REMARKS ON NONLINEAR FUNCTIONAL EQUATIONS, I

BY
FeLix E. BROWDER!

Introduction

In a series of recent papers, the writer [1]-[13] and G. J. Minty [15]-[17]
have studied nonlinear functional equations in Banach spaces involving

monotone operators, i.e. operators T from a Banach space X to its dual X™
for which

(1) Re (Tu — Tv,u —v) >0

for all w and v in X. A recent theorem of Zarantonello [18] for continuous
bounded operators in Hilbert space obtains similar results for operators T
satisfying the condition

(2) [(Tu — To,u —v) | >cllu—ov]|”

In a preceding paper under the same title [14], the writer generalized and
sharpened Zarantonello’s result to obtain the following theorem:

TaroreM [14]. Let X be a reflexive complex Banach space, X* its dual,
(w, u) the pairing between w in X *and u in X. Let T be a mapping from
X to X* which is demicontinuous [2] (i.e. T s continuous from the strong to-
pology of X to the weak topology of X *).  Suppose that T satisfies both of the
following condistions:

(i) There extsts a continuous real-valued function c(r) on R' with ¢(r) — 4
as r — -+ such that

(3) | (Tw, w) | 2 c(lw Dl vl

for all win X.

(ii) For each N > 0, there exists a continuous increasing real-valued func-
tion kx(r) on R' with ky(0) = 0 such that

(4) | (Tw — To,u —v) | Z kn(lu —o[D]lu—v]

for all w and v in X with ||u || < N, [|[v| < N.
Then T is a one-to-one mapping of X onto X* and has a continuous inverse.

The serious part of the conclusion of this theorem, is of course, that the
range of T is all of X*.

In the present paper, it is our object to extend this result in two significant
directions already considered by the writer in [1]-[13] for monotone operators.

Received April 20, 1964.
1 This research was supported in part by the National Science Foundation, in part by
Army Research Office (Durham), and in part by the Sloan Foundation.

608



REMARKS ON NONLINEAR FUNCTIONAL EQUATIONS, II 609

These directions of extensions consist of the following: First, to admit com-
pletely continuous perturbations of Condition (ii); Second, to allow the
addition to T of a suitably restricted densely defined closed linear operator.
These extensions are based on the following result in finite-dimensional spaces
which is interesting in its own right:

TuroreMm 1. Let F be a finite-dimensional complex Banach space of dimen-
sion >1, F* its dual space. Suppose T is a continuous mapping of F into F*
such that for a given B > 0, (Tw, u) = 0 for all w in F with || w || = R.

Then there exists uo with || wo || < R such that Tuy = 0.

A mapping C of X into X™ is said to be completely continuous if C is con-
tinuous from the weak topology of X to the strong topology of X*. The
first of our basic results is the following:

TurorEM 2. Let X be a reflexive complex Banach space of dimension >1, X*
its dual space, T a demicontinuous mapping of X into X*. Suppose that both
of the following conditions are satisfied:

(i) There exists a continuous real-valued function c(r) on R* with ¢(r) — + o
as r — + o such that

(3) |(Tw, w)| 2 el w Dl %

for all w in X.

(ii) For each N > 0, there exist a continuous increasing real-valued function
kx(r) on R with kxy(0) = 0 and a completely continuous mapping Cy of X into
X* such that for all u,vin X with | u || < N, ||v || < N,

4) [(Tu—To,u—v)| Zks(lu—vDlu—v]—[(Cyu— Cyo,u—0)|.
Then T maps X onto X*.

AppENDUM TO THEOREMS 1 AND 2. If X or F are of dimension 1, Theorems 1
and 2 are no longer true.

For our second general theorem on mappings in Banach spaces, we shal
consider mappings T (possibly nonlinear) whose domain D(T) is a dense
linear subset of X and with range R(T) in X™*.

THEOREM 3. Let X be a reflexive complex Banach space of dimension >1, T
a densely defined mapping from X to X* such that T = L + G, where

(a) @ is a demicontinuous function from X to X™* which carries bounded sets
of X into bounded sets of X*;

(b) L s a closed densely defined linear mapping from X to X * such that if
L* is its adjoint (which is also a closed densely defined linear map from X to
X™), then L™ is the closure of its restriction to D(L) n D(L™).

