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1. Introduction

It is known that under certain mild set-theoretic assumptions, a finite,
countably additive measure defined on all Borel sets of a metrie space is con-
centrated in a separable subspace (Marczewski and Sikorski [8]). However,
there are interesting probability measures on metric spaces not concentrated
in separable subspaces. In this paper, we consider countably additive prob-
ability measures on the smallest o-field containing the open balls of a metric
space. This o-field is the Borel field for a separable space, but is smaller in
general. A probability measure on it need not be confined to a separable
subspace.

A sequence of such measures will be said to converge weak™ to a Borel meas-
ure if the upper and lower integrals of each bounded continuous real function
converge. Some abstract results on this convergence, similar to those in
Prokhorov [9] for separable metric spaces, will be given in §2.

The rest of the paper deals with “empirical measures” on Kuclidean spaces,
whose study motivated the abstract results and provides an application of
them. Two of the main results of Donsker [3], [4] for measures on the real
line will be generalized to arbitrary FKuclidean spaces. At the same time, his
results are corrected by replacing some integrals, which may not be defined, by
upper and lower integrals.

I discovered after writing most of the rest of this paper that a generalization
of Donsker’s work to multidimensional spaces was proved several years ago by
L. LeCam, who is now revising a paper embodying his results for the Illinois
Journal of Mathematics. I shall try to explain what seem to be the main
differences between our approaches.

While my abstract results in §2 are for metric spaces and guided by those in
Prokhorov [9] for the separable case, LeCam uses a more elaborate abstract
apparatus involving the second dual spaces of topological linear spaces and
nonmetric topologies; the place of upper and lower integrals is taken by
integrals with respect to finitely additive extensions of a measure.

With regard to the more concrete equicontinuity properties of empirical
distribution functions, my approach in §4 below uses a sort of Markov property
for the random empirical measure w, , namely given u,(E) for a set E, the
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values of u, on subsets of E are independent of its values on sets disjoint from
E. LeCam instead lets n be a random variable n( ) with a Poisson dis-
tribution and obtains a random measure with independent values on disjoint
sets.

Acknowledgments. 1 am grateful both to Prof. LeCam for providing the
above information and to V. Strassen for earlier conversations about the
Skorokhod topology, etc.

2. Weak*-convergence in nonseparable metric spaces

Suppose 8 is a measure on a o-field $; in a space S and let F' be any real-
valued function on S. Then the lower integral

[ 76 ase
is defined as the supremum of all integrals
[ 1) as(s)

where f < F on 8, f is §;-measurable, and the integral of f is defined. Simi-
larly, the upper integral
%
[ ras

is defined as the infimum of [ fdg forf > F on S and [ fdg defined. Clearly
[ras<| "ras
for any F. If x4 is the indicator function of a set 4, let
B = [xads, ) = [ xadsy

B+ and B are clearly the usual inner and outer measures for 8.

A Baire set in a topological space is a member of the smallest o-field with
respect to which all continuous functions are measurable. In a metric space,
the Baire sets are precisely the Borel sets. Now if 3, are measures on a
topological space S (not necessarily defined on all Baire sets), and 8 is a Baire
measure on S, we say

Br— B (weak™)

if for every bounded continuous real function F on S,

limf*FdBn= lim *Fd6n= deB.

Let (S, p) be a metric space, and let 8 be the o-field generated by the balls
lyeS:plz,y) <¢
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forany x e Sand ¢ > 0. Let ® be the Borel o-field generated by the open sets
of S. In the cases of interest here, S will be non-separable and & strictly
larger than 8.

Let (€, ] ) be the Banach space of bounded real continuous functions on
S with supremum norm. For any subset 4 of S and ¢ > 0 let

A =[xeS: pla,y) < e forsome yeAl
We need the following well-known fact:

Levuma 1. If F is a continuous real-valued function on a metric space (S, p),
K s a compact subset of S, and ¢ > 0, then there s a & > 0 such that if x ¢ K,
yeS, and p(x, y) < & then

| F(x) — F(y)| < e

Proof. 1If the conclusion is false there are x, e K and y,eS,n = 1,2, ---
with p(x, , y.) < 1/n and

A subsequence of the x, converges to an x ¢ K at which F is not continuous, a
contradiction which completes the proof.

