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DUALS OF FORMAL GROUP HOPF ORDERS IN CYCLIC
GROUPS

LINDSAY N. CHILDS AND ROBERT G. UNDERWOOD

ABSTRACT. Let p be a prime number, K be a finite extension of the
p-adic rational numbers containing a primitive p™th root of unity, R
be the valuation ring of K and G be the cyclic group of order p™. We
define triangular Hopf orders over R in K G, and show that there exist
triangular Hopf orders with n(n + 1)/2 parameters by showing that
the linear duals of “sufficiently p-adic” formal group Hopf orders are
triangular.

0. Introduction

This paper is part of a program to determine the structure of commutative,
cocommutative finite Hopf algebras over valuation rings of local fields (finite
extensions of the p-adic rationals). (The problem is the same as that of
describing finite abelian group schemes over valuation rings of local fields.)
If the rank of the Hopf algebra is prime to p, then the problem reduces to
descent theory, since any such Hopf algebra is a form of the group ring of a
finite group. But for Hopf algebras of rank n, where n is a power of p, even
the case n = p is nontrivial.

The first general description of Hopf algebras over valuation rings of local
fields was that of Tate and Oort [TO70] for Hopf algebras of rank p, in 1970.
The Hopf algebras involve a single parameter b of R. Their classification was
extended in 1974 by Raynaud [Ra74] to a construction of certain Hopf orders
in KG, G elementary abelian of order p™. In both cases the corresponding
finite group schemes admit an action by the multiplicative group of the fi-
nite field of order p™, which allows an eigenspace decomposition of the group
scheme, leading to the classification. Hopf orders whose finite group schemes
admit such an action are known as Raynaud orders.

Larson [La76] described a construction of Hopf orders in K G for any group
G, using the concept of group valuation. For G of order p this construction
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yields all Hopf orders in KG. These orders have subsequently become known
as Larson orders.

Greither [Gr92] and Byott [By93] classified Hopf orders in KG, G of order
p?. Their classification showed that Larson orders form a proper subset of
all Hopf orders in KG: for order p?, Larson orders involve two valuation
parameters, while Greither orders involve an additional unit parameter w.
Greither determined the allowable valuations of u—1 and determined for which
valuations the corresponding Hopf order is realizable, that is, is the associated
order of the valuation ring of some Galois extension L/K of local fields with
cyclic Galois group G of order p?. Greither’s classification assumed a p-adic
condition on the valuation parameters, following Larson; his classification
was extended by Underwood to arbitrary orders in K G [Un94], and by Childs
(partially) [Ch95] and Byott (fully) [By02] to Hopf orders in arbitrary abelian
K-Hopf algebras of rank p?.

For rank p”, n > 2, only partial results are known. Childs and Sauerberg
[CS98] gave a construction of Hopf orders in KG, G elementary abelian of
order p", using polynomial formal groups. Greither and Childs [GC98] ex-
tended Greither’s construction of Hopf algebras of rank p? to obtain Hopf
orders in KG, G elementary abelian of order p™. Both of these constructions
obtained for the first time Raynaud orders as iterated extensions of Hopf
orders of smaller rank. Greither and Childs’ construction was extended by
Smith [Sm97]. All three of these constructions obtained Hopf orders that
had n valuation parameters and n(n — 1)/2 unit parameters. When the unit
parameters are trivial, the resulting Hopf orders are Larson.

Underwood [Un96] extended Greither’s cohomological methods in the p?
case to construct Hopf orders of rank p* as extensions of a Hopf algebra of
rank p by a Hopf algebra of rank p? that is the dual of a Greither order. His
Hopf orders involve three valuation parameters and two unit parameters. In
[UCO05] we called these cohomological Hopf orders.

In [CUO03] the authors gave a new construction of Hopf orders in KG, G
cyclic of order p™, using polynomial formal groups. We called the Hopf orders
so constructed formal group Hopf orders. When G is cyclic of order p?, this
construction yields Hopf orders with six parameters that are not included
in the class of cohomological Hopf orders constructed in [Un96]. However,
these Hopf orders are not realizable if n > 1, hence the class of Hopf orders
constructed by the polynomial formal group method cannot include all Hopf
orders.

