lemma 2]). Let F be a family of functions holomorphic
on the unit disc, all of whose zeros have multiplicity at least k, and suppose
that there exists A > 1 such that |f*)(2)| < A whenever f(z) =0. Then if F
is not normal, there exist, for each 0 < a < k,

(a) a number 0 <r < 1;
(b) points zn, |zn| <7

(¢c) functions f, € F; and

(d) positive numbers p, — 0
such that p,®fn(zn + pnC) = gn(C) — 9({) locally uniformly, where g is a
nonconstant entire function on C, all of whose zeros have multiplicity at least
k, such that g (¢) < g7 (0) = kA + 1.

Here, as usual, g (¢) = |¢/(¢)|/(1 + |g(¢)|?) is the spherical derivative.

LEMMA 2 ([5]). Let f be an entire function, and let M be a positive num-
ber. If f#(2) < M for all z € C, then p(f) < 1.

Here and in the sequel, p(f) is the order of f.

LEMMA 3 (see [1, Theorem 1], [3, Lemma 4]). Let P be a nonzero poly-
nomial; let k be a positive integer; and let g Z£ 0 be a solution of the equation

(2.1) 4® — pg.
Then p(g) =1+ d/k, where d = deg P.

LEMMA 4 (see [8]). Let f be meromorphic in |z| < co. If f(0) # 0,00,
then
m <r, &> < Cy {1 +log™ log™ L +log™ 1 +1logt r +log™ T'(2r, f)} ,
f £(0)] r

where k is a positive integer, and C} depends only on k. In particular, when
f is of finite order,

)
(2.2) m (r, T) = O(logr), asr — oc.

LEMMA 5. Let g be a nonconstant entire function with p(g) < 1 whose
zeros have multiplicity at least k, and let a be a nonzero value. If g(z) = 0 =
g™ (2) = a and g®) (2) = a = gtV (2) = 0, then

(i) 9(2) = 7 (z = 20)*, for k#2
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(ii) either g(z) = %(z — 20)* or g(z) = (Ae™ — gize )2, for k =2.
Proof . Since g(z) = 0 = ¢*)(2) = a # 0 and the multiplicities of the
zeros of g(z) are at least k, the multiplicity of the zeros of g(z) is exactly k.
Since g is entire, there exists a nonconstant entire function h, all of whose
zeros are simple, such that

(2.3) g(z) = h¥(2).

Let z = zg be a zero of h. We have (near z)
(2.4) h(z) = a1(z — 20) + as(z — 20)* + O((z — 20)*), (a1 #0).
Thus

9(2) = (h(2))* = af(z — 20)" + kai " taz(z — 20)" " + O((2 — 20)*?),
(25) g(k+1)(z0) = (/ﬂ + 1)!ka’f71a2.

Since g(z) = 0 = g*+1(2) = 0, we get az = 0. This means h"(z) = 0.
Thus we have shown that

(2.6) h(z) =0= h"(z) = 0.
Set
h//

Since the zeros of h are all simple, P is an entire function. Moreover, since
p(g) <1, it is clear from (2.3) that p(h) < 1. By Lemma 4, we have

h// h//
T(r,P)=T (7’7 T) =m (r, T) = O(logr), as r — oo.
So P is a polynomial. Now we consider two cases.

Case 1. P = 0. Then by (2.7), h/ = 0. Thus h(z) = cz + d, where
¢(#£ 0),d are constants. Hence
9(z) = (cz +d)*,
and
g (2) = klck.
By the condition, k!c* = a. Thus

9(z) = (== =0)".

Case 2. P #0. By (2.7), h is a transcendental entire function. Thus by
Lemma 3, the order of h is 1 + deg P/2. Since p(h) < 1, deg P = 0. Thus P
is a nonzero constant. Solving the equation (2.7), we obtain

h = Ae** + Be

7
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where A, B are two constants and \(# 0) is a solution of the equation z? = P.
Obviously, from the assumptions of the lemma, A # 0 and B # 0. Thus
by (2.3), we have

k
(2.8) g(2) = (Ae™ + Bef)‘z)k = Z ( .>AJBk]e(2Jk))\z.
=0 M
Hence
e

(2.9) 9Py =2") ( ) AVBFI(2] — k)FelF TR

=0 M
and
(2.10) (k+1) = )\kt1 Z ( )AjBk J k)k+1e(2j_k)’\z.