We call a set & of measures on S weak™-precompact if any sequence [8,] of
distinct elements of % has a subsequence which is weak*-convergent (to a Borel
measure on S).

TaeorEM 1. If (S, p) 2s a metric space and X is a set of probability measures
each defined at least on $ in S, then X s wealk ™ -precompact if for every € > 0 there
s a compact set K C S such that for every § > 0,

BIK') 21 —¢
for all but finitely many B e X.

Proof. Note that K’ is a countable union of open balls and hence is in 8.
For each positive integer N, let Ky be a compact set in S such that for any
6> 0,

B(Ky) 21— 1/N
for all but finitely many 8eX. Let {F,}5—1 be a countable set of continuous
functions on S with || F,, || < 1 for all n, uniformly dense on Ky for each N in
the continuous functions F with || F || < 1 (such F, exist since €(Ky) is a

separable Banach space for each N and we can use the Tietze extension
theorem).

Given N and n, let 8 > 0 be such that p(z, y) < 8 and x e Ky imply
| Fu(z) — Fu(y)| < 1/N.
Let 21, -+ -, z, be points of Ky such that for each x ¢ Ky,
plz;,x) <8
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for some j. For 7 = 1,---, r let A; be the set of all zeS such that
p(zi,x) > dfor 7 < jand p(x;, x) < 8. Then the sets A; are disjoint and
belong to 8; if A is their union,

KycC A CK}.

Since A is open, Ky < A for some v > 0, so that 8(A) > 1 — 1/N for all but
finitely many B e X. ILete = 1/N,

G(x) = Fu(z;) — e, zedj,j=1,---,7r
= —1, re¢Ad

H(z) = Fo(z;) + ¢ xed;,j=1,---,r
= 1, Te¢A.

Then G < F, < H, G and H are $-measurable, and
[t =) ds <2+ 2 = 4

for any Be X with B(4) > 1 — .
If {8} is any sequence of distinet elements of &, we can find a subsequence
{Bm,} such that

[ 7. as.,

is convergent for a given n, so that
*
lim sup f F, dB,, — lim f F, dBm, < 4e.
ES

Taking further subsequences and diagonalizing, we can assume this holds
for all n. Letting ¢ tend to zero through some sequence and diagonalizing
again, we get a subsequence {v,} of {8,} such that

*
lim inf | F, dy, = lim sup F, dv,
ES

q—>% q—>®

for all n, so that lim inf and lim sup can be replaced by lim.
Now let F be a bounded continuous function on S with || F || < 1. Given
N, choose n so that

(F — F.)(x)] < 1/N

for all « ¢ Ky ; then this will hold for all z ¢ K for some 8 > 0. Then except
for finitely many 8 e X,

[ras> [ roas—sn,

[ras < [ moas+3w.
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Thus
lim sup f F dv, — lim inf F dve < 6/N.

q—>® q—>%

Since this holds for all N, the limit M (F) defined by

M(F) = hmf F dy, = lim deq
q>® q>®

exists. Then this clearly holds for all F ¢ € without the restriction || F || < 1.
Clearly M is linear on @, M(1) = 1,and M(F) > 0if F > 0. If F,eC and
F, | 0 pointwise, then F,, | 0 uniformly on compact sets. Given F ¢ € with
| Fll <1and

SUpzexy | F(2)] < 1/N,
there is a § > 0 such that

SUpserys | F(2)] < 2/N
so that

M(F) < 3/N.
Thus M (F,) | 0.
Hence there is a nonnegative, countably additive probability measure P on

S such that each F € @ is P-measurable with

M) = [ Fap.

Since § is a metric space, P is a Borel measure on 8. Now v, — P (weak™),
and the proof is complete.

ProrosiTioN 1.  Suppose (S, p) is a complete metric space, a is a finite Borel
measure on S, concenlrated in a separable subspace, the a, are defined on 8,
and a, — o (weak™). Then for any bounded real function F on S which is con-
tinuous almost everywhere with respect to a,

lim F da, = lim F doy, = f F do.