In [UCO05] the authors specialized to G cyclic of order p3. We extended
the construction of [Un96] to obtain what we called triangular Hopf orders in
KG. Cohomological Hopf orders are triangular. One of the main results of
[UCO05] was that the dual of any formal group Hopf order in KG, G cyclic of
order p?, is triangular.
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Suppose henceforth that G is cyclic of order p™. The purpose of this paper
is to introduce triangular Hopf orders in KG. Showing that a triangular Hopf
order is in fact a Hopf order (that is, is an R-algebra that as an R-module is
free of rank p™ over R and is closed under the comultiplication in KG) is in
general difficult. Our main result generalizes the duality result for n = 3 in
[UCO05], namely, that if we impose a suitable p-adic condition on the valuation
parameters of the formal group Hopf orders in K'G constructed in [CU03], then
their duals are triangular. This result implies the existence for all n > 0 of
triangular Hopf orders in K G with n(n — 1)/2 unit parameters.

The first author would like to thank Auburn University, Auburn University
Montgomery and Union College for their hospitality during this research.

1. Triangular Hopf orders

Let p be a prime number and let the field K be a finite extension of Q,,. Let
ord(a) be the valuation of a in K, normalized so that ord(m) = 1, where 7 is
a parameter for K, and let R be the valuation ring of K. Let Cp» denote the
cyclic group of order p™ generated by g and suppose K contains a primitive
p"th root of unity (,, with (; = gg"’l a primitive pth root of unity. Let
e/ =e/(p—1), where e = ord(p) is the absolute ramification index of K/Q,.
For an integer 7, 0 < i < ¢/, set ¢/ =€’ — 1.

In [UCO05] the authors defined triangular Hopf orders in KCps by anal-
ogy with the Hopf orders defined in KC}} in [GC98]. We begin by defining
triangular Hopf orders in KCy» for all n > 0, as follows.

For 0 <s<p"—1let egn) be the primitive idempotent of K(g) defined by

1
1

N s

n
p k=0

Write s p-adically, s = 7o +pri+p*ro+---+p" 'r,_1,and for 1 <k <n-—1
let

p—1

all) = Z gm-1e(™,

70y sTn—1=0

Then a Hopf order H in KG is triangular if H has the form
H = H(Z;w .. ai/17 xn—l,l; In—2,1a xn—2,27 .. 7x1,n—1) - R[bn7 bn—17 ey bl]a

where
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g -1
bn = i ’
T n
1) n-2
b _ aznfl,lgp -1
n-1= " 7
T n—1
1 (2 (n—1)
by = Ay 1Oy g """ Azq 19 — 1
1 — i )
o1
where the z;,, are units of R (the unit parameters), and i1, ...,4, are non-

negative integers (the valuation parameters). (The terminology “triangular”
stems from the idea that the parameters may be laid out in a lower trian-
gular matrix. There is no known connection with the terminology “quasi-
triangular” in quantum group theory.)

If all the unit parameters are equal to 1 and the valuation parameters
satisfy the p-adic condition iy > pigyq for all k, then H = H(i1,...,i,) is a
Larson order.

These algebras extend known constructions in KCp2 and KC)s as follows.

For n = 2, let G = (g) be cyclic of order p?>. For 0 < s < p—1 let el be
the primitive idempotents of K (g”) = KC,, defined by

122
el == ¢t
P
and for v in R let
p—1
Gy = Zu’“e&l).
r=0

Then every R-Hopf order in KGy> has the form

P 1 a,g—1
H:R[g i =2 }

mh 2
by [Gr92] and [Un94]. The parameters 41,42 are the valuation parameters,
and determine the discriminant of H; the parameter u is a unit parameter:
H is a Hopf order if u — 1 has valuation > max{i} 4+ i2/p,}/p + i2}, and H
is visibly Larson if 4 = 1 and is demonstrably Larson if ord(u — 1) > @} + is.
One sees easily that

p—1
1) _ (2)
6£‘0) - Z eT’o+p7"1’

T1=0
and so
p—1
_ (1) _ ro (2)
Ay = Qo ° = U Crgtpry
T07’I‘1:O

Thus all Hopf orders in K G2 are triangular.



