DIRICHLET SPACES ASSOCIATED WITH INTEGRO-DIFFERENTIAL
OPERATORS. PART I

BY
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0. Introduction

In [3], we studied integro-differential operators and semi-groups connected
with the stable densities of order o, 0 < @ < 2 in R" (n > 2). Given a
bounded domain F, we considered the operator

(0.1) Au(P) = A f w(Q) | PQ [ dQ

and associated with it a Dirichlet space D% which was obtained by completing
the pre-Hilbert space of infinitely differentiable functions with compact sup-
port contained in E using the inner product

(0.2) (u, )% = ——f A% .

Following a valuable suggestion of Beurling we used the theory of Dirichlet
spaces (cf., [1] and [2]) to study (i) potentials, i.e. solutions in D% of — A% u = f
for given f and (ii) positive contraction semi-groups generated by 42 in DY
and other spaces. These semi-groups were associated with the absorbing
barrier a-processes on £. Many of the results in that note were known, but
the theory of Dirichlet spaces provided a method of unexpected simplicity in
deriving them.

This paper is a sequel to that study, and the method of Dirichlet spaces is
now used to derive some new results. We consider the compact region E in
R" (n > 2) and determine extensions of A% which give rise to Dirichlet spaces
containing D% as a subspace. We start by considering the set C*(E) of
functions on E which can be extended so as to be twice continuously differ-
entiable on some open set containing E. We then define an operator B, on
C*(E) in two parts: if P e E

(03)  Bou(P) = A [ w(@[PQIT™dQ + [ u@)w(P, @) dSe
and if P edl

Bau(P) = [ 10(@) — w(P)h(Q, P) dQ

o +2 [ 1@ = u(P)b(P, Q) dSe — a(P)u(P).
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The functions », @ and b are all >0 and b is symmetric in P and @; the precise
conditions are given in Section 1. We then define an inner product

(v, )0 = —f vBau — vBau
E dE
(0.5)

= — [ oBou,
E

where £ is Lebesgue measure in F plus the singular measure of uniform density
one concentrated on dE, the boundary of E. We show that (0.5) reduces to
the symmetric expression (2.7) when v and v are in C*(E). The completion,
D, , of this pre-Hilbert space is shown to be a Dirichlet space with underlying
set B and the measure ¢ described above. The method of Dirichlet spaces
gives a simple means of deriving the basic properties of B, and of constructing
the positive contraction semi-groups generated by B, in the spaces Li(E),
L:(E) and B(E)—the space of essentially bounded functions on E with
respect to the measure £.

In Section 3 we study potentials, i.e. solutions of —B,u = f given suitable
f. If, for example, f ¢ B(E), then a solution u; exists in the sense that there
is a unique wus € D, with (uy, v), = fﬁ of d¢ for all v e D, . If the Laplacian
A in (0.3) is a distribution derivative on the open set E, then — B, u;(P) =
f(P) for P ¢ E in the sense of distributions. The sense in which (0.4) exists
at the boundary when the differentiability of u, is not known is discussed
and (3.52) gives a generalized interpretation of B, at the boundary. This
is analogous to interpreting the normal derivative in some generalized
sense in the case of differential operators. The need for a generalized inter-
pretation arises only when a > 1, because then »(P, ) is not integrable over
E X 0E. When a < 1 this is not the case, and the integral will exist for any
bounded u at least a.e. on K.

The potential equation includes analogues to some classical boundary value
problems: namely, if we give a function f which vanishes on dF, the potential
uy satisfies —B,u; = fin E and (0.4) vanishes on 9FE, at least in some gen-
eralized sense. The latter condition is analogous to the classical boundary
condition on an elliptic differential operator that a linear combination of the
function and its normal derivative vanish on . We do not speak of bound-
ary conditions here, however, for they are included in the very definition of
B, at the boundary.

We consider also in Section 3 the analogue to the Dirichlet problem for the
operator (0.3). We show that given ¢ ¢ C(9E), there exists a function f
which vanishes in £ and whose potential u; coincides with ¢ on dF. Hence
—B,u; = 0 on E and u, has prescribed boundary values on 9E.

For each suitable choice of v, a, and b in (0.3) and (0.4) we get an operator
B, which generates positive contraction semi-groups {7 ; ¢ > 0} continuous
for ¢t > 0 and leading to stochastic processes. These processes are interrelated
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in the same way as the diffusion processes connected with the generalized
differential operators of [4] with different definitions of the operators at the
boundary. We do not attempt, however, to give a probabilistic discussion of
these processes here.

