SOME ABSTRACT PROPERTIES OF THE SET OF INVARIANT
SETS OF A FLOW!

BY
C. C. CoNLEY

The results contained here belong somewhere near the beginning of the
abstract study of flows on compact metric spaces. The theorems are general,
quite easy to prove, and help make up a setting for deeper results.

Specifically, given some connected compact metric space X we assign to
each flow on X the collection of closed invariant sets of the flow. This col-
lection is viewed as a subspace of the space of closed subsets of X with the
Hausdorff metric. The larger space shares with X the properties of connect-
edness and compactness, and the collection of invariant sets is likewise com-
pact. However, it needn’t be connected. The lack of connectivity corre-
sponds to the existence of ‘““isolated” invariant sets and so inspires the defi-
nition of a second function which assigns to each flow the (closure of) the
collection of isolated invariant sets.

Two of the three theorems proved concern these set-valued functions; they
are shown to be continuous ‘“‘almost everywhere’” with respect to various
topologies on the various sub-sets of the sets of flows (Theorems 2.3 and 4.2).

The third theorem (3.5) relates the notions of isolated and quasi-isolated
invariant sets of a flow to connectivity properties of the sapce of closed in-
variant sets. Isolated invariant sets were defined by T. Ura in [1] and have
been discussed more recently in [2], [3] and [4]. In the latter references and
in [5] some “local” perturbation results for isolated invariant sets were de-
scribed.? The emphasis in these theorems is on algebraic (cohomological)
properties of a single isolated invariant set which are preserved under per-
turbation. Thus they complement the more “global” and topological results
listed here.

In Section 1, results concerning the space of closed subsets of a compact
metric space are listed; included is the theorem about continuity points of
semi-continuous functions. These known results are included separately
for ready reference as well as to set the tone.

1. The space of closed subsets of X

Throughout the paper X denotes a connected compact metric space with
metric p. For S € X, N.(S) is the open set of points within ¢ of S. Most of
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the statements below can be found in references [6]. The proofs in the
present setting are all elementary.

1.1 DerinitioN. C(X) is the collection of non-empty closed subsets of X.
If A and B are in C(X), then

p*(4, B) = inf{e | N.(A) D B},  »(4, B) = max[p*(4, B), p*(B, 4)].

1.2 Lemma. The function p is a metric on C(X) and the resulting topo-
logical space s compact and connected (since X 1s).

1.3 DszrinitioN. For 8§ € C(X) let #(S) € X denote the union of
elements of S.

1.4 Lemma. If S is open in C(X) then w(8) is open in X; if S is closed in
C(X), then w(8S) s closed in X.

Also if U 1is open (closed) in X then the collection of closed subsets of X con-
tained in U 1is open (closed) in C(X).

1.5 Derinrrion. With E a topological space and Y a compact metric
space, a function @ : E — C(Y) is called upper semi-continuous (u.s.c.) at
¢ ¢ E if given ¢ > 0 there is an open set W about e such that ¢/ ¢ W implies
p*(a(e), a(e)) < e

Similarly, @ is lower semi-continuous (Ls.c.) at e if given € > 0 there is an
open set W about e such that ¢ ¢ W implies p*(G(¢'), G(e)) < & @ is
u.s.c. (Ls.c.) if it is at every point of E.

1.6 DEeriniTioN. E iscalled a Baire space if the intersection of a countable
number of dense open sets in £ isdense. Such an intersection is called a dense
G; of E.

1.7 Lemma. If E 4s a Baire space and E' C E is a dense G5 of E then
E’ is a Baire Space (in the relative topology) and any dense G of E' is a dense
Ga Of E.

1.8 Lemma. If @ : E — C(Y) 4s u.s.c. (I.s.c.) and E is a Baire space,
then @ 1s continuous on a dense G of E.

2. The set of invariant sets of a flow

The collection of flows on X will be denoted F; it is a subset of the set of
continuous functions from X X R — X where R denotes the real numbers.
With respect to the compact-open (¢-0) topology on the latter space, F is a
closed subspace and a Baire-space (in fact a complete metric space).

