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1. Introduction

In a partially ordered set it is possible to define various kinds of convergence
in terms of the partial order. A general discussion of convergence defined in
terms of a partial order may be found in [1], [3], or [6]. In general, a con-
vergence defined in this way cannot be topologized, i.e., cannot be defined
as a convergence with respect to some topology. For example, convergence
almost everywhere is of this type (see Section 2, Example 2). Since con-
vergence defined in terms of a partial order cannot always be topologized, it
is natural to ask whether convergence with respect to a topology can be
obtained as a convergence defined in terms of a partial order. This is possible,
for example, if we consider any compact Hausdorff space. One simply embeds
this space in the product of unit intervals (where, as usual, the product is
partially ordered componentwise) and then uses order convergence (i.e.,
componentwise convergence) in the product. The product is generally much
larger than the original compact Hausdorff space and, therefore, the question
of whether the space itself can be suitably partially ordered remains open.
Nevertheless, the above example suggests that partially ordered spaces are
reasonable generalizations of topological spaces.

In this paper we will show that any locally convex linear topological space
(l.e.l.t.s.) over the reals can be suitably embedded in a partially ordered
linear space (p.o.l.s.). This result is closely related to Grothendieck’s result
which states that every l.c.l.t.s. is isomorphic to a subspace of the product of
normed linear spaces [2]. However, the generality of our result is that it
allows one to consider locally convex linear topological spaces as subspaces of
certain kinds of partially ordered linear spaces. This in turn allows one to
consider the topological convergence as a special kind of convergence defined
in terms of a partial order. It is hoped that this will provide for a unified
treatment of topological and non-topological convergence in linear spaces, at
least in the case of the more important types of convergence which are useful
in analysis.

Finally, we shall prove two theorems showing that there is a connection
between continuous linear operators and functionals and positive linear oper-
ators and functionals in certain cases.

2. Basic definitions

In this paper all linear spaces are assumed to be over the reals and topologies
are assumed to be Hausdorff. A p.o.l. space X is a partially ordered set in
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which the partial order (denoted by <) is consistent with the linear structure
in the following sense: (a)ifz, y,2eX andx < y, thenz 4+ 2 = y + 2;
(b)if xeX and 0 = z and « is a non-negative real number, then 0 < ox.
We will use Greek letters to denote real numbers and will, as usual, use the
same symbol =< to denote inequality between real numbers. We now give
the necessary definitions of convergence in a p.o.l.s. which will be used in
this paper.

DeriniTION 1. A non-empty subset M of a p.o.l.s. X is said to be directed
to 0 if for every z, y e M there exists z ¢ M such that z < x and 2z < y, and if
inf M = 0. When we write inf M/ = 0, this means that 0 < x for all x ¢ M and
ifu < xforallzeM,thenu < 0.

DeriniTiON 2. A net {x,, n e D} of elements from X is said to order con-
verge (o-converge) to 0 if there exists non-empty M C X which is directed to
0 such that for each y e M there exists k ¢ D such that —y = x, < y for all
n > k. More generally, the net {x, , n e D} is said to o-converge to z ¢ X if
the net {x, — x, n e D} o-converges to 0. (See [4, Chap. 2] for a general dis-
cussion of nets.)

DEriniTION 3. A net {x,, n eD} of non-negative elements from X un-
boundedly order converges (uo-converges) to 0 if every bounded net
{4n , n e D}, where 0 < y, < z,, o-converges to 0. A net {y,, n e D} is said

to be bounded if there exists e X such that —u = y, < uforallneD.

DrriNITION 4. An arbitrary net {z, , n e D} uo-converges to 0 if there exists
a net {2, , n e D}, where —z, < z, < 2, (hence, 0 < z,), which uo-converges
to 0. Note that o-convergence implies uo-convergence.

The use of uo-convergence is quite natural as the following two examples
show.

Example 1. If X is the linear space of all real-valued functions defined on
an abstract set @ and the partial order is defined pointwise, then uo-conver-
gence is simply pointwise convergence. Note that in this case uo-convergence
can be topologized. In this example o-convergence and uo-convergence
coincide if and only if Q is a finite set; we emphasize that this refers to con-
vergence of arbitrary nets, because for sequences these types of convergence
coincide even if Q is infinite.

Example 2. Let X be the p.o.ls. of real-valued integrable functions de-
fined on [0, 1]. Here uo-convergence is simply convergence almost every-
where. In this example uo-convergence cannot be topologized (3, pp. 52-54].
In this case o-convergence and uo-convergence do not coincide even for se-
quences.
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3. The main theorems

In the proof of the first theorem we shall use the following lemma.

LemMMA. Let E be a linear space and let p be a semi-norm defined on E.
Now let E(p) be the collection of all ordered pairs (x, N\), where x ¢ E and \ is a
real number. In E(p) we define equality as follows:

(,\) = (y, ) iff plx—y)=un—rN=0,

and the partial order vs defined as follows:
(:I?,)\)é (y,ll«) 7’ﬁ P(x—y)éﬂ—%

Then E(p) 7s a p.o.l.s. in which o-convergence and uo-convergence coincide.
Furthermore, if {x, , n e D} is a net of elements from E, then lim p(x,) = 0 ¢ff
the net {(z,, 0), n e D} o-converges to (0, 0).