In Section 1 we collect the calculations needed in the sequel; Section 2 is
devoted to the construction of the Dirichlet spaces associated with B, ; in
Section 3 we study solutions of —B,u = f, and finally in Section 4 we discuss
the positive contraction semi-groups generated by B, in several spaces.

It is to be noted that in Section 3 we have not treated the cases o > 1 and
a < 1 separately, even though the proofs often simplify considerably when
a < 1;in fact, some proofs are even unnecessary in this case. But this dis-
tinction at each step would clutter the exposition to such an extent that we
have treated the two cases together whenever possible.

1. Preliminary formulas

In this section we shall establish some formulas needed in the sequel.

We have a bounded domain Ein R” (n > 2). We assume that its boundary
is regular enough that we can apply the divergence theorem, that is, F is a
Greenian domain; in particular, we can define the surface area measure and
speak about the unit outer normal n which exists at almost all points of the
boundary 0E. For example, any domain bounded by a finite number of
regular surfaces would serve our purposes. In the remainder of this section
u and v will denote arbitrary functions which are twice continuously differ-
entiable in some open set containing E, that is, u and v are elements of C*(E).
The parameter o always satisfies 0 < a < 2.

We simply collect here the formulas we shall need without an attempt in
this section to interpret their significance.

Formura A.

A j; w(Q) | PQ "™ dQ = div /; [Vu(@)] | PQ ™ dQ

+ [ w@a/ona | PQ 77 asa,

where ng is the outer unit normal at @ and dS, denotes surface area measure
on dE. Here A and div are taken as distribution derivatives on the open set E.

Proof. Let Iz denote the indicator of E. We know from the theory of
distributions that if 9/0z; is the partial derivative with respect to z, as a
distribution derivative on R", then

(1.1) 9/0x;(ul g *7«2'”‘“) = [3/31;1.(”[’2)]”2—1»-0:'
But
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where cos «; is the 7-th component of the outer unit normal, and 85 is a singular
measure of uniform density one concentrated on the surface S = dE. Thus,
as a distribution on the open set E

v L u(Q) IPQ '2_1‘—.“ dQ = ./;3 {Vu(Q)} IPQ |2-n——a dQ
(1.3)

— [ w(@ne| PQ [ ase.
2
The final result follows from taking the divergence of both sides of (1.3).

Formura B.

_‘/;U(P) din L {qu(Q)} IPQ|2—n-—a dQ dP
= _fw v(P)np - /}; (Vou(Q)} | PQ 7 40 S,

+ [ [ (v50(P)- Vou(@) | PQ 77 aP g,

where the subscripts on the operators V and div indicate the variable with
respect to which the differentiation is performed.

Proof. This formula is an application of the identity,

(14) vadivw= ];Ev(w-n) — fEVv-W,

where n is the outer unit normal.

Formura C.

f,, [ (Ve 0(P)- Vo u(Q)] | PQ 7" dP dQ

= %fEVP v(P)- {fw no[u(Q) — w(P)] | PQ '™ dSo} dP

+3 [ Ve u(P): { [ nelo(@) — o(P1 | PQ [ dSo} dP

— 3 [ [ Vi@ — wPI@ - o(P)}- Ve | PQ [ dP dQ

Proof For simplicity we denote the expression on the left by ®(v, u).
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Then

B(v, u) = vap o(P)- fE{vQ w(Q)} | PQ [ dQ P
(15) - [E Y o(P)- { fa Q) — u(P)lng | PQ dSQ} P

- fE Ve o(P)- {fE [wW(@Q) — uw(P)IVe | PQ [ dQ} ap.
Here we have applied the identity

(1.6) szpW = fw (Y¢)n — fE¢W

to the inner integral in the middle term of (1.5). Since ®(u, v) = ®(v, u),
we have ®(v, u) = L{®(v, u) + ®(u, v)}; this gives the result if we use in
addition the fact that

(1.7) Vol PQT"® = =V | PQ [ "

Formura D.

[ [ Foliu(P) — w(@Io(P) — @)1} V2 | PQ [ dP dg
= [ [ (P) — w(@1u(P) — o(@a/ome | PQ [ Sy dQ

— 0o [ [ (P) — w(@In(P) — w(@)) | PQ ™ aP g,
where
(1.8) Co = a(n + a — 2).
Proof. This is an application of (1.4) with v replaced by
w(P) — w(@)I(P) — v(Q)]

as a function of P for fixed Q, and w replaced by V» | PQ |”"""* The vector
function w in this case has a singularity at P = @, but the formula is still
valid since u and v are continuously differentiable in E. This can be verified
by cutting out a sphere of radius » and center Q. The formula is valid in E
minus the sphere and the result follows on letting » — 0.