Proof. We can assume that the a, and « are all probability measures and
| F| = 1. Given ¢ > 0, there is a compact set K on which F is continuous
with a(K) > 1 — e. Take § > 0 such that whenever p(z, y) < 6 and z ¢ K,
| F(2) — F(y)| < e.

Let G be F restricted to K. Then by the Tietze extension theorem G can
be extended to a continuous function on all of S with || G| < 1. There is a
v > 0 such that p(z, y) < v and x ¢ K imply

|G(x) — G(y)| < &
we can assume v < 8. Forze K",

| F(2) — G(2)] < 2.
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Let f be a continuous function on S with 0 < f(x) < 1for all z, f(z) = 1 for
zeK, and f(z) = 0 for x ¢ K. Then

ffd%—»ffdaZl-—s
*
so that a.(K") > 1 — 2¢ for n large enough, say n > no. Now

lim | G dan = lim /*Gdan= dea,

n—>0 vk n—>0

lme—me

SfIF—GMaS%

Forn > ny,
f F da, > f (G — 2¢) dap, — an(S ~ K")
* %
> f G da, — 4e,
*
* *
/ F do, < f G da,, + 4e.
Thus
*
lim F da,, = lim / F do, = f F da, Q.E.D.
n—>0 n—>90 *

In proving weak*-precompactness using Theorem 1, the following is useful:
suppose (C, p) is a metric space, let (B, | ||) be the Banach space of all
bounded real-valued functions on C, and for € and 8 > 0 let B} be the set of
all f e B such that for some z, y € C, p(x, y) < dand | f(z) — f(y)| > .

Prorosttion 2. Suppose (C, p) is compact and p, ,n = 1,2, - - -, are prob-
ability measures on the o-field $ in B such that for any € > 0 there are 6 > 0, ng,
and M such that

(k) *(BY) < & for n > mo,
and
wif | fll = M} <e for all n.

Then for any ¢ > 0 there s a compact set K in B, consisting entirely of con-
tinuous functions, such that for any v > 0,

pa(K") 21— ¢
for n sufficiently large.

Proof. We may assume 0 < ¢ < 1. Choose M > 1 such that
palf 2 I 2 MY < &/2
for all n, and form = 1,2, ---, 8 > 0, let

Afn = B€/2m .
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We choose a decreasing sequence {8} of positive numbers satisfying the fol-
lowing two conditions:

(I) If b6 = Bum &/2"™' M, then dpyy < 6,/4 for all m.
(I1) Tor some sequence {no(m)}, (ua)*(A5m) < &/2" for n > ne(m).

Then let A,, = A", Nowif | f|| < M,f¢A;, and p(z, y) > B;, then

e8;/2’ < &z, y)
&B;/2MM — 245

while if p(z, y) < 8, | f(z) — f(y)| < &/2°. Thus for any z, y € C,

(#) | 7@) = 1) | < £ max (1,p<x6,j y>>‘

Let B,, be the set of f ¢ B such that || f || < M and (%) holdsforj = 2, --- | m
and all ¢, y e C. Then

[f(z) — f(y) | £2M <

(#n)x(Bn) 21 — ¢ for n > N = N(m).
Now let K be the set of all g e B such that || g || < M and for all 7,
p(z, y) < 8;/2 implies |g(z) — g(y)| < 3¢/2°.

K is a set of continuous functions, compact by Ascoli’s theorem.

Given a ¥ > 0, choose an integer m > 1 such that ¢/2" < v/2. Let us
show that B, < K. Choose a finite set C, of points of C such that
p(x,y) > 8, for any distinet x, y € Cn , and such that for any z € C, p(x,2) < 6
for some z € C,, (choosing points one by one to satisfy the first condition, we
end with a finite set satisfying the second condition).

IffeBnpandz, yeCy,

| 1@) = 1) | < BB

Let f. be f restricted to C,, . Then f, can be extended to a function ¢ on C
satisfying

for all z, y e C (Czipszer and Geher [2]). We can assume || g || < M. Let us
show that g e K. For j > m, since ¢/2"8, < ¢/2%;,

lg(z) — g(y)| < /2 for p(z,y) <.