DUALS OF FORMAL GROUP HOPF ORDERS IN CYCLIC GROUPS 927

For n = 3, let eiﬁ)ﬂm, ro,71 = 0,...,p — 1, be the primitive idempotents

of K(g?) = KCp2. For u,v,w units of R, define

p—1
_ E r1,(2)
bw = Wy tpry

7"0,7‘1=0
p—1
— 70 (2)
Gy = E: U Crotpro
’I“(],’I”lz()
p—1
_ E: ro ,(2)
Ou = U " Crgtpry -
7‘0,7‘1:0

In [UCO05, §1] we defined Hopf orders in K'Cps of the form

g” =1 aug? —1 aybyg —1

) )

H(ilai%iSauav?w):R )

T 2 '3
where
p—1
1,(2)
apby = § vtwtey o, -
r0,71=0
One sees easily that
p—1
B _ } :6(3) .
ro+pri T ro+pri+p3ra’
T‘2:0
1 1 2
thus a, = ag), Ay = ag, ), and b, = aﬁu), and so these Hopf orders are

triangular. Here the i; are valuation parameters and u,v,w are unit param-
eters. If u = v = w = 1 and the valuation parameters i1,i2,73 satisfy a
p-adic condition, then H(iy,1i2,%3,u,v,w) is a Larson order. We have found
sets of sufficient conditions on the parameters for these triangular algebras
H(iy,1i9,43,u,v,w) to be Hopf orders; cf. [UC05, Theorem 1.7, Proposition
1.8, Theorem 3.7]. However those conditions are complicated, and in contrast
to the case for n = 2 there exist Hopf orders in KG with n = 3 that are not
triangular; cf. [UC05, Theorem 4.3] or [CU03, Theorem 4.2].

For n > 3 the only triangular Hopf orders previously known to exist were
Larson orders, though for large n one can construct non-Larson triangular
orders by starting with some Larson orders in KG and simply “pushing up”
some non-Larson orders one already knows from the case n = 2. These
triangular orders in KG, n > 3, however, will have only 1 nontrivial unit
parameter. Theorem 2.2, below, shows the existence of triangular Hopf orders
with n(n — 1)/2 nontrivial unit parameters.
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2. Formal group Hopf orders

In [CUO03], the authors constructed Hopf orders over R in KG using n-
dimensional degree 2 polynomial formal groups. The construction uses formal
groups Feo obtained by conjugating the n-dimensional multiplicative formal
group G}, by suitable n x n lower triangular matrices © with entries in R.
The Hopf orders Hg in K G represent the kernels of certain isogenies on Fg.
We call these formal group Hopf orders.

The algebra structure of Hg is determined from © as follows. Let U = (u; ;)
denote the lower triangular matrix which is the inverse of ©. Then (cf. [CS98,
p. 71])

H@ = R[Zlv 225y Zn]7
where
n—1
z21 = ul,l(gp - 1)»
n—1 n—2
z=u21(9" —1)+ue(g” —1),

Zp = un,l(gpw1 D+ Fu,nlg—1).
In [CUO03] we obtained the following theorem:

THEOREM 2.1 ([CUO03, Theorem 2.1]). Suppose © = (0; ;) is an n x n
lower triangular matrix with entries in R with the following properties:

o The diagonal entries 8¢ are non-zero.
e There exists q with 0 < ¢ < (p—1)/(2p — 1)(< 1/2), so that the non-
zero entries 6¢ ; in the Lth row have valuations ord(8, ;) satisfying

1
ord(fe,¢) > ord(fe,;) > (1 — q) ord(8s,e)(> 5 ord(0s)).
o The diagonal entries 0 satisfy a kind of “p-adic” condition,
Ord(@z’e) > dord(95+174+1)

for € > 1, where

o The entry 01,1 has valuation not too close to €'; in particular,

p—1 d—1 ,
ord(9171)<( » ) <d_1+q)€.

Then © gives rise to an R-Hopf order Hg in KCpn.
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We can assume that the diagonal entries 6, are pure powers of 7:
Oo0 = e,

Then the i, are the “valuation parameters” of Hg, in the sense that the
rank p subquotients of Hg, namely, the orders in K (oy) where oy = gpn_[ +

<gp"4+1>, are the rank p Larson orders H (i) = R[(c, — 1) /7] and hence the
discriminant of Hg is completely determined by the i, (cf. [Ch00, (22.17)]).

Our main result, stated in the following theorem, is that by assuming a
stronger p-adic condition on the diagonal entries of © we can identify the dual
of Hg as a triangular Hopf order J. One consequence of this identification
is that we don’t need to know in advance that J is anything more than an
R-algebra, for once we show that J is the dual of Hg, J must be a Hopf order
since the dual of Hg is. In this way we obtain triangular Hopf orders in K Cp-
for all n.

