AUTOMORPHISMS OF A p-GROUP!

BY
J. E. AoNEy AND T1 YEN

1. Introduction

There have been a number of results on the relationship between the order
of a finite group G and the order of its automorphism group 4 = A(G), for
example, see [1], [3], [7], and [10]. It is our purpose in this paper to investigate
the relationship between the order of G and the order of A when G is a p-group
of class 2, p odd, and G does not have an abelian direct factor (see Theorem 3).
Our result is based on a characterization (as a point set) of the group A.
of central automorphisms (Theorem 1) and a construction of non-central
automorphisms (Lemma 1). The construction is, perhaps, of some interest
in its own right.

It should be pointed out that the main theorem (Theorem 3) is included in’
a theorem stated in [8]. However that statement depends on a lemma
(Lemma 3, [8]) that is invalid [9]. A counterexample to this lemma was
announced in [4] and was published in [5].

2. Central avtomorphisms.

Let G be a finite group, @’ its derived group, and Z its center. An auto-
morphism ¢ of G is called central if 2 7'2" ¢ Z, for every z ¢ G. The set of all
central automorphisms of G forms a subgroup A. of the group A4 of automor-
phisms of G. If ¢ is a central automorphism of G then f, : z — 272" is a
homomorphism of @ into Z. The map ¢ — f, is a one-to-one map of A,
into the group Hom (@, Z) of homomorphisms of @ into its center Z. Con-
versely, if f e Hom (G, Z) then oy : £ — zf(x) defines an endomorphism of G.
The endomorphism o, is an automorphism if and only if f(z) # 2~ for every
zeG,z # 1. If Gis a direct product with an abelian factor then there exists
an f ¢ Hom (G, Z) such that f(z) = 2™ for some z ¢ G, x #= 1. We shall see
presently that the converse is also true.

We call a group G purely non-abelian if it does not have an abelian direct
factor.

THEOREM 1. For a purely non-abelian group G, the correspondence ¢ — f,
defined above is a one-to-one map of A, onto Hom (G, Z).

Proof. Suppose that there exists a homomorphism fe Hom (G, Z) such
that f(z) = 2 'forsomeze@, 2z # 1. Clearly,ze¢Z. We can further assume
that the order of z, | 2| = p, is a prime. Write G/G' = G,/G’' X G,/&,
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where G,/@ is the p-primary component of G/G’. Then 2G’ ¢ G,/G" and
2G" # @, for G’ is contained in the kernel of f. Let the height of 2G" in
G,/& be p* and let z = 2”u, where z¢@, and ue@. Then

7= f(2) = f(@"u) = (@),

Sety = f(z)™. Thenz = ¢y*,yeZn G,, and {y} n G’ = 1; here {X} de-
notes the subgroup generated by the set X. By [6, Lemma 7, p. 20],
Y@’ generates a direct factor of G,/@, say G,/G' = {y@'} X H,/G'. Since
{y}n@ = 1,0 = {y} X (H,G,) is a direct decomposition of G. Therefore,
@ has an abelian direct factor if the mapping ¢ — f, is not onto.

CoroLLARY 1. A purely non-abelian group G has a mon-trivial central
automorphism if and only if (| G/G' |, | Z |) # 1, where | X | denotes the cardi-
nality of the set X.

CoROLLARY 2. If G is a purely non-abelian p-group then the group A. of
central automorphisms s also a p-group.

With respect to the existence of non-trivial central automorphisms, we
should mention a recent paper of Adney and Deskins [2]. They establish a
set of necessary and sufficient conditions in terms of the lattice of subgroups.

3. A construction of non-central automorphism

From now on G will stand for a purely non-abelian p-group of class 2, where
p is an odd prime. The numbers p% p’, and p° stand for the exponents of
Z, ¢, and G/G’ respectively.

LemMma 1. Suppose

(i) ¢ ={u XU, wherelul—p >p > exp U,

(ii) [g, B] = "%gh_ummm = 1.
Let H = {g,h} and L = {xeG|[g, x], [h, x] e U}. Then G = HL and the
correspondence

g — g, k> m
h—h,
xr— 2, forall x e L,

defines an automorphism oy, which fizes the elements in Z. The index [2:Zn A]
is p° ™, where Z is the group generated by the o}’s.