TFor 7 < m, given z,yeC with p(z, y) < §;/2, choose Zu, YmeCyn with
o(x, n) < 8n and p(Y, Ym) < 0m . Then

p(Tm 5 Ym) < 82 + 28m < 85,
lg(x) — g < g@) — g(xn)| + [ f(@n) — f(yn)| + 1 9(ym) — g(y)]
< &/2" 4 &/27 4 /2" < 3¢/2°.
Thus ge K. TFinally ||f — ¢l < v since for any z¢C and &, eC, with
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(2, Zm) < Om,

(@) — g(@)| < |f(@) = fl@n)| + | g(@n) — g(x)] < 2¢/2" < .
Thus indeed B, € K7, so that u.(K") > 1 — ¢ for n sufficiently large,
QED.

3. Empirical measures on Euclidean spaces

Let R* be the Cartesian space of ordered k-tuples t = (f, - - -, t) of real
numbers. Suppose u is a Borel probability measure on R*. Let Xy, Xs, - -+,
be independent R*-valued random variables with distribution u; specifically,
let @ be a countably infinite product of probability spaces isomorphic to
(R*, u), with X; as coordinate functions, and call the product measure Pr.
For any t e R*, let 8, be the unit measure at ¢, and let u, be the measure

(5x1+"‘+5x”)/n, n=12"- ..

Then the u, will be called “empirical measures” for . They may be thought
of as approximations to u given by a series of independent trials. Let

B = V/n(pa — 1),

Let H be the Hilbert space L*(R", u). Tor any fi, -+, fme H the multi-
dimensional central limit theorem implies that the joint distribution of

[naw, - [ g
converges as n — o to that of
L(f1)7 Tt L(fm)

where L is a linear map of H into a space of Gaussian random variables with
mean zero and

i) = [ (1= [ra)(o = [oan)an

f,9eH. L is the “centered noise” r.l.f. with spectral measure u as defined in
5, §71.

Givent = {t, --- , tx) e R let A, be the indicator function of the set B ; of
all s ¢ R* such that for each j,

t; <s; <0 or 0<s;<U.

(B, is empty if any {; is zero.)

For k = 1, if u is a nonatomic measure, the celebrated Kolmogorov-Smirnov
theorems give information on the limiting behavior as n — o« of the dis-
tribution of

sup; | n"(By)|
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and related quantities (see e.g. Fortet [6, Chapter 5]). It is not hard to see
that, still for k = 1, the distributions are the same for any nonatomic u on the
half-line t > 0. One approach to the Kolmogorov-Smirnov results is to show
that the limiting distribution is that of

sup; | L(A4)],

and that this is true not only for the supremum but for a large class of other
functionals (Donsker [3], [4]). In this paper I shall extend this last result to
k > 1 although the “invariance principle” no longer holds, i.e. the distribu-
tions depend on what continuous measure p is chosen.

Let J be the space of all bounded real-valued functions f on R* such that for
any teR* f(s) — f(t) if s; T t;forj = 1, .-+, k. Then it is easy to verify
that J is a Banach space with the supremum norm

| £1| = supeerr | F(2)],
and that if Q is any countable dense set in R* and f e J,

IS = supwe | F(D)].

It is clear that the functions V% or V,,
Va(t) = u"(By),

belong to J, and that the set of such functions includes no countable dense sub-
set for the supremum norm, even if a set of zero probability is removed, unless
w is purely atomic.

I want to show that for any real-valued function F on J which is continuous
for the given norm, the limiting distribution of F(u"(B,)) is that of F(L(4,)).
The formulation requires special attention since the distribution of u"(B;)
will in general not be a Borel measure on J, and F may not be measurable for
this distribution, so that F(u"(B;)) will not have a well-defined distribution.
Nevertheless its distribution is defined with increasing precision as n — o
and does approach that of F(L(A,)) in a sense to be explained below.

The functions u"(B;) for k¥ = 1 have only jump discontinuities, and by
introducing the “Skorokhod topology” (Skorokhod [10] and [11], Kolmogorov
[7]) on the space of such functions and considering only functionals F con-
tinuous for this topology, one can avoid the imprecision in the definition of the
distribution of F(u"(B;)) (Prokhorov [9, Theorem 2.4]). The method used
here yields a larger class of functionals and easily implies the results using the
Skorokhod topology. Also, no useful generalization of the Skorokhod to-
pology to functions on R* seems to be known.