THEOREM 2.2. Let H = Ho be as in Theorem 2.1, and suppose i5_1 >
2npis for all s > 1. Then the dual of Heg is triangular.

It is easy to see that the p-adic condition in Theorem 2.2 implies that in
Theorem 2.1.

Proof. Throughout this proof H* will denote the linear dual of the Hopf
order H. Let G = (y) be the character group of G, where (v, g) = Cp.

When n = 1, H is the Larson order H(i;) = R[(g — 1)/7"] and H(i1)* is
H(i}) = R[(y — 1)/7%] (see [Ch00, (21.2)]), so the result is true when n = 1.

To prove the result for n > 2, the triangular dual of H will be constructed
inductively, adding one generator at each inductive step. For the induction
hypothesis we assume that the rank p"~! sub-Hopf order H* N K (y?) of H*
is triangular. Using this, we then find a new generator, which when adjoined
to the sub-Hopf order results in an R-algebra of triangular form which is
contained in the dual of H. A discriminant argument then shows that this
triangular R-algebra is the dual of H.

Let (—, —) be the duality pairing: KG x KG — K, such that (y,g) = ,.
Let ©4 be the n —1 x n — 1 matrix obtained from © by omitting the first row
and column. Then the image of Hg under the quotient map on KG defined
by sending gp%l to 1is He,. Let Jy be the linear dual of Hg,. Note that
Jo is a rank p"~! Hopf order with Jo = H* N K(y?). We assume that J, is
triangular of the form

J2 = R[bnabn—h s 7b2]7
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where
n—1
A
(1) n—2
b axn—l,l ,yp 1
n—1 — i )
T n—1
1) (2 n—2
a($2),1af(62),2 e aﬂ(EQ.n—)27p -1
b2 = 7 - )
T2
where the xy,, are units of R (the unit parameters), and i/, ..., are non-

negative integers (the valuation parameters). Recall that i’ = ¢’ — i for any
integer 7, 0 < i < ¢,
Js is a sub-Hopf order of H* with

<J27H> = <J2aH®2>2 C R7

where (—, —)5 denotes the duality pairing: Ké'pn_l X KCyn-1 — K.
Now put

afyaf), - afi Dy -1
bl = 7 }
™
and
J = JQ[b1]7
for some unit parameters 1,1, 21,2,...,%1,n—1-
Our goal is to choose the unit parameters of b; so that
(J,H) C R.

This duality relation is equivalent to
(], 24t of o 2lin) € R

for all p1,...,ue <p—1and for all ¢ with 0 < ¢ <p-—1andall w e Jo. But
because H is a Hopf order, for h € H,

(wbi, h) =Y “(by, b)) (b1, hzy) -+ (b1 i) (w, hgen)),
(h)
where AY(h) = >, ha) ® -+ @ hg41) (iterated Sweedler notation.) Since
(w, h(g41)) is in R because Jo € H*, and h(jy is an R-linear combination of
monomials in zq,..., z,, it suffices to show that
(by, 24 24?2k € R.
Thus, simplifying notation, we write
(1) (2) (n—1)

gy Qyg oo Qg Y — 1

;!
Th

by =b=

)
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where z = 214, 1 <k <n—1. We want to show that

(b, 2} 2h? o2k € R
for all u,,0 < pu, <p-—1.
Since (1, 2] 252 - -+- . z#») = 0 unless all p, = 0, and since (b,1) = 0, it
suffices to show that
(1) (@Dal .t Dy ke gy € 1R

for all p,,0 < pr <p—1, with g + -+ pn > 0.

To satisfy condition (1), we define x1,...,2,_1 so that for all » > 1,
o) (@@ D, 2) =0

Expanding the left side, we obtain
agll)agfz) e ag‘lj)fy

p—1
= To L. g
- Ty Lp—1 Vlro+prit-+pn=—lrn,_y

I
g

(‘Tlgn)ro (xn 1(2)Tn 2CT77 ! Erotprit-4prlr,_1>
70y sTn—1=0

and so, setting z,, =1 and &,_s = 541(n—s for s =0,...,n — 1, we have

< a(cll) ;(82) s aa(c?zli})'}/agps> = xs+1<n—s = gn—s

for s=0,...,n—1. Then

_ n—1 n—2 )