Proof. 'The properties of the semi-norm p (i.e., p(z) = 0, p(az) = | a |p(z),
and p(z + y) = p(x) + p(y)) can be applied directly to show that equality
and the partial order as defined in E(p) have the necessary properties and,
hence, E(p) is a p.o.ls.

From the definitions of convergence given above it is clear that if every net
{(zn, M), n e D} of non-negative elements from E(p) which uo-converges to
(0, 0) is eventually bounded, then uo-convergence implies o-convergence and,
hence, they are equivalent. Thus, let {(2, , \x), 7 € D} be a net of non-nega-
tive elements from E(p) which uo-converges to (0,0). Since (0,0) < (2., M),
we have p(2,) £ N\, = 2\, — A\, which means (z,, M) = (0, 2)\,). Now if
we put Yn = xn/(l -+ )\n) and Mo = )\n/(l + )\n)7 then

(0,0) £ (Yn, tn) = (Tu, M) and  (Ya, pn) < (0, 2) for all neD.

Therefore, the net (y, , u.), 7 € D must o-converge to (0, 0).

Before proceeding, let us show that if M C E(p) is non-empty and directed
to (0, 0), then o = inf {5 : (2,7) e M} = 0. Assume the contrary, i.e., that
n = 268 > 0. Hence, there exists (21, m) € M such that 5, < 38. Now if
(Z, ﬂ)EM and (2, 17) = (zla 771), then p(z - 21) Sm—n=8=7—8
which means that (z;,8) < (2,1). Since M is directed to (0, 0), we see that
(21, 8) £ (2, 7) for all (2, n) e M and since inf M = (0, 0), we must have
(21, B) = (0, 0), which is a contradiction because 3 > 0. Hence, by con-
tradiction we have 7, = 0.

Since the net { (¥ , s ), n € D} o-converges to (0, 0), there exists non-empty
M < E(p) which is directed to (0, 0) such that for any (2, ) e M there exists
k e D such that —(2,9) = (Yn, un) = (2,7) foralln > k. In particular, we
may select (2, 7) e M so that n = ; hence, there exists k ¢ D so that

I-"n=>‘n/(1+)\n) éﬂ—é%
(ie., A\, < 1) for alln > k. Therefore, we have (0,0) < (z4,\) = (0,2) forall
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n > k, which means that net {(z,,M\.), 7 ¢ D} is eventually bounded. Hence,
o-convergence and uo-convergence coincide in E(p).

We now wish to prove the last assertion of the lemma. Assume first that
lim p(x,) = 0. Let us define u, = min {p(x,), 1} and then define

M = Sup {pm : m > neD}.

Then set M = {(0, \,) : neD}. It is easily verified that M is directed to
(0, 0). Now if we select any (0, \;) e M, then there exists k ¢ D such that
k> 2and Ay < 1. Therefore, — (0, \;) = (2., 0) =< (0, \;) for all n > k.
Hence, the net {(z,, 0), n e D} o-converges to (0, 0). To prove the con-
verse, let us assume that the net {(x,, 0), neD} o-converges to (0, 0).
Hence, there exists non-empty M C E(p) which is directed to (0, 0) and is
such that for any (z, n) e M there exists k ¢ D such that

_(Z, 7’) = (xn ) O) = (2, 77)
for allm > k. Using the latter inequalities, we have
2p(24) £ (T +2) + p(xn —2) £ (04 1) + (n — 0) = 25

hence, p(z,) < 5 for all n > k. Since inf {y: (2, ) e M} = 0, we have
lim p(z,) = 0, Q.E.D.

Note. If (0,0) < (2,7) e E(p), then (2,7) = (0,29). Hence, in discussing
o-convergence of nets in E(p) it is sufficient to consider only one subset M
which is directed to (0, 0), namely, M = {(0,7) : 9 > 0} < E(p).

TueoreM 1. Let E be a l.c.l.t.s. (the topology is Hausdorff). Then there exists
a p.o.l.s. X and a one-to-one linear mapping © : E — X (into) such that o net
{xn , n e D} of elements from E converges to O with respect to the topology for E
if and only if the net {¢(x.), n e D} of elements from X uo-converges to 0.

Proof. Let P be the family of semi-norms which define the topology for E.
For each p e P let E(p) be the p.ols. constructed as in the above lemma.
We now define X as the direct product of all E(p), where pe P. If X is
partially ordered coordinatewise, then X becomes a p.o.l.s. The mapping
1 : E — X is defined as follows: if z ¢ E, then 7(z) is the element in the direct
product X in which each component has the form (x, 0). The mapping ¢ is
linear and one-to-one since F is a Hausdorff space. Hence, if ze¢ £ and
x # 0, then there exists p ¢ P such that p(z) = 0 so that (z, 0) e E(p) and
{z, 0) = (0,0).