Let zp be a zero of g. Then by (2.8), we have

2/\20 _ B
e =——,
A
Now we consider two subcases.

Case 2.1. k = 2m + 1. Let e’ = K and e*' = —K, where K is a
constant satisfying K? = —B/A. Then by (2.8), g(z0) = 0 and g(z1) = 0. So
by g(z) = 0 = g¥)(2) = a, we get a = g¥)(2y) = g*)(21). Thus by (2.9),
we have

(2.11) 2a = g% (20) + 9™ (21)

2m—+1 2m 1
)\2m+1 Z < + >A]B2m+1 ](23_2m 1)2m+1
J
7=0

x [K2-2m=1 4 (_[g)2i—2m=1]
=0,
which contradicts a # 0.
Case 2.2. k =2m. Then by (2.9), we get

2m
2m
(2.12) a=\"A"B™ E (—1)7~ ( )(2; —2m)?™
=0 J

By (2.9)—(2.10), we have

2 .
(2.13) g(zm)( — \2m Z < m> Ad g2m— J( —om )2’m€2(]7m)/\z7
7=0
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(2.14) @MY (z) = A2t zzm <2m> AT B3 (25 — 2m)2mile2i—midz,
j=0
If m =1, then
a=—8AB)?;
and it follows from (2.8) that

Assume now that m > 2.
By (2.12)—(2.14), we have

(2.15) |
g™ () —a= (2>\)2mB2m62mAz{jZmO(_1)j <2;n> (G — m)?m <_%€2,\Z)J
(-5) 222(1)]‘ ()i~ m>2m}
and -
(2.16) |
g (2) = (20)2mH g2m g —2mAz jzn;(_l)j <2;n> (j — m)2m+! (_262&)3 |
Let
A
B

Since ¢®™)(2) = a = ¢g®™*V)(2) = 0, every solution of the equation
2m 2m 2m 2m

21n) S0 ()G -t = Sy () - mp
Jj=0 j=0

is also a solution of the equation

(2.18) i(—w (") = mpmior <o

By (2.18) and (2.17), for every solution w = wy of (2.17), we have

Sy (%) = mpmi = m 2(—1)]‘ ()6 = meneg

i=0 J
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Thus, since w = 0 is not a solution of (2.17), every solution of the equation
(2.17) is multiple. Equation (2.17) can be rewritten as

m—1

(2.19) > (=1 <2;”> (j —m)?>™ (W 4+ W™ —2™) = 0.

=0

Denote the left side of (2.19) by Q(w). Then Q(w) is a polynomial with integer
coefficients. It is easy to see that

(220) Q(w)=(w—1)2i(—l)j<27)(j—m)2mwj( ) w5>

j=0 s=0

By the factorization theorem for polynomials in Z[w] (see [4, pp. 134,167]),
we have

(2.21) Qw) = No(w — D)"Y (w)@5* (W) - -+ w(w),

where Q;(w) (1 < j < n) are distinct primitive irreducible polynomials in
Zw], p; (>2,0 < j <n) are integers, and Ny is the greatest common divisor
of the coefficients of Q(w) and hence also of the coefficients of Q(w)/(w — 1)2.

Now we discuss two subcases.

Case 2.2.1. m > 2 is even. Let

aj = (-1) ! (27.”) (j—m)P* (0<j<m-—1).

2m

J
Then a; are integers for j =0,1,...,m — 1, and
1
ag = §m2m_l =2k, a1 =—(m— 1)2m = 2ky + 1,

where k1 and ko are integers.
Then Ny = 2m(2] + 1), where [ is an integer; and R(w) = Q(w)/(2m) has
integer coefficients. By (2.20), we have

(2.22) R(w) = (w—1)? i a;w’ ( > w5>

s=0

2

m—1 2 m—2 2
=2k (w—1)? (Zws> +w|(2k2 + 1)(w — 1) (Zcf')
s=0 s=0
m—1 m—1—j 2
+ Z ajw’(w— 1) ( Z w®
Jj=2 s=0

= ZklA(w) + w [(2k2 + 1)B(w) + O(w)} )
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where

s=0
m—2 2
B(w) = (w—1) < wS) ,
s=0
C(w) = z_: a;jw! " Hw —1)? < Z ws> .
j= s=0

Hence by (2.21), we get
(2.23) 2+ 1) (w =1 (W)@ (W) - -+ - QFr (w)
= 2k1 A(w) + w[(2k2 + 1) B(w) + C(w)].
Let w = 0. Then we have
2L+ (=)@ (0)Q57(0) - - -- Q5 (0) = 2k