Let Q, be as defined in [5, §4], i.e. the set of real-valued functions on R,
continuous except on hyperplanes ¢;=constant having positive g-measure, and
there being continuous from below with limits from above, and with limits at
+o. Then @, C J, and Q, is a separable Banach space.
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Let L or L* be the centered noise r.l.f. with spectral measure u. Then by
[5, Theorem 4.2] the functions
t— L#(At)

may be taken in @, with probability 1. Since (Q., || ||) is a separable
Banach space, and a function in @, is determined, for purposes of membership
in an open ball and hence any set in 8, by its values on any countable dense set
in R, there is a Borel measure a or o on @, such that for any ¢(1), - -,
t(n) e R* the joint probability law of f(#(1)), ---, f((n)), where f has dis-
tribution «, is the same as that of

L(Aww), -+ 5 L(Am).

a can also be regarded as a Borel measure on J since @, is a closed subspace.

Now let a, = o, be the probability distribution of the function
V= u" (B¢ y)inJ forn = 1,2, ---. Then the a, are, under certain mild
assumptions, not definable as (countably additive) Borel measures on J (or
any other space containing all the V%, , with supremum norm). For example,
if p is not purely atomic, oy gives positive measure to an uncountable set 9
such that || f — g || = 1 for any f, g ¢ 0 with f 5 ¢g. If oy had a Borel ex-
tension, we would have a countably additive probability measure on all sub-
sets of 9T (since every subset is closed), giving points measure zero, which is
impossible assuming the continuum hypothesis (Banach and Kuratowski
[n.

What we have, then, is the following: each o, , » = 1, 2, -+ - | is defined by
mapping W, of an n-fold product of R¥s into J, and a, is defined exactly on
those sets A such that W,'(4) is a measurable set in the product.

Here is my main theorem on empirical measures, whose proof will be com-
pleted in §5:

TaeOREM 2. If F is a bounded real-valued function on J, continuous almost
everywhere with respect to o, then

*
lIim F do, = lim F do, = [F do.

n—>00 ¢k n->0
. *
In particular, a, — a (weak™).

For & = 1, Donsker [4] asserts that under the same hypotheses

dean——>dea.

There is not even a measurability assumption on F away from the support of
a, and an examination of his proof indicates that one has only convergence of
upper and lower integrals.

In order to treat unbounded functionals such as the supremum, we have

TaEOREM 3. If F is a real-valued function on J, continuous for the supremum
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norm almost everywhere with respect to o, and b is a real number such that
a(f: F(f) = b) = 0, then

1w @ (f 2 F(f) < b) = limusw (aa)+(f : F(f) < b) = al(f: F(f) <b).

Proof. Weuse Theorem 2. Given ¢ > 0 take continuous functions g and A
from the real line to the unit interval with

g(z) =1, x<b—c¢

g(z) =0, =2>b;

h(z) = 1, z<b

h(z) = 0, x>b+ e
Then we apply Theorem 2 to go F and ho F. Noting that

[ 00 F e < (a)y(F < b) < al(F <b)

*
Sf hoF da, ,

and
f(h—g)OFda—>O as ¢ | 0,

the proof is complete.

Theorem 2 will be proved first for ‘“continuous” measures on the unit cube.
In this case, we have an ‘“equicontinuity” result (Theorem 4, §4) which
implies, using the abstract results in §2, that the o, form a “weak™-precom-
pact” set. The final details and the passage from a general probability meas-
ure on R* to a continuous one on the unit cube will be given in §5.

4, “Equicontinuity”
A measure u on R* will be called continuous if each hyperplane {; = constant
has measure zero. Let C be the unit cube
ft:0<t;<1,5=1,---,k}.
We use the notation of Proposition 2 for this choice of C.

TuaeorREM 4. Suppose u is a continuous Borel probability measure on C.
Then for any ¢ > 0 there is a & > 0 such that

Pr(V,eBl) < e
for all large enough n.