Suppose that both of the following conditions hold:

(1) There exists a continuous real-valued function c(r) on B with c(r) — +
as r — o such that
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(5) [(Tw, w)| = (|| w D] wll;
for all w in D(T).
(ii) For each N > 0, there exist a continuous tncreasing function ky(r) on

R with ky(0) = 0 and a completely continuous mapping Cy of X into X™* such
that

6) [(Tu—To,u—v)| Zkv(lu—vDfu—v]—[(Cvu—Cxv,u — )]
forallwandvin D(T) with ||u || < N, || v || < N.
Then if R(T) is the range of T, R(T) =
Section 1 is devoted to the proof of Theorem 1, Section 2 contains the proof
of Theorem 2, and Section 3 gives the proof of Theorem 3.
1. Proof of Theorem 1
Let F be a Banach space of finite dimension m > 1. For R > 0, let

SR'_‘{ulueF’llul\:R}’ BR={u|ueF7“u“<R}}

Sz is homeomorphic to a sphere of real dimension (2m — 1) while By is
homeomorphic to a real ball of dimension 2m.

Lemma 1. Let S" be the unit circle in C*, i.e. 8' = {N | NeC", | N| = 1}. Let
s be a continuous mapping of Sy into S where R > 0. If m > 1, s is homotopic
to the constant map s, ; (so(u) = 1 for all u in Sg).

Proof of Lemma 1. If m > 1, Sz is homeomorphic to S where
2m — 1 > 3. The lemma follows from the well-known fact that =;(S") = 0
forj > 1. (Indeed, 7;(8') = m;(R") where R', the universal covering space
of §', is contractible.)

DerINITION. Let f be a continuous mapping of Sg into F such that
f(u) & 0for all uin Sk . Let f* be the mapping of Sk into S given by

) = Rf(w)/|| f(w).
The degree of f on Sr over 0 is defined to be the degree of f* as a mapping of the

(2m — 1)-dimensional sphere Sy into tself.

LEmma 2. (a) If f is the restriction to Sk of a mapping fo of F into F and if
the degree of f on S over 0 is different from zero, then there exists a point u in By
such that fo(ue) =

(b) If f is homotopic to g as mappings of Sz into F — {0}, then the degree
of f on Sg over 0 is equal to the degree of g on Sg over 0.

Proof of Lemma 2. Proof of (b). f* is homotopic to g* as maps of S
into Sg .

Proof of (a). If fo(uw) 5 0 for all w in By, define
fi(w) = fo(tw), 0<t<1
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Then f' = f, f° is the constant map and f is homotopic to f°. Hence the
degree of f on Sk over 0 is zero, contradicting the assumption of (a), Q.E.D.

Proof of Theorem 1. We may assume without loss of generality that F is a
Hilbert space and that F* = F. Hence T is a mapping of F into F such that
(Tu, u) = 0 forueSg.

Let s be the mapping of S into S given by

s(u) = (Tu, W)™ |(Tu, w)[™
(\* = the conjugate of \). Since m > 1, it follows from Lemma 1 that there
exists a homotopy
s 8 X I—8

where I = {t|0 <t < 1}, such that o(%, 0) = 1, ue Sz ;o(u, 1) = s(u).
We define the homotopy

¢: 8 XI—F — {0

by ¢(u,t) = o(u, t)Tu. Then ¢(u,0) = Tu, {(u, 1) = s(u)Tu.
By Lemma 2(b), the degree of T on Sg over 0 is equal to the degree of T'; on
Sk over 0 where Ty 4 = s(u)Tu. For T, we know that

(Tyu, u) = s(u)(Tu, u) = [(Tu,u)] > Co >0
for u e Sk .
We now define the homotopy « of T; with the injection map J of Sg into
F by
a:8Sg XI—F — {0}
alu, t) = (1 — )Tiu + tu.
Indeed for u € Si ,
(a(u, 1), u) = (L = t)(Tru,w) + tllu|’ > el —t) + tR*> 0

so that a(u, t) = 0.