Proof. Tor any x ¢ G, we have

lg, 2] = w* (mod U) and [k, ] = ' (mod U).
Then
lg, R °g'z] = 1 (mod U) and [k, h°g'z] = 1 (mod U).

Hence h g’z e L, x = (¢ 'n°)(h°¢'z) e HL, and G = HL.
Since L D Z 2D G and | gZ | = | hZ | = p°, every element y ¢ G is uniquely
expressible as y = g'h'z, where 0 < s, ¢ < p® and z e L. The mapping o
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is defined by y™* = ( gh”k Yh'z. To prove that o) is an automorphism fixing Z,
we need to show that
(hg)™ = K",
(2g)™ = a™g"™, rel,
and
" = ()" )™, 0<s<p

We can check these equalities by direct computation, bearing in mind that in
a p-group of class 2 the following equalities hold:

[, y2] = [z, yllz, 2], and (ay)" = ™"y, «"" "
When p is odd and p* = exp &, (wy)pb = prypb-

Finally, 2 is cyclic and generated by ¢, . The subgroup Z n A, is generated
by o». Hence the index [2:2 n 4,] is p"™.

THEOREM 2. A purely non-abelian p-group of class 2, p odd, admits an outer
automorphism which fixes the elements in the center.

Proof. Let G be a purely non-abelian p-group of class 2, where p is an odd
prime, and let G’ and Z be the derived group and center of G respectively. The
central automorphisms which fix the elements in Z are in one-to-one cor-
respondence with the elements of Hom (G/Z, Z). Since

exp G/Z = exp G’ < exp Z,

Hom (G/Z, Z) contains a subgroup isomorphic with G/Z. If all the central
automorphisms that fix the elements in Z are inner, then Hom (G/Z,Z) = G/Z
and Z is cyclic. In this case, G’ is also cyclic. Therefore, we can apply
Lemma 1 to produce a non-central outer automorphism which fixes the ele-
mentsin Z. The hypothesis (i) of Lemma 1 is satisfied. It remains to verify
the hypothesis (ii). Let z be a generator of Z. Then u = 2° “isa generator
of @. Let [g, k] = u, g”b = 2, and Af "= 2. We may assume that
t = rs (mod p®). Leth = g 'h;. Thenlg, h] = wand h?" = 1. This com-
pletes the proof.

4. The order of 4

THEOREM 3. The order |G| divides | A | iof G is a purely non-abelian
p-group of class 2, p odd, satisfying one of the following conditions.
(1) The center Z is cyclic.
(ii) a=0d.
(i) a > e
(iv) The central automorphism group A. is abelian.

Proof. The proof of all four cases is divided into two steps. First we ob-
tain a lower bound of | A. | which is | Hom (G, Z)|. Then making use of
Lemma 1, we construct enough non-central automorphisms of p-power order
to make up the difference.
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(i) The center Z is cyclic. We have shown in the proof of Theorem 2
that @ satisfies the hypothesis of Lemma 1 With m = 0. Therefore, there is a
group of non-central automorphlsms of order p°’ | @' |. Next we show that
Hom (@G, Z) = G/ Q. Smce Z is cyclic of order p® and G’ is the cyclic sub-
group of order p, & belongs to @ for every zeZ. It follows that

= (x 2’ )*"" belongs to G’ for any z ¢ G. Consequently, exp G/G" < p®and
Hom (G, Z) = Hom (G/G', Z) =~ G/G.

(i) @ = b. In a cyclic decomposition of G/Z there are two factors {gZ}
and {hZ} of order p’ such that uw = [g, k] has order p°. Then {u} is a direct
factor of Z: Z = {u} X Zi. Then

Hom (G/Z, Z)
= Hom (G/Z, {u}) X Hom (G/Z, Z,) = G/Z X Hom (G/Z, Z,)
and Hom (G/Z, Z,) contains the subgroup
Hom ({¢gZ}, Z:) X Hom ({hZ}, Z,) =2 Z1 X Z;.

Therefore, Hom (G, Z) contains a subgroup isomorphic with G/Z X Z; X Z,
whose orderis | G || Z1|/p". If |G| > | Hom (G, Z) | then p° > | Z;| = p™

Now we apply Lemma 1 to produce p° ™ non-central automorphisms.
The hypothesis (i) of Lemma 1 is satisfied for {u} is also a direct factor of G’
To establish the hypothesis (ii), let

¢ = u' (mod Z;) and A = u' (mod Z,).