For the proof, we first mention a sort of Markov property of the random
measures u”. Note that u” and u, are functions of each other and of u, and for
a given measurable set E, u"(E) has only finitely many possible values, so that
the definition of conditional probabilities is elementary.
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ProrositioN 3. Given a probability space (S, u) and measurable sets
E;,cFcGcS

Sor finitely many values of i, u"(G) 1s conditionally independent of the u"(E;)
gwen u"(F). The conditional distribution of u.(G ~ F) given that u,(F) = r/n,
and hence also given any consistent values of u.(E,), is exactly that of

(G~ F)

where v 1s u restricted to C ~ F and then mormalized to total mass 1 (or, if
p(C ~F) =0, u,(G@ ~ F) is almost surely zero).

Proof. 1t suffices to show that the conditional distribution of u,(G ~ F),
given nu,(F) = r and given the u,(E,), is as indicated. Taking independent
random variables Xy, - - -, X,, with distribution u defining u, , the conditional
distribution clearly does not depend on which set of r of the X; is included in F.
For a given set, since the u,(F;) are independent of the complementary set,
the conclusion follows by an elementary calculation.

Now to prove Theorem 4 we use induction on k. For k = 1, given p, let
F be its distribution function:

F(z) = u([0, z)).
Let \ be Lebesgue measure on [0, 1) = I,
Wa(t) = N'(By),  Va(t) = u*(Bo).

Then we can put
Vau(t) = Wa(F(1)).

Since F is uniformly continuous, it suffices to prove our assertion where u
is Lebesgue measure. Here, Prokhorov [9, Lemmas 2.8 and 2.9, pp. 209-210
(original), pp. 187-188 (translation)] has proved the following: given 8 > 0,
e>0,s,tel,let A(B, ¢, s, t) be the set of all w e 2 such that

min (| Va(s — B8) — Vu(@®) |, | Va(s + 8) — Va(®) |) 2 e
Then there is a 6 > 0 such that
Pr(weA(B, ¢ s, t) for some B,s, ¢t with |s —¢] < B <3) < e

Now if w¢ A(B, ¢, s, t) whenever |s — t]| < 8 < 4, and there are se I and
8,0 < B < §, such that

| Va(s + B) — V(s — 8) | > 3,

then there is at least one jump of height & or more in the graph of V, between
s — B and s + 8. However, for n > 1/¢, since p, is concentrated in n dis-
tinet points with probability one, the probability of such a jump is zero.
Thus
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P(V,eB3) < ¢

for n > 1/&, and the theorem is proved for k = 1.
Now suppose the conclusion is true for 1, - - - , k — 1. Let Ly, be the cubical
lattice of all points

(rl/2m7 T, Tk/2m>;
r;j=20,1---,2",7=1, ---, k. We put the lexical ordering on L, :
(a’17"')ak><<b1)""bk>

if and only if there is a j such that a; = b; for ¢ < j and a; < b;.

It suffices to prove the theorem inserting the condition that s; = ¢; for all
j > ifor some ¢, say ¢ = k. We can also assume that s and ¢ both belong to Ly,
for some m (of course, § must not depend on m). This shows in particular
that the probability which appears in the theorem is well-defined. Let

Let ¢ > 0 be given. By the result for £ = 1, there is a positive integer M
such that
Pr(gneBifi™) < e/4

forn > Ny = 144/¢".

Forj = 0,1, ---,2" — 1let S; be the slab

32" <t < (5 4+ 1)/2"

We assume M is large enough so that u(S;) < 1 for all j.

By the result for £ — 1 there are a §; > 0 and an N, > 0 such that
Pr (| Va(s) — Va.(t) | > &/2"* for some s,

with |s — t| < ;and s, = #; = 1)
S 8/2M+2

ifn > Ny. Also, thereis a 85, 0 < & < 1", such that if A is an arbitrary

probability measure on a measurable space (S, 3), 4 €3, and AN(4) < &,
then for all »,

Pr (| N(4) | > ¢/2"") < g/2"*
(this follows e.g. from Chebyshev’s inequality). Let
b = min; u(C ~ 8;);
then b > 0 by assumption. Choose 6, > 0 so that
supau{s:a < s < a+ 8} < b6;.