<a§611)a§c22) o a:(;/_i)%gp cugpties | gPen-igen) — gCigee | gon
for 0 < coy...,cp < p—1 and any c¢; > 0, since for ¢; = pq; + hy, with
0< hy <p, g @ =g "M and & “ = (M= ¢ Thus any
polynomial f(Xi,...,X,,) in n variables of degree < p — 1 in each variable

X with k > 1 has the property that

n—1
<a(1)a:(vg) ce a(m:l:})’)/a f(gp PR 7gpvg)> = f(glvf% v 75”)

In particular, we have

< 511) Sci) .. g,: })’Ya Zr> = ur,l(gl - 1) + Ur,2(§2 - 1) R UT,T(&“ - 1)7
and so (2) is equivalent to

Ur,1(§1 — 1) —+ UT72(€2 — 1) + -+ Uy«’r(g — 1) 0.
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Writing this last equation in matrix form allows us to determine z1,...,xn_1
precisely, as follows:

& -1 u1,1(G — 1)

& —1 0
U . = . 9
gn -1 O
which is equivalent to
&—-1 u,1(G —1)
§—1 0
) =0 )
En—1 0

since OU = I. Thus we define the z, 1 < k <n — 1, so that
Crmn-i-l—r -1= fr -1= Ul,l(Cl - 1)07‘,17

for r =1,...,n. Note that &. is in R for all r since ¢/ > i; and © has entries
in R.
Now with z1,...,z, defined as above, we proceed to show that the duality

relation (1) is satisfied. For r > 2
uhl(fl - ]-) + UT,2(£2 - ]-) +-- 4+ ur,'r‘(gr - ]-) = 07

and we may subtract the left side of this last equation from z, to obtain for
r>2,

n—1 n—2 n—r

— &) tura(g”  —&)+ o Fun (et — &)
We set ys = g?"  — & for s =1,...,n. Then for r > 1,

.
Zr = E Uy, Y5,
j=1

Zr = up1(g”

and
z=ui(g” 1)
=ua(g” —G+G-1)
=u11(y1 +A),

where A = (; — 1 has valuation €’
The duality map

o= <a§:11)a§32) a" Yy 2) KG - K

Tn—1

then is a K-module homomorphism that maps gpnfj to &; for all j, hence
maps y? to 0 for 1 < ¢ <p—1, and so maps any polynomial f(yi,...,¥yn) of
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degree <p—11in ya,...,yn to f(0,...,0). We need to show that
(4 ...zt e xR

for all pq, ..., p, not all 0.
Now

= (w1,1y1 + )" (ug,1y1 + ug 2y2)"? - - - - - (Un,1y1 + -+ + Un nYn)"",

where ¢ = u; 1A isin R and pp, < p—1 for 1 < k < n. This product is an
R-linear combination of terms of the form

(u1,191)" ((u2,191)"> " (u2,292)" %) -+« ((Un,191)"™ " oo (U Yn) ™).

If we set

Vs = (Vs,sa Vs4l,sy-++) Vn,s)

and

|p5| =Vsst Vst1,s+ -+ VUngs
and write

Uy = sl oy
for s = 1,...,n, then 2{" ... 2/ is an R-linear combination of terms of the
form

B=U"U - Uyl Y7l

with |7, <p—1. Write

—n

T _ 717D Us+t1 v
U =U% U U?n .
Note that for each r, the exponents v, 1,v;.9,. ..,V arise from expanding
zF and hence
Vpl +Vro+ -+ Vpp = iy <p-1

We wish to find conditions so that ® maps each term B to 1R,
First observe that if the exponent |71] of y; is positive, then ®(B) = 0,

since ®(yif(y2,...,yn)) = 0 for any positive exponent ¢ and any polynomial
f. Thus we may assume 7; = 0.
Assume that 7; = --- =U,_; =0, and U, # 0. Then

B = Usy‘jsl .. .yl?”‘.

As given, B is not necessarily a polynomial of degree < p—1in ya,...,yn,
but we will presently break B down into such polynomials. We need two
lemmas.

LEMMA 2.3. Fors<t<n,y’ =y, 1+ 31 mod pRG, with 3;_1 € R.
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Proof. We have y; = gpnit — &, 80

n—t+1
yi=g" =&
n—t+1
=g° &1+ &1 —&
=Yi—1 + Bi—1

modulo pRG, where, since all £, are in R,
Bi1=6-1—& €R. U

LEMMA 2.4. Fort=2,...,n, ord(8;—1) = ¢} +ord(6;—1,1). Henceord(p) >
ord(Bi—1) > ord(B;) fort=2,...,n—1.