Hence the degree of T on Sk over 0 equals the degree of J on Sg over 0, and
the latter degree equals 1. Hence the degree of T on Sg over 0 equals 1. By
Lemma 2(a), there exists u, in By such that Tu, = 0.

Proof of the Addendum. Ifm = 1,1et F = C" and (w,v) = w™. Iffisa
continuous map of C" into C*, then

[(FO), V] =[O = [FV)]-B
for |[\| = R. Hence
[(FON), M =0
if and only if f(A) #= 0, A e Sk .
We can easily construct an f of this sort violating both Theorems 1 and 2,

namely
)= 1, [N <1

INF, IN] 2> 1L
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2. Proof of Theorem 2

If A is a directed set, {ur ; F e A} a function from A to X or X*, we shall de-
note strong convergence of this function on A to up by

Ur — WU

and weak convergence on A to u, by
Up — U .

Proof of Theorem 2. It suffices to show that 0 ¢ R(T).

We assume that dim (X) > 2. Let A be the directed set of finite-dimen-
sional subspaces F of X of dimension >2, with A ordered by inclusion.

For each F ¢ A, let j» be the injection mapping of F into X, j7 the dual
mapping of X* onto F*. We define the continuous mapping Tr of F into
F* by

Tr = j¥ Tjr.
For ueF,
(Tru, u) = Gy Tru, u) = (Tu, ).

Hence, for all 4 in F
(2.1) (Tru, w)| 2 c(fJwlDu] >0

for || u || = R with R sufficiently large but independent of F in A.
Applying Theorem 1, there exists up in F with || ur | < R such that

Tp' Up = 0.

We choose one such ur for each F in A. Since X is reflexive, each closed ball
in X is weakly compact. Therefore the function {ur : F ¢ A} on the directed
set A has at least one limit point uo in X in the weak topology. We shall show
that Tup = 0.

Let % be an arbitrary element of X. Since dim X > 2, there exists an

element Fy of A such that ¢ Fo. Let F be any element of A such that Fy C F.
Then:

(Tur, u) = (Tur, jru) = (Tpuzr,u) = 0.
Thus
Tup——*O.

Let F1 be an arbitrary element of A. For any F in A such that F;, C F, we
have

22) kel ur — ur, D) ur — ur, | < [(Tur — Tur, , ur — ur,)|
' + [(Cur — Cur, , ur — ur)|-
For the first term on the right side of (2.2),

(Tur — Tur, , ur — ur,) = (Tur, ur — ur,) + (Tur, , ur,) — (Tur, , ur)
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where
(Tup, Ur — upl) = (Tpuy, Up — ’U/p'l) = 0,
and
(T’Uml , ’U/p'l) = (Tp‘ Ury u,l) = 0.
Hence
(2.3) k(|| ur — wr, (DIl wr — ur, |

< |(TuF’1 ) ul")l + |(CuF - C’url , Up — url)'.

Let gz(r) be the continuous increasing function of  on R which is the inverse
function of kx(r)r. Then the inequality (2.3) may be written

(24) |l ur = ur, | < gz(|(Tur, , ur)| + [(Cur — Cur, , ur — ur,)|).
Consider the function s on X given by
(2~5) 8(”) = “ U — Ur, “ - qR(l(Tuh ’ v)' + |(Cv - CuFl » U — ul’l)')-

We consider s restricted to B, the closed ball {u | | « || £ R} in X taken in the
weak topology. We know that |(Tur, ,v)| is continuous in » on B, the mapping

v— Cv — Cup,
is continuous from B to the strong topology on X* and since B is bounded,
[(Cv — Cup, , v — ug,)|
is continuous on B. Since gz is continuous on R’ it follows that
ae(|(Tur, , v)| + [(Cv — Cur, , v — ur,)l)

is continuous in v on B. On the other hand, the function || ¥ — wg, || is lower
semicontinuous in v on B. Hence s(v) is lower semicontinuous in » on B.
On the set {ur ; F e A, F1 C F}, s(v) < 0. Hence s(v) < 0 on the closure of
thissetin B. Since uo lies in this closure, s(u) < 0, i.e.