Since we are concerned with different topologies on varying subsets of F, we
use E for a subset and E, for the space consisting of £ with topology r; if
E' C E then E, is the subspace of E, corresponding to E’. The set F with the
relativized c-o topology is Fo, .

With f ¢ F understood, f(z, ¢) is denoted z-t; for A € X andJ C R, A-J
is the set of points -t wherex ¢ A and t ¢ J.
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2.1 DgeriNiTioN. Given f ¢ F, an invariant set, I, of f is a closed subset of
X (i.e. e C(X)) such that I-R = I. The collection of invariant sets of f is
9(f) and is a subset of C(X).

2.2 LemMmA. 9(f) isclosed in C(X), thus 9 is a function from F to C(C(X)).

Proof. Suppose limu.o I, = I where I,ed(f) for all n. Then
limpaw I, -t = I-tforallte Randso [-R = I and I € 9(f).

2.3 THEOREM. J:F.,— C(C(X)) 7s upper semi-continuous.

Proof. Suppose H ¢ C(X) is not an invariant set of f ¢ F; thus there is a
point z ¢ H and a real number ¢ such that z-¢ ¢ H. Consequently, there is a
compact neighborhood, C, of z and disjoint open sets U O H and U’ containing
2-tsuch that C-t € U’. The compact set C X {t} and open set U’ determine
a neighborhood V of f in F. Also, the open set U and neighborhood C de-
termine a neighborhood W of H ¢ C(X), namely I’ e W if I’ N C # ¢ and
I’ c U. Ttfollows that f € V, then W N 9(f') = ¢ since any invariant set of
f’ which meets C cannot be contained in U.

Now suppose ¢ > 0is given. The complement, K, of N.(4(f)) in C(X) is
compact and for H ¢ K there are open sets Vy and Wy such that f' ¢ Vg
implies Wz N 9(f') = ¢. A finite collection of the Wy cover K and the in-
tersection of the corresponding Vi is a neighborhood, V, of f such that f' ¢ V
implies 9(f') NK = ¢. Inother words N.(9(f)) D 9(f') or p*(9(f), 9(f)) <
e. This proves the theorem.

2.4 CororLARY. Suppose E is a subset of F and 7 ts a topology on E which
18 stronger than the relativized c-o topology and with which E. is a Baire space.
Then the set E' of points of continuity of 9 is a dense Gs in E, .

Note that with different topologies 7, E’ may vary—for example, if 7 is the
discrete topology, E = E’.

3. Isolated and quasi-isolated invariant sets

3.1 DeriNiTION. A setI ¢ 9(f) is vsolated if there is a neighborhood U of I
(in X) such that if I' € U then I’ C I.

If an invariant set I is the intersection of isolated invariant sets it is called
quasi-isolated.

It is clear that the existence of isolated invariant sets is related to the con-
nectivity of 9(f); the precise result is given after the following lemmas.

3.2 Lemma. Let K C 9(f) be compact and connected and suppose I’ € 4(f).
Lt KU’ = {IUI'|IeK}. Then K U I’ is contained in 9(f) and is con-
necled.

Since 9(f) is closed under finite unions, K U I’ < ¢(f). Also, for any



666 C. C. CONLEY

A, B, CeC(X),p(AUC,BUC) < p(4, B); thus K U I’ is the continuous
image of K under the map sending I — I U I".

3.3 Lemma. If K is a component of 9(f) then w(K) (see 1.3) is the unique
maximal element of K.

Proof. Since K is compact, it admits some maximal element H. Namely
since K is partially ordered under the inclusion relation, there is a maximal
well-ordered chain {I,} in K. If ¢(a, B) is the distance from I, to I, then by
compactness, given ¢ > 0, at most countably many of the numbers e(a, 8) >
e. It follows that only countably many of the numbers ¢(a, 8) are positive
and in particular that I = Cl (U, I,) is in K. Since {I.} was a maximal
chain, I is itself a maximal element of K. Suppose I’ e K; then K U I’ is
connected and meets K in I’. Thus K UI’ € Kandso H UI’¢ K. But
then H U I’ D H implies H UI’ = H. Since I’ was arbitrary, H = =(K).

A similar property of 9(f) is the following.