Let 6 = min (8s,8;). We shall show that this § satisfies the desired condition.
For the rest of the proof, not only ¢ and é but m will be fixed, m > M.
Let T'(j, n) be the set of all w such that for some s, { e S;n L ,
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ls —t] <4, si = t; fort < k,
and
|W"(Bsn 8;) — p"(Bin 8;) | 2 ¢/2".

For w e T'(j, n) let s(w) = s(j, n, w) be the least s (lexically) in S; n Ly, for
which a ¢ satisfying the above three conditions exists, and then let {(w) be
the least such t. Let

E = E(, n, o) = {ueC:7/2" < w < s(w)},
and for any se C let

P(S) = (1’82’ ,Sk)-
Then, since § < &,

Pr{| Va(P(s(w))) = Va(P(t(w))) | 2 &/2"7] < &/2"

for any 7 and n (a set defined by a condition on s(w) and ¢(w) will be regarded
as a subset of T'(j, n), their domain of definition).
Let F = F(j, n, w) be the set

(Brw) ~ Brew)) ~ (Biw n S;).

Then F is disjoint from E, and E is determined by F, E = E(F).

The conditional distribution of u"(F) given a value F, of F and given
w"(E) is the same as the conditional distribution of u"(F,) given u"(E(Fy)),
by Proposition 3, since knowing that F = F, in addition yields information
only on values of u, on subsets of E(F,).

Let @ = % (n) be the set of w with (w e T'(j,n) and)

| W (E(j,m, @) | > &/4

for some j. Then for n > Ny, Pr (2(n)) < ¢/4. Let @ = C ~ E and
r = nu(G).
For given values of j, m, n, F and r, the conditional distribution of nu.(F)
is exactly that of »\,.(F), where X is p restricted to G and normalized to mass 1,
by Proposition 3. Since u(F)/u(G) < &,
n“n(F) ,u.(F')
Pr{ ARG
Thus if Q(7, n) is the set of w e I'(j, n) with

npn(F) 1 w(F) M+2
— = = | > /27T,
Ve IR
then Pr (:(j, n)) < /2%
Let N = max (Ny, Ny). We fix n > N and suppress “n’’ in some nota-
tions.
Now note that

Z 8/2M+2

F, r} < g/2M*2
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w(F) = v/n(un(F) — u(F))
\Vr (nun(F) \/;u(p)> ( ru(F) i >
- - M(F) )

VAR (@) Vn (G

and
_mwd) _uw(F) ey w(F)
\/ﬁ ,u(G) \/’n I/»(F) = ;“(‘é)—li (G) = ;‘(a)—u (E)

For w e I'(5) but neither in Q; nor in Qy(5), r < nand u(F)/u(G) < 1" imply

| u"(F) | < 2e/2"7% = ¢/2"",
and hence
| Va(P(t(w))) — Va(P(s(w))) | = e/2"".

If Q4(7) is the set of w e I'(j) for which the latter inequality holds, then since
5 < &,

Pr (2:(5)) < g/2"*".
Thus for each j,

Pr(r() ~ @) < Pr(%a@) + Pr(@()) < /2"
Now if s,teC, |s — t| < 8, and s; = t; for j < k, then V,(s) — V,(t) is
the sum of at most 2¥ terms
1" (Bres.o 0 Sq) — v (Breo 08y)
where for any u e C, f(u, q) € Sq,
B.n8S;= Bru.pnSy,
and for u e L, and m > M, f(u, q) € L,. Thus

[f(s,q) — f(t, )| < 8

for each ¢, and the probability that at least one of the 2" terms exceeds
£/2"*" in absolute value is less than

Pr() + ¢/2 < e.
Thus forn > N,

Pr (| Vau(s) — V.(t) | = efor some s, t e C with s; = {;
forj < kand|s — t| < §)
< &

Forany 5 > Oand s, t e R* with | s — ¢t | < 8, there are u, v ¢ C with |u —v| < 8
and V,(s) = V,.(u), V.(t) = V.(v). Thus the condition s, t e C”’ can be
removed and the proof of Theorem 4 is complete.

5. Proof of Theorem 1

We first complete the proof assuming u is continuous and concentrated in C.
In this case, Theorems 1 and 4 and Proposition 2 show that the measures a,
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on J form a weak™-precompact set. Now suppose
o, — B (weak™)

for some subsequence {a,,} of {a,}. Then for any t*, -- -, t ¢ C the joint
distribution of f(t*), -+, f(t™) for f distributed according to 8 is the same
as for f distributed according to «, by the central limit theorem convergence
mentioned in §3. Thus 8 = «a.