(26) ” Uo — Ur, ” < qR(I(Tui"l ’ uﬁ)l + |(Cu0 - Cu?l y Uo — uFI)I)’

Given £ > 0, there exists § > 0 such that ¢(r) < e for r < 8. We may
choose F; e A so that for F; D F; we have

I(TuFl ’ uﬁ)l < 5/2-

We may choose such an F; with

[(Cuo — Cur, , uo — ur,)| < 8/2.
Then

a0 — wr, || <e

Thus o lies in the strong closure of the set {ur ; F ¢ A, F; C F} for every F,in
A. Since T is demicontinuous, Tu, lies in the closure of the set

{Tur; FeA Fy C F}
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for every Fyin A. Since Tur — 0, the only point in the intersection of these
closures for all F;in A is 0. Hence Tu, = 0, Q.E.D.
3. Proof of Theorem 3

It suffices to show that 0 ¢ R(T).

By assumption, dim X > 2. Hence dim (D(L)) > 2.

Let A be the directed set consisting of the finite-dimensional subspaces F of
D(L) with dim F > 2, A being ordered by inclusion. As in Section 2, we
define

Ty = jr Tje,
mapping F into F* for each F in A. There exists R > 0 independent of F in A
such that there exists up in F with | ur || < R and
TF Up = O
We again let u, be a weak limit point of the directed set {ur ; F € A}, i.e.
Uy € nFC]. {up : FGA, Fz C F}.
Let F; C F;F,FieA. Then asin Section 2,

(3.1) |ur — ur, || £ @=(|(Tur, , ur)| + [(Cur — Cur, , ur — ur,)|)

and by the same argument as before
(32) [luo — ur, | £ qr([(Tur, , w)| + [(Cuo — Cur, , uo — ur,)|).

We wish to show that for every F, in A, u, lies in the strong closure of the
set,
Kp, = {ur|FeA, F; C F}.

We may find F; in Ky, such that
[(Cug — Cup, y o — ur,)| < 8/2.

Hence it suffices to show that for a suitable F , for every F; in A with F;, C F,
we have
|(Tug, , uo)| < 8/2.

This will be true if uo e D(L) since then uo ¢ F» for some Fz in A and then for

F,C Fy
(Tup, , uo) = (Tp, up, , wo) = 0.

Thus we must show that u e D(L).
For every v in D(L*) n D(L), we have v e F, for some F» in A and for F in A
with F, C F, we have

0= (Tur,v) = (Lur,v) + (Gur,v)
while
(Lug,v) = (ur, L™).
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Thus

|(ur, L*)| = [(Gur, v)| < e |0 |-
Since L* is the closure of its restriction to D(L) n D(L*), it follows that
(3.3) |(ur, L*)] < crll 0]
for all v e D(L¥). Since

|(w, L*)| — e || v |

is weakly continuous in w, it follows from the inequality (3.3) that
(3.4) [(wo, L*)| < erllv ], veD(L¥).

Since L is a closed linear operator from X to X*, uoe D(L). Hence we have
shown that for every Fsin A, uo lies in the strong closure of the set

{uF|FeA,F2CF}.

Let v be any element of D(L) n D(L*), F, an element of A containing v.
For Fin Awith F; C F,

(ur, L*v) = —(Gur,v)
as above. Given ¢ > 0, we may choose F in A with F» C F such that
[ur —w || <
and by the demi-continuity of G,

[(Gur — Guo, v)| < €.
Hence
| (uo L*) 4+ (Guo, v)| < e(1 + | L™ .

Since ¢ is arbitrary, it follows that
(3.5) (o, L*v) = —(Guy, v)

for all v in D(L) n D(L*). Since L* is the closure of its restriction to
D(L) n D(L*) it follows that (3.5) holds for all v in D(L*), and Lus = —Guy,
i.e. Tuo = 0, QE.D.
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