Hence there exists j such that Q?j (0) is an even number. Without loss of
generality, we may assume j = 1. Thus @1(0) is an even number, say Q1(0) =
2k3, where k3 is an integer. Hence

(2.24) Q1(w) = wQi1(w) + Q1(0) = wQ11(w) + 2ks.
Thus by (2.23) and (2.24),
20+ 1)(w = )P Q11 (w) + 2k3 D(w)]Q5* (w) - -+ - Q" (w)
= 2k1 A(w) + w[(2ke + 1)B(w) + C(w)],
where D(w) is a polynomial with integer coefficients. Hence
(2.25) (204 D(w - 1" QN (W)@ (W) -+ Q(w)
+2(20 + 1)k3D(w)(w — 1)P°Q5* (w) - - - - - P (w)

= 2k1 A(w) + w[(2k2 + 1) B(w) + C(w)].

Differentiating the two sides of (2.25) yields

(226)  (20+ Dprem @ — )R (@)QE W) -+ QI ()
21+ D (@ = )P QY ()QE W) -+ QI ()]
+ 2020+ ks [D()(w — JPQR () - QR ()

=2k A'(w) + [(2ke + 1) B(w) + C(w)]
+ w[(2ke + 1) B'(w) + C'(w)].

Setting w = 0 in (2.26), we see that 2ks + 1 must be even, a contradiction.
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Case 2.2.2. m > 3 is odd. Let p be a prime divisor of m, and set
-1 (2m
by = (1) = j—m)* (0<j<m-—1).
j= o ()G 0 <m-)
Then b; are integers for j =0,1,...,m — 1, and
bo=m*™ " =kip, b= —-2(m—1)*" =kop — 2,

where k1 and ko are integers. Then Ny = m(Ilp + q), where [, ¢ are integers
and 1 < ¢ <p—1; and S(w) = Q(w)/m has integer coefficients. By (2.20),
we have

(2.27) S(w) = (w—1)2 z_: bjw?! < Z ws>
5=0

2

s=0

2 S 2
= kip(w—1)2 (Zw) +w k2p+2)(w—1)2<2w3>
m—1—j (
—I—Zbuﬂlw—l (Zw)

s=0
= kipA(w) + w[(kap — 2) B(w) + C(w)],

where A(w), B(w), and C(w) are as in (2.22).

Using an argument similar to that in Case 2.2.1, we obtain the contradiction
that kop — 2 = Ap, where k5, ) are integers and p > 3 is a prime number. We
omit the details. This completes the proof of Lemma 5. O

In a similar way, we can prove the following result.

LEMMA 6. Let g be a nonconstant entire function with p(g) < 1 whose
zeros are of multiplicity at least 2; let a be a nonzero finite value; and let s > 4
be an even integer. If g(z) = 0 = ¢"(2) = a and ¢"(2) = a = ¢"'(2) =
g (2) =0, then g(z) = a(z — 20)?/2, where zq is a constant.

LEMMA 7 ([7, Corollary to Theorem 3.5]).  Let f be a transcendental mero-
morphic function, and let a be a non-zero value. Then, for each positive
integer k, either f or f) —a has infinitely many zeros.

LEMMA 8. Let g be a nonconstant entire function with p(g) < 1; let k > 2
be an integer; and let a be a nonzero finite value. If g(z) = 0 = ¢'(2) = a,
and g'(z) = a = g¥)(2) = 0, then
(2.28) 9(2) = a(z — 2),

where zg is a constant.
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Proof. Suppose that g is a nonconstant polynomial. Since g(z) = 0 =
g'(z) = a, all zeros of g are simple. Let

9(2) =@z + a2+ +ag, where a; # 0.

Then there exist 21, 22, ..., 2z such that g(z;) =0 (j = 1,2,...,1) and z; # z;.
Hence ¢/'(z;) = a for j = 1,2,...,1, s0 ¢'(2) = a, and | = 1. Thus we get
(2.28).

Assume now that ¢ is transcendental. Using the same reasoning as in
Lemma 5, we see that

(2.29) P="_

is a nonzero constant. Let ¢¥ = 1/P and f(z) = g(cz). Then, by (2.29), we
have

(2.30) f® =
and
(2.31) f(2) =0 <= f'(z) = ac.