Suppose there is a bounded continuous function F on (J, | ||) and an

& > 0 such that

*

f Fda, — F do|, ‘dea—dean )Ze
*

max (

for an infinite sequence of values of n. Then taking a subsequence n, such
that a,, is weak™ convergent, we have a contradiction. Thus

on — o (weak™).

Applying Proposition 1, §2 the proof for u continuous on C is complete.
The general case of a probability measure on R” is easily reduced to that
of a measure on the cube
—-1<t <1, j=1,--,k,
by the transformation
t; — (2/x) arc tan t;, j=1, -,k

which preserves all the structure we need.
Let E; be the indicator function of the set

fs:—=1<si<tj,j=1,---,k
Then fort; > —1,j =1, -+, k,
At = ZF S(F)Ep(t,r)

where F runs over all finite subsets of (1, ---, k), S(F) = (—1)" where
r =k — ¥(F) and # (F) is the number of elements in #, and P(t, F) = s
with s; = max ({;, 0) for je¢ F and s; = min (¢;, 0) otherwise. Since the
functions ¢ — P(, F) are uniformly continuous for each F, results for the
E,, obtained by an obvious linear transformation, yield corresponding results
for the A;. Thus we have reduced to the case of a measure on C.

In [5, §4] the following was proved: if u is any probability measure on C,
there is a continuous measure » on some rectangular solid

Ci:0< t; <ay, i=1 -k,
and a continuous mapping @ of the closure C; of Cy onto C, of the form

G(tl y T tk) = <G1(t1)’ Tty Gk(tk)>’
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with each @; (weakly) monotone increasing, such that »o G = u. Clearly
we can assume a; = 1, C; = C, and extend each G; to a monotone function
from [0, «) onto itself.

If Xo,n = 1,2, .-+, are independent with distribution » then G(X,)
are independent with distribution g, so we can put

ut =" e G
Forj=1,---,k0<¢ <1, let
Fi(1;) = inf (s : Gi(s) = t;),
and let F(t) = (Fi(h), -+, Fiu(te)).

Now for any j, s;, {; we have G;(s;) < ¢; if and only if s; < F;({;). Thus
A; = As;o Gif and only if F(s) = t, and for any seC,

i) = [ 40) 4w 0) = [ 406G0) a" ()

= /Am(u) dv"(u) = Vi(F(s)).

Now for any continuous function f on C, F*(f) = fo F ¢Q, since F;eQ,
for each j. The map F* : f — fo F is linear with norm one. Since

o = oo (F*)™ and o) — o (weak™),

we have o/, — o (weak™). Then applying Proposition 1 of §2, the proof
of Theorem 2 is complete.

Note. The supremum norm N = | | is an S-measurable function.
Letting se C;if and only if s; < ¢;,7 = 1, - -+ , k, and letting f,(¢) = u"(C)),

it is clear that N (f,) has a well-defined distribution for each n. For k = 1
and p continuous, it was shown by Kolmogorov (see e.g. [6, Chapter 5])
that the limiting distribution of N(f,) as n — « is

Pr(N <z)=K() =142 0(—1) exp (—2%?).
On a k-fold product of real lines for k > 1,
Rk = Hl;=l Rj)

the limiting distribution of N will not be the same for all continuous measures
. However, it will be the same for all product measures

k
b= Hj=1 Ky
where p; 18 continuous on E; for each j. In this case,

p*(C) = Tl ui(Cy),

the u; are independent for different j, and if f; is a function of ¢; only,

NI £ = I NG



126 R. M. DUDLEY

Thus we have a product of n independent random variables with the same
distribution function K. T have not found the distribution of this product.
Although the function(al) S defined by

S(f) = supf(t)
has a simpler limiting distribution for a continuous measure in one dimension,
Pr(S <z) =1—exp(—2)

[6, Chapter 5], the situation is more complicated in several dimensions be-
cause

S(TT5= £i(t))
depends on the infima as well as the suprema of the f; .
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