Proof. We have

Beo1 =61 — &
=14wu1(G—1)0—11— (1 4+wur,1(G —1)0:1)°
=u,1(C — D)f—11 —uf (G — DPOF, +puri (G — D)z

with € R. Since ord(uq,1(¢1 —1)) = ¢}, the second term above has valuation
> pif + pit/2. But ip < (%)e’ by Theorem 2.1, hence i} > €'/p, so pi| +
pie/2 > e =iy +i1 > i} + ord(f;—1,1). Moreover, the third term above has
valuation > e + 4}, and e + ¢} > ¢} 4+ ord(f;_1,1). Thus the valuation of 3,_;
is le + ord(ﬁt_m).
Now
ord(p) = e > € =iy +i) =i} +ord(f11) = ord(31),

and for all ¢t we have

1
ord(6,-11) > 5 ord(By-1,-1) > gord(em) > gord(9t71),
hence ord(p) > ord(B;—1) > ord(B;) for t =2,...,n — 1. O
Now assuming that B is not a polynomial of degree < p — 1 in ys,...,Yn,

let ¢ be the largest integer for which |[7¢| > p (necessarily, ¢ < n). Then B is
of the form

Uyl g7y
with 0 < ryyq,...,70 < p. Write
|T¢| = awp + 1y
with 0 < 74 < p, and so

[T

ye = () "yt
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with
()™ = (ye—1 + Bi—1)™ mod pRG
at
= at k¢ at—k¢
= Z <k>yt—1 —1
t
k=0

by Lemma 2.3. Substituting in B we find that modulo U,pRG, B is an
R-linear combination of terms
7 T Ty_1|+k
By = Ul gy,
with 0 < 74, 7441,...,7 <p—1and |74| > 0.
Next write
D1+ ke = ag_ap 411
with 0 <r;_1 < p. Then

[Te—1l+ke _ /P Nag_1,Tt—1
Y1 = (Y1-1) Y1

with

)at—l

(Yt—2 + Bi—2)*** mod pRG

at—1
At—1\ ki1 par—1—ke—1
k Yi—2 Pr—2 )
t—1

ki—1=0

(yf— 1

by Lemma 2.3. Substituting in the terms B,_; we find that modulo U,pRG,
B is an R-linear combination of terms

_F7 |7 |[Te—al+ki—1_ Teo1, 7 r
Bt72 - Usyl ol e Yp_o Ye_q ytt "'ynn7

S

with 0 <7417, 741, .,7n <p—1and |74 > 0.
Repeating, we conclude that modulo UspRG, B is an R-linear combination
of terms of the form

B = UsyLUS‘JrkSJrly;r—ll YR
with 0 < 7rsp1,7rs42, ..., 7 < p, and |Us| + ksy1 > 0.
Write
Ts| + ko1 = dip” "+ rop* P4 ap 1
with 0 <r; <pfori=2,...,s and d; > 0. Then

[Ts|+kst1 — s, PTs—1 p° " 2ry, p " ldy
sb ° _ysbys ° ys ys N

Now by Lemma 2.3,

r

v = (Ys—1 — Bs1)? mod pRG,

and
—1

I8 r—1
(Ys—1 — Bs—1)? = yf_l mod (s_1R.
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Since by Lemma 2.4, ord(p) > ord(f1) > -+ > ord(Bs—1), we have

- r—1
y? =P, mod Bs_1RG.

Repeating, we obtain

T

y? =y, mod B,_1RG
for all r, and so
gl thent = ylog Tt yhy)* mod B,—1 RG.

Hence, modulo Us8,_1RG, B is an R-linear combination of terms of the

form
By = Usyiilyg2 CYRs Ly
withdy +r94+---+ 7, >0and ra,...,7r, < p. Hence ®(By) =0.

Note that ®(U,3,_1 RG) C UsB,_1R. Thus for the duality map ® to send
At zZE to TR for 1+ -+ py > 0, it suffices that for each s > 2 we
have

ﬂs—lvs € 7Ti,lR7

assuming that |71| = -+ = |[ps_1] = 0.