Now let {x,, neD} be a net of elements from E which converges to 0.
This means, of course, that lim p(z,) = O for all p e P. For each n e D and
p € P define \,(p) = p(z,) and then define z, ¢ X as follows: the component
of z, in E(p) is (0, \u(p)). It is clear that —z, < #(x,) = 2, for all neD.
We will now use the fact that lim \,(p) = 0 for all p € P to show that the net
{2., neD} uo-converges to 0eX. To do this we must show that if
{yn , 1 € D} is any bounded net such that 0 < y, =< 2, , then it o-converges to
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0eX. If we write (y.(p), ua(p)) as the component of y, in E(p), then we
can set 8,(p) = sup {un(p) : m > n e D}, where B,(p) < « because the net
{n , n € D} is bounded and, hence, so is the net of components in each E(p).
Since 0 =< ua(p) = M(p) and lim N\, (p) = 0, we must have lim 8,(p) = 0
for all pe P. Now if we define u, e X as that element having component
(0, 28.(p)) in E(p) and define M = {u, : n e D}, then it is readily seen that
M is directed to 0 ¢ X. TUsing the fact that w,(p) = B.(p), we see that

(0,0) = (ya(p), a(p)) = (0, 28.(p))
for all n e D and p e P; hence, 0 < y, < w, for all n e D. Therefore, the net

{4, n e D} o-converges to 0. This in turn proves that the net {z,, n ¢ D}
uo-converges to 0; hence, the net {i(z,), n e D} uo-converges to 0.

Now let {z,, neD} be a net of elements from E such that the net
{2(x,), n e D} uo-converges to 0e X. This in turn means that for each
peP the net {(x,, 0), neD} of elements from E(p) uo-converges to
(0, 0) e E(p). By the above lemma, this means that lim p(z,) = 0 for all
p € P; hence, the net {x, ,n ¢ D} converges to 0 ¢ E with respect to the topology
for E, Q.E.D.

We now wish to show that continuous linear operators on a l.c.l.t.s. £ can
be represented by positive linear operators on X (where E and X are related
as in Theorem 1).

TuEOREM 2. Let E and F be l.c.lt. spaces and let P and Q be the families of
all semi-norms which determine the topologies for E and F, respectively. Let
X and Y be the p.o.l. spaces which are constructed as in the proof of Theorem 1.
Accordingly we obtain linear one-to-one mappings ¢ : E — X and j: F — Y.
Then iof H : E — F s a continuous linear operator, there exists a positive linear
operator T : X — Y such that for each x ¢ E, T(i(z)) = j(H(z)).

Proof. For each q e @ let us select p e P so that ¢(H(z)) =< p(x) for all
xz e E. This is possible since H is continuous. We will regard this selection
as determining a correspondence ¢ : Q@ — P.

Now if z ¢ X, we will define T'(z) € Y as follows: since Y is the direct produect
of all F(q), q € @, we will define the component of 7'(z) in F(q) to be (H(x), \),
where (z, \) is the component of z in E(c(q)).

It follows immediately that 7' is linear. Referring to the proof of Theorem 1
to see how the partial ordering is defined in X and Y and using the definition
of ¢(q), it is easily seen that T is positive. From the definition of the mappings
7 and 7 it follows that T'(¢(z)) = j(H(z)), Q.E.D.

If in Theorem 2 we take F as the real line and define ¥ = F with j as the
identity mapping, then the proof of Theorem 2 can be modified so that it
applies to linear functionals; i.e., if H is a continuous linear functional on E,
then there exists a positive linear functional T on X such that T(:(z)) = H(z).

The following question is open: using the notation of Theorem 2, under what
conditions is it possible to find a continuous linear operator H : E — F such
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that T'(¢(z)) = j(H(x)) for all x ¢ E, where T is a given positive linear
operator mapping X into ¥Y? The following theorem gives a partial answer
to this question in the case where linear functionals are considered.

THEOREM 3. Let E be a l.c.l.t.s. such that the topology for E is determined
by a countable family P = {p1, p2, -+ -} of seminorms. Let X be the p.o.lLs.
constructed from E and P as in the proof of Theorem 1. Then if f is any positive
linear functional defined on X, f(2(-)) is a continuous linear functional defined
on E.

Proof. Referring to the construction of X as given in Theorem 1, we see
that X is the space of sequences of elements (z, , o) € E(p,). If we consider
the subspace X, of sequences with components of the form (0, a.) € E(p.),
then f must be a positive linear functional on X,. This is possible only if

f() =Bias+ -+ + Brou,

where z = {(0, a1), (0, a2), ---} e Xoand 81, ---, B are non-negative real
numbers determined by f.

Now if zeE, N, = pu(x), and z = {(0, M), (0, N2), -} e Xy, then
f(2) 4+ f(e(z)) = 0 and f(z) — f(i(x)) = 0, where the inequalities follow
from the fact that +4(x) < 2. Therefore,

lf(l(x))l éﬁlpx(x) + .- "|‘,3kpk(x) for aller;
hence, f(<(-)) is continuous, Q.E.D.
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