By (2.30), we have
k—1 '
(2.32) 1) = 3 Cexpl2),
j=0

where w = exp(2mi/k) and C; are constants.
Since f is transcendental, there exists C; € {C1,Cs,...,Ck_1} such that
C; # 0. We denote the nonzero constants in {C;} by Cj,, (0 < jp, < k—1,

m=0,1,---,s, s <k—1). Thus we have
(2.33) f(z)= Z C;,. exp(w’™z).
m=0

By Lemma 7, f has infinitely many zeros z, = rpe®(n =1,2,---), where
0 <0, < 2w. Without loss of generality, we may assume that 6,, — 6y and
rn — +00 as n — 0.

Let

2im T
(2.34) L= Oggés cos (90 + A ) .
Then, either there exists an index mg such that cos(6y + 2jm,7/k) = L or
there exist two indices my, mg (my # msz) such that cos(8y + 2jm,7/k) =
cos(0o + 2jm,m/k) = L.
We consider these cases separately.
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Case 1. There exists an index mqo such that

cos (00 + 2‘””%) = L > cos (90 + QJ;:W>

for m # mg. Then there exists § > 0 such that for n sufficiently large,

(2.35) cos <9n + 2‘77Z°7r> — cos <9n + 2j;:7r) >4, for m # myg.

Since
Z C;,. exp(w’™2,) = 0,
m=0
we have
(2.36) Ciy + Z C;, exp(wi™ 2, — wimoz,) = 0.
m#mg
By (2.35),

(2.37) | exp(wim™z, — wimoz,)|

= exp {’Fn <cos <9n + 23%) — cos <9n + 2_]77];07('))}

<e 9 0 asn — oo.

Thus from (2.36) and (2.37), we obtain Cj,, = 0, which contradicts our
assumption.

Case 2. There exist two indices my1, ma (M1 # mso) such that

27 27 27
2.38 cos | Op + Jma ) cos | Og + Hma T\ L > cos |60y + Jm ™
k k k

for m #£ mq,mo. Thus there exists § > 0 such that, for n sufficiently large,

29 29
(2.39) coS (Gn—i— J7217T> — cos (9n+ j;:ﬂ> >0 (m#my, ma).

Since f(z,) =0 and f'(z,) = ac, we have

(2.40) Cj,. exp(wim 2n) +Cj,,., exp(wim2 2,,) + Z C;, exp(w’™z,) =0
m#m1,ma

and

(2.41) Ci,., wim exp(wi™ 2,) + Cj,., wimz exp(w/™2 2,)

+ Z Cj, wim exp(wi™z,) = ac.

Im

m#mi,ma
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Thus we get
(242) G, (@7 —wI) exp(en )
+ Z C;. (wim — wim2) exp(wi™ z,) = ac.

m#my,ma

Using the same reasoning as that used in proving C’-m0 = 0 above and the
fact that w? # w! (j #1,0 < j,1 <k — 1), we obtain

(2.43) exp(w/m™ z,) — ¢y (n — o0),

where ¢g # 0 is a constant.
It follows that

(2.44) cos (90 + 21”};17T> = lim cos <9n + 2J’ZIW> =0,
so by (2.38),

2jm, ™
(2.45) oS (90 + 3 > =0.

Thus, by (2.44)—-(2.45), we have

2Jm T 2Jm, T
k k

:ﬂ"

(2.46) ‘

that is, |jm, — Jjm.| = k/2. Hence k is an even integer.
Without loss of generality, we may assume that
2jm,

. , k
(247) Jma = Jmy + 57 90 + A - 5

Thus, by (2.38), (2.44), and (2.47), we have

2j 25 2(4m —
0 > cos (904'_%) = cos [(90+ ]m171'>+ (]m jml)ﬂ':|

k k
= cos [g + M}
= —sin M’
whence
(2.48) sin 20m = Jm, )7 >0, for m # my, ms.

k
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Also,
(2.49) f(2) = Cj,,, exp(w!™12) + Cj,,, exp(~w’™ 2)
+ ). G expwz)
m#my,ma
— A{explw™ (2 + 20)] — expl—wI™ (2 + 20)]}
+ Z C;,, exp(w’™2),
m#my,ma
where A and zp are constants satisfying

jm o 7Cj”ll _ .
exp(2w/mizg) = ——"L A=C

c; s exp(—w’™1 zp).

mo

Set
(2.50) F(z) = A{exp[w’™ (2 + 29)] — exp[—w’™1 (2 + 20)] } ,
(2.51) o(z) = Z C;,. exp(wi™z).