Note
n
Vs __ U,
U—js - H u'r',rss’
r=s
so we need that

@) Al =G [T e = 0oa [T T i e R

t=sr=t r=st=s

where for r =s,...,n,

n
Zyr,t < p—= 1.
t=s

In Lemma 2.4 we determined the valuation of 8s_1 to be i} + ord(fs—11).
We next determine the valuation of

n r

7T Vr t

Us = H I | u,y
r=st=s

LEMMA 2.5. Fort > s,

. 7;5+1 is+2 it
d ) > — s i
ord(ug,s) > <z+2+2+ +2>

Proof. We have 0; 4 > i;/2 for t > s. We show

sl stk
2 2

Ord(us—i-k,s) > — <st +
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by induction. The inequality is true for the trivial case k = 0 : ord(us,s) = is.
Assume the inequality holds for all s,¢ with t — s < k and k& > 1.
Since

Usth,s0s,s + Ustho,s+10s+1,s + - + Ustk,s4+k0s+k,5s =0
for k> 1,

ord(ustk,s) + @5 > min{ord(us+,s+r) + 0rd(0s+rs)},
where the minimum is taken over all r =1,..., k. Now

Ord(us+k,s+r) + Ord(gs—l-r,s) 2 Z‘s+r/2 - (is+r + is+r+1/2 + -+ is+k/2)
= _(is+r/2 + is+r+1/2 ot is+k/2)

by induction, for all » =1,..., k. So the minimum of
ord(ustk,str) + 0ord(@str,s)
for r =1,...,k occurs when r = 1, since 4541 > 540 >+ > G54k Lhus
ord(Usk,s) +1s = —(ls+1/2 +is12/2 4+ +is4k/2),
completing the proof. O

For s <t < r the lower bound on ord(u, ;) given by Lemma 2.5 is greater
than or equal to the lower bound on ord(u, ¢—1). Thus, since > ;- v, <p—1
for each r > s, we have

Urs - . ) 7 7
ord(ulr i - ulnr) > —(p— 1) <zs+ St ;) :

and so

77 - . is+1 7:s+2 ir
s) > — —1 . —_
ord(U‘)_; (p )<zs+ 2 + 5 + 2)

Thus for (3) to hold, it suffices that

ord(Bs-1) > i) + (p— 1) ((n+ 1— s)ig+ (n— s)i‘zrl N %ﬂ)

for all s > 2. Since ord(Bs—1) = i} + ord(fs_1,1) and ord(fs_11) > is-1/2,
this follows from

Lt | AR IRACESE R )
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Now Theorem 2.1 requires the p-adic condition i,_q > di, with d > p. Given
the p-adic hypothesis is_1 > 2npis for all s > 1, this last inequality follows
from

npis > (p—1) mig (MRS pnoso by L),
e =P T2\ 2np  (2np)? @2np)n==) ")’
which holds.

This completes the argument that (J, H) C R, and so J C H§.
Now we need to show that J = H§. By induction, we know that H§ N

KCpynr = Jy = HE,. We have J = Jy[a] with o = (uy — 1)/m’1, where

U= agcll)ag) .. agfflj).
Then
-1
1 3 D i’ uPyP —1 A
P 2 T __ * —
ol + i Zl (’I") (ﬂ‘ 1a) = —Wpi,l eH mKCpnfl Jo.
r=
So J is free over J, with basis 1,a,...,aP"!

To show that disc(J) = disc(Hg), it suffices to show that

n—1

disc(J) = disc(J2)? disc(H (i7))P
Now
disc(J) = disc({B,a7}),
where {0, } is an R-basis of J;. Consider the basis
{80 (rfia)'}
of Ja[n1a] = Ja[uy]. Then
disc({B, - (r'1a)i}) = (zi 2+t +E-Di2" " gige({8,a7}).

Since u = agl) . ~-a§f;j) is in Jy and uy = 1 + 71 is a unit of J, hence of

Hg, u is a unit of J5, and so
Ja[un] = J2[0].
But this is clearly a Hopf order, and so
disc(Ja[y]) = disc(Jo)P disc(RC,)P"
= disc({B, (r'1a)’})

n—1./

— g2p"ip(p—1)/2 disc(.J).
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But then

71‘1'/110@*1)

disc(J) = disc(J2)” (M)

n—1

. pP P
_ p -
= disc(Js) (Wi’lp(P—l))

and since disc(H (7)) = (p/x"1*=D)P by [Ch00, (22.16)], we conclude that

disc(J) = disc(Jo)? disc(H (#}))*" " = disc(Hg).

Since J C H, it follows that J = Hg. This completes the proof. O
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