We assume that ¢ = rs (mod p°). Then (g_’h )” = 1 (mod Z;). Replacing
h by g 'h, we have [g, h] = u and R*"™ = 1, which is the hypothesis (ii) of
Lemma 2.

(iii) @ >¢ LetZ = [[i=1 {1} X Z1, where |2;| > p° and exp Z; < p".
Since @ > ¢, k > 1. Then

| Hom (G, Z) | = | /G’ || Hom (G/G', Z1) | > | G/G |*| Z|.

If |G| > | Hom (@, Z) | then | G/G’ [*'| Z, | < | @' | and since | G/G" | > p”,
PP 72| < |G| <p® Z|. Thus2(k — 1) < kandso k = 1. Now
wehavep™ = | Z1| < | Q' | < p’| Z1| and Z = {21} X Z:, where exp Z; < p°.
We can improve our estimate of | Hom (G/G’, Z1) | as follows. Let G/G' =
{2: @'} X Gi/G where | 2, G| = p°. Then
Hom (G/G', Z1) = Z, X Hom (G/&, Zy)
and
| Hom (G/G', Z1) | 2 | Z1|-min(| 61/G |, | Z1]).
Therefore, ,
| Hom (G, Z) | 2 | G/G" || Z1|-min(| G/G" |, | Z1 ).

Since | G| > | Hom (G, Z) |, | G’ | < p%| Z1| and exp Gy/G' > p’, we must
have



AUTOMORPHISMS OF A P-GROUP 141

min(| G/G' |, | Z1]) = | Z1|
and

| Hom (G, Z) | > | G/G" | Z. ' > | G |/p"™.

Again we apply Lemma 1 to construct p° ™ non-central automorphisms.
Choose ¢, hy in G so that u = [g, hy] has order p’. Then @ can be decomposed
into a direct product @' = {u} X U. We have

exp UL |U|=|6G|/p <p"

Let ¢* = # (mod Z,) and R’ = 2t (mod Z;). We can assume that
t = rs (mod p*). Then, with h = ¢”"h;, we have [g, h] = wand hA* ~ = 1.
(iv) A, is abelian. Let o, 7 be central automorphisms. Then

o = afi(@)fo(2)f:(fo(x)) and 2" = af(x)f(x)fe(f:(2)),

for any x e . Hence or = 7¢ if and only if frof, = f,of,. Thus A, is
abelian if and only if fi o f2 = fao fi for any fi, fo e Hom (G, Z). It follows
that, for any f e Hom (G, Z) and F e Hom (G, G'), foF = Fof = 1,as @
is contained in the kernel of f. Therefore, f(G@) is contained in F'(1) for
any f ¢ Hom (G, Z) and F e Hom (G, G’). Theset of all f(G), f e Hom (G, Z),
generates a subgroup

R={zeZ||2| £ p% d = min (g, c)}.
The intersection of F7'(1) of all F ¢ Hom (G, G') is the subgroup
K = {x @] height (2G") > p'}.

Wehave R C Kif 4. is abehan Conversely, it is always true that K C R
Indeed, since exp G/Z = p", K C Z. An element z € K is of the form z = y*"z,
where z¢G. Since y”° ¢ G and ¢ > b, we have 2*° = (y*°)*’2* = 1 and
|z | < min (p“, p°) = p’. Consequently, K = R if A. is abelian.

Let /G = [t~ {90z G'} be a direct decomposition of G/G’. Then
R/G = K/G" = []i {2F "¢} On account of (ii) and (iii), we assume that
d>b. Smce Ris generated by z?’ ,1 < i< n,and G, the exp R is attained
by some | zf | say | xf "| = p°. We define f, F; eHom (G,72),2<j<n,
as follows. Let

f(xl) = x{,"
flz:) =1, i>2,
and
Fj(.’l?i) = 1, e T ;ﬁj’
F(x,) = 1)1 )
where
s =b 4+ max (0,d — ¢1),
(1) t(3)=b+max (O’d'—cl)a 2$]S7l,
P = ||, 1<i<n
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Since Fjo f(z;) = 1,wehavel = fo F;(z;) = 22, Consequently,