m#Ems,ma

Fix § such that 0 < § < 1/2. Then by (2.50), for any zero z} = —zg+nmiw=Im
(n=1,2,3,...) of F, we have for z = 2 4 de'’

|F(2)| = |A]\/exp(26c) + exp(—25¢c) — 2cos(261/1 — ¢2),
where ¢ = cos(6 + 2j,,, 7/k). Thus, for z = 2} + §e?’, we have
(2.52) |F(2)] > |A|v/exp(20¢) + exp(—23c) — 2 cos(26)
> |A]v/2 ~ 2cos(20)
> 2|Alsiné > |Ald.
On the other hand, by (2.51) and (2.48),

(253) lo(z)l < Y IC),llexp(@’™ (= = 25))l exp(w’™ 2|

m#my,mo

- Z 1Conl | exp(w’ 5ei9)| exp(w!™ (—zo + nmwiw™Im )|

m#my,ma

2i — i \r _
<e Z |C},.| exp(—nm sin MM exp(—w’™ 2p)|
m#mi,ms
—0 (n— +oo, z =z +de).
Hence, by Rouché’s Theorem, for every large positive integer n, there exists
2 € Ay = {z : |z| < 0} such that z, = 2} + 25 is a zero of f, that is,

(2.54) f(z,) =0.
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Without loss of generality, we may assume that

(2~55) ZSL) — Z(()l) € Ay, (n — oo),
(2'56) Zéilrl — Z%l) € As, (n — oo)
By (2.54), (2.43) and (2.47), we have
(2.57) exp(wj'ml Zéil)) e exp(wjnll 2277,) exp(wjnll Z(]) — CO eXp(wj7n1 ZO)
and

(258) —exp(w/™s 2V, 1) = expu™ zg,s1) exp(e™ 20) — co exp(w™ 20).
It follows from (2.55)—(2.58) that

exp(wim zél)) + exp(w’m zgl)) =0,

which leads to the contradiction © < |z(()1) — z%l)\ < 26 < 1. The proof of
Lemma 8 is complete. t

3. Proofs of Theorems 1-4

Proof of Theorem 1. It suffices to show that F is normal on each disc A
contained, with its closure, in D. We may assume that A is the unit disc.
Suppose that F is not normal on A. Then by Lemma 1, we can find f,, € F,
Zn € A, |z, < 7 < 1, and p, — 0% such that g,(¢) = p*fn(zn + pnl)
converges locally uniformly to a nonconstant entire function g on C, which
satisfies g7 (¢) < g7 (0) = k(|d| + 1) + 1, where d = max{|a(z)| : |z| < 1}, and
the zeros of g are of multiplicity at least k. By Lemma 2, p(g) < 1. Taking a
subsequence and renumbering, we may assume that z, — 2o € A.

We claim

(i) 9(¢) =0 = g™ (¢) = a(z); and
(i) g™ (¢) = a(z0) = g**I(¢) = 0.

Suppose that g({p) = 0. Then by Hurwitz’s Theorem, there exist (,,

Cn — Co, such that (for n sufficiently large)

gn(Cn) = p;kfn(zn + pnCn) = 0.
Thus fo(zn + pnCa) = 0. Since f,(¢) = 0 => f{7(¢) = a(¢), we have
gr(zk)(Cn) = f’l’(Lk)(Zn + PnCn) = a(zn + pnln).
Hence g*)(Go) = lim ¢ (¢a) = a(z0). Thus g(¢) = 0 = g™ (¢) = a(z0)-
This proves (i). o
Next we prove (ii). Suppose that ¢*)(¢) = a(zp). Then g({) # co. Fur-
ther, g*)(¢) # a(z), for otherwise g(¢) = a(kz!o) (C—¢1)F. A simple calculation

then shows that
la(z0)] i [Gi] <1,
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so that g#(0) < k(|d| + 1) + 1, a contradiction. Since g*)({y) — a(zp) = 0
and ggk)(zn 4+ pnC) — a(zn + pnC) — g™ (¢) — a(z) on a neighborhood of
Co, by Hurwitz’s Theorem, there exist (,, {, — (o, such that (for n suf-
ficiently large) T(Lk)(zn + pnn) = 97(11@) (Cn) = alzn + pnCn)- Tt follows that
AT D+ oGl < hysothat g1 (Go)l = [pnfi" T (zntpaCa)l < puh.
Thus ¢t (() = lim g%*+1(¢,) = 0. This proves (ii).