3.4 Lemma. Suppose K is a component of 9(f) and that I and I” are in K.
IfI'ed(f) and I C I' C 1" then I' e K.

Proof. K U I’ is again connected and meets K in I’ U I” = I”. Thus
KUI'cK. AlsoI’=TUTI' e KUI';thus I’ ¢ K.

3.5 TueoreM. A sel I ¢ 9(f) 1s isolated if and only if I is the maximal
element in some closed and open subset of 9(f).

A set I € 9(f) 1s quasi-isolated if and only if I is the maximal element of some
component K < 9(f).

Proof. Suppose I € 9(f) is isolated and let U be a neighborhood of I in X
such that I’ € U and I’ € 9(f) implies I’ < I. Let U™ be the subset of C(X)
consisting of closed sets contained in U, and let H* be that subset of C'(X)
consisting of closed sets contained in I. Then U™ is open and H™ is closed and
so U*N 9(f) = H* N 9(f) = H is open and closed in 9(f). AlsoI = =(H).

Now suppose H < 9(f) is both open and closed and let ¢ > 0 be such that,
in C(X), N. (H) N 9(f) = H. Let I be maximal in H and let U = N, (I).
Then I’ € Uimplies I UI' e N, (H); thus I U I’ ¢ H, and by maximality of
I,TUY = I. This proves I is isolated.

Now if K is a component of 9(f) then K is the intersection of closed and
open sets H,. But then w(K) is the intersection of the isolated invariant
sets corresponding to the maximal elements of H, containing =(K) (cf. 3.3).

On the other hand suppose I is quasi-isolated and let K be the component
of 9(f) containing I. If #(K) # I, let U be an open set about I which does
not contain w(K). Since I is quasi-isolated, there is an isolated invariant set
I’in U. Now C(I’) N 9(f) is a closed and open subset of 9(f) which contains
I and so the component K of 9(f) which contains I. On the other hand,
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C(I') does not contain w(K) ¢ K. This contradiction finishes the proof of
3.5.

4. The closure of the set of isolated invariant sets
The last theorem concerns the object of the following definition.

4.1 DerFiNiTION. For each f ¢ F, let 95 (f) be the closure in C(X) of the
set of quasi-isolated invariant sets.

Also 95 (f) is characterized as the closure of the isolated invariant sets since
they are dense in the quasi-isolated ones.

It is easy to see by example that 95| F,, is neither upper nor lower semi-
continuous; however, it is lower semi-continuous at points where ¢ is con-
tinuous and so we have

4.2 TagoreM. Let E C F be a Baire-Space with respect to a topology
which 18 at least as strong as the c-o topology (relativized). Let E; be the set of
points of continwity of 9 | E. . '

Then the set Er of points of continuity of both 8 | B, and 9 | E, is a dense
Gsmm E,.

Proof. By 2.3, 1.8 and 1.7 it suffices to show that 95 | E, is Ls.c. Thus,
let fe E.. Lete > 0 be given and choose isolated invariant sets Iy, - - - , I,
such that I € 95 (f) implies minge,...n {p(I, I;)} < &/2. Now for each ¢, let
H ; be a closed and open subset of 9(f) such that #(H;) = I,. By continuity
of 4 at f, choose a neighborhood U C E; of  such that if f' ¢ U then for each
i=1,--,n, 9(f) admits a closed and open subset H; within &/2 of H;.
Then H¥ contains a maximal element, hence an isolated invariant set, within
/2 of I;. Tt follows that p* (95 (f'), 95 (f)) < € and, since ¢ and f were
arbitrary, that 95 is l.s.e. In view of the initial remarks, Theorem 3.4 is
proved.

Conclusion

The statement that g and g are continuous almost everywhere is not very
strong; for example, any closed subset of C(X) can be approximated by one
consisting of a finite set of points. The only ‘“‘algebraic’ consequence of the
theorems proved here is that usually the number of components of an isolated
invariant set doesn’t decrease. Somewhat stronger algebraic results can be
proven [2]-[5] but in the ¢-0 topology the results are necessarily weak. With
more restricted classes of flows and stronger topologies one might hope to
considerably strengthen such theorems as are proved here and in the references
cited above.
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