(2) s+ i(j) 2b+d, 2<j<d.
Combining (1) and (2), we get
(3) b+ max (0,d — ¢1) + max (0,d —¢;) >d, 2<j<n

It follows from p? = | 27° l,p* = |2: G |,and p* = exp &', thatb + ¢, > b+ d
and ¢; > d. Thus max(0,d — ¢;) = 0 and max(0,d —¢;) =d — ¢; >0
by (38). Then (3) becomes b + d — c¢; _>_ dfor2 <j<n. Consequently,
b > ¢ for all j > 2. It follows that R/G’ is cyclic generated by zf "@ and
R = {af } X Ry. Tt is easy to see that exp R; < p’.

We have

Hom (@, Z) = Hom (¢/&, R) = Hom (G/G&,{z?"}) X Hom (G/G, Ry).

The group Hom (G/G’, R,) contains a subgroup 1somorph10 with By X R
for there are at least two elements x; G’ of order > p°’. For the group
Hom (Q/G’, {«F }), we have

Hom (G/@, {«? >-H.=1Hom<x, ¢}, {2?'))
} X Hi=2 xiG}-

Hence | Hom (G/&, {2?"})| = | G/G' |/p°¢ and | Hom (@, Z) | is divisible
by | G/G’ || R, |’/p°™. Since {af ' n @ = {z?°} has order p* ", the order
of G’ is < p* ™| Ry|. Therefore, | G || Ry |/p’ divides | Hom (G, Z) |.

If p" = | Ry| > p° we are done. Suppose m < b. Choose g, h; in G so
that w = [g, hy] has order p*. Then @' = {u} X U and

|U| = |G|/ < p""|R|/p" < p™

Letg = 2’ (mod Rl) and A’ =z * (mod R;), where z = x?’. We can assume
thatt = rs (mod p°). Then, withh = g™k, ,wehavew = [g, ] and R =1,
Thus we can apply Lemma 1 to produce p° ™ non-central automorphisms.

On the structure of such groups G with abelian A, we can say the follow-
ing.

THEOREM 4. Let G be a purely non-abelian p-group of class 2, p odd, and let
G/Q = Jlia{x:G'}). Then the group A. of central automorphisms of G
s abelian if and only if

(i) R =K, and

(ii) eitherd = bord > b and R/G = {a?'G},

where R, K, and d are as defined in Theorem 3.

Proof. The necessity of these conditions is established in the proof of
Theorem 3. We suppose that these conditions are satisfied. Since R K,
the elements in R are of the form y” z wherez e @', Ifd = b then f(y® z) =1
for every fe Hom (G, Z). Therefore, fof = 1 for any f, f ¢ Hom (G, Z).
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Suppose that d > b and R/G’ = {a?'G’}. Then /G’ = {&1 &'} XGy/&,
where exp G1/G" < p°. Then we have, for any z ¢ Gy and f e Hom (Gy/G@, R),
flx) = xi”du, where u e G'. Therefore, f'(f(z)) = 1 for any f,
f e Hom (G1/G',R)and 2 ¢ G;. Thus the “commutativity”’ of Hom (G, Z) =
Hom (G, R) depends on the “commutativity” of Hom ({x, G'}, R). The
latter is true because R/@ is cyclic.

5. An application

In [1] it was shown that if G was a finite group with abelian Sylow p-sub-
group P of order p” then p"~* divides | A(G) |. When G is purely non-abelian
we can use our characterization of central automorphisms to simplify his
proof and improve the result.

THEOREM 4. Let G be a purely non-abelian finite group with an abelian Sylow
p-subgroup P. Then | P | divides | A(G) |.

Proof. Let Gy be the kernel of the transfer of G into P and let P; be the
image. Itisknown (seee.g.[1, Theorem 2.1]) that G = G4 Pyand Gin P, = 1.
Moreover, P, D PnZand PnG; = Pn@. Thus P/P n G = P,. The
group Hom (G, Z) contains the subgroup

Hom (PG’/G',PnZ) = Hom (P/PnG,PnZ)=Hom (P,,PnZ)

whose order is divisible by |P n Z|. The automorphisms induced by
Hom (P;, P n Z) are distinct from the inner automorphisms induced by P
for the latter fix the elements of P. The number of inner automorphisms
induced by Pis | P/P n Z |.
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