Thus, by Lemma 5, ¢(¢) = (a(z0)/k!)(¢ — ¢1)*. Tt follows that g#(0) <
k(|d| + 1) + 1, which is a contradiction. Thus F is normal on A and hence
on D . O

Proof of Theorem 2. We may assume that D = A, the unit disc. Suppose
that F is not normal on A. Then by Lemma 1, we can find f, € F, z, € A,
and p, — 07 such that g,,(¢) = p;;2 fu(2n + pn) converges locally uniformly
to a nonconstant entire function g, all of whose zeros are multiple, which
satisfies g7 (¢) < g7 (0) = 2(Ja| + 1) + 1. By Lemma 2, p(g) < 1.

As in the proof of Theorem 1, we have

(i) 9(¢) =0=g"(¢) = a; and
(ii) 9"(¢) =a = g"'(¢) =0.
If g # 0, then g(¢) = e*<*B where A # 0, B are constants. Thus

g"(¢) = A%**FE and ¢ (¢) = A%eATE.

Let g"(Co) = a. Then A3eA%+8B = ¢"(¢y) = 0, which is impossible. Hence,
there exists (p such that g(¢y) = 0. Now ¢g” # a, for otherwise g(¢) =
5(¢ — ¢1)? which, as in the proof of Theorem 1, would contradict g#(0) =
2(Ja] + 1) + 1. Thus by (i) and (ii), o is a zero of ¢’ () — a with multiplicity
m > 2. Hence ¢@>T™)(¢o) # 0, and there exists § > 0 such that for |¢ — (| < 6,

(3.1) g#tm(¢) # 0.

So, by Hurwitz’s theorem, there exist m sequences {(;,}, i = 1,2,...,m, such
that lim (;;, = (o, and for large n,
n—oo

(3.2) gn(Cin)=a, i=1,2,...,m.

Hence, by f//(z) = a = f//'(z) # 0, we have

(3-3) I (Gin) = pufy (zn + pulin) # 0, (i=1,2,....m).
Thus

(3.4) CGin # Gny, 1 <i<j<m.

Hence by (3.2) and (3.4), g©t™)(¢y) = 0, which contradicts (3.1).
Hence F is normal in D. This proves Theorem 2. O
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Proof of Theorem 3. As in the proof of Theorem 1, we show that F is
normal on each disc A contained, with its closure, in D. We may assume
that A is the unit disc. Suppose that F is not normal on A. Then by
Lemma 1, we can find f, € F, 2z, € A, |z,] <r < 1, and p, — 0T such
that g,(¢) = p;2fn(zn + pnC) converges locally uniformly to a nonconstant
entire function g, which satisfies g% () < ¢#(0) = 2(|d| + 1) + 1, where
d = max{|a(z)| : |z| < 1}. As before, we may also assume that z, — zp € A.

As in the proof of Theorem 1, we have

(i) 9(¢) = 0= g"(¢) = a(z0); and
(i) ¢"(¢) = a(z0) = ¢""(¢) = ¢ (¢) = 0.
Thus by Lemma 6, g(¢) = a(z0)(¢ — ¢1)?/2. But then g7 (0) < 2(|d| + 1) + 1,
which is a contradiction.
Thus F is normal on A and hence on D. This proves Theorem 3. O

Proof of Theorem 4. Again we prove that F is normal on each disc A con-
tained, with its closure, in D. As before, we may assume that A is the unit
disc. Suppose that F is not normal on A. Then by Lemma 1, we can find
fn €F,zn € A, |2n] <r < 1,and p, — 07 such that g,,(¢) = p;; !} fr(2n+pnC)
converges locally uniformly to a nonconstant entire function g on C which sat-
isfies g7 (¢) < g7 (0) = |d| + 2, where d = max{|a(2)]| : |2| < 1}. Moreover, g
is of order at most one. Again, we may assume that z, — zg € A.

As in the proof of Theorem 1, we have

(i) 9(¢) = 0= ¢'(¢) = a(z); and

(it) ¢'(¢) = a(z0) = g™(¢) = 0.
Thus by Lemma 8, g(¢) = a(20)(¢ — ¢1). So g7 (0) < |a(z0)| < |d| +2, a
contradiction.

Thus F is normal on A and hence on D. This completes the proof of
Theorem 4. O
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