Formura E.

fE Ve vo(P) {fw nou(Q) — u(P)1| PQ [ dSo} apP
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+ fE Ve u(P)- {fw no(Q) — o(P)] | PQ [ dSQ} dP
= = [ @rnou(P) - w(@I(P) = o(@)] | PQ [ S dSe

B -[m fE [w(P) — w(@)Iw(P) — »(@)19/0nq | PQ [ dSq dP.

Proof. The left side can be written:

——fw ng- {/; | PQ [ Va([u(P) — w(@)Iw(P) — v(Q)]) dP} dSe .
In the inner integral we use (1.6). Again the singularities do not cause
trouble here because of the differentiability properties of v and ». In addition

to (1.6) we also make use of (1.7).
Now combining (C), (D), and (E) we get

Formura F.

[ [ 190 0(P)- Vout@) | PQ 7 P ag
= —fw fE w(P) — w(@)I(P) — v(Q)19/dng | PQ [ dP dS,
+ % [ [ e w1 Po [ apag

—3 [ [ @eno) | PQITIU(P) — w@I(P) — (@) Sy dSe

The left side of (F) is the second member of the right side of (B). We
now derive another form for the first term on the right of (B).

Formura G.
——f v(P)np- {/ (Vou) | PQ ™ dQ} dSp
OE E
=3 [, [ m(P) = w(@Ib(P) = o(@)(me-n) | PQ 77 dSe dSq

— [ wP) { [ [(Q) — u(P)a/ons | PQ [ dQ} dSs .
Proof. We have

[ 19eu@) 1Pe"a@ = [ W@ - u(P)]| PQ " no S,

- f (Q) — w(P)] Vo | PQ [7 dg.
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Now multiply each side by —npv(P) (in the sense of the inner product) and
integrate over oF using (1.7) plus the fact that

— f v(P)nP~{f u(Q) — u(P)] | PQ ™" "ne dSQ} dSe
JdE dE

=3[ [ (arn)lu(P) — w(@Ib(P) — v(@)] | PQ [ dSr dSa .

Combining (B), (F), and (G):

Formura H.
_fE v(P) divp {fE [Veu(Q)] | PQ ™™ dQ} dP
= —j;E v(P) {fE u(Q) — u(P)ld/omnp | PQ [ dQ} dSp

- f [ w(P) = w(@I(P) — o(Q)1o/0nq | PQ [ dSq dP

+ % [ [ ) - w@Ib(P) - o(@) | PQ | aP dg.
In what follows we use the notation:
m(P, Q) = —d/dng| PQ "¢

= (n+ a — 2)(PQ-ng)/| PQ|"",

where 17(') denotes the vector from P to . Note that

(1.9)

(1.10) fw m(P, Q) dSq = m(P),

where m(P) was the function appearing in [3, formula (3.2)].
Let »(P, Q) be a function measurable on E X dE with respect to the product
of Lebesgue measure on E and the surface area measure on dE; further suppose

(111) w(P) = m(P) = [ »(P,@)aSe 20, ue L(E),
(1.12) wa | PQ | (P, Q) dSe dP < w,
(1.13) v(P,Q) >c>0

for some positive constant ¢. As we have remarked in [3], if « < 1, then
m e L(E); thus (1.13) and (1.11) imply (1.12) in that case, since E is a
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bounded domain. If E is convex, an example is provided by u = O,
»(P, Q) = m(P, Q).

We shall consider an operator B, for each fixed (0 < a < 2) defined at
least on our basic set C*(E) and given by

(114) Bau = A fEu(Q) | PQ " dQ + L w(Q)w(P, Q) dSq .

In fact, for u e C*(K), this reduces to

Bau(P) = div [ [V u(@] | PQI™ @+ [ w(@u(P,Q) dSe

(1.14a) = [ 1a w@1 | P [ dQ

+ fw du/on | PQ "™ dSq — fw u(Q)u(P, Q) dSq ,
where
(1.15) u(P, Q) = m(P, Q) — »(P, Q).

Note that the function on the right of (1.14a) is in L(E); see the proof of
Lemma 3.2 for the details of the verification.
We then have

Formura 1.

_j; vBou = ~/¢;E v(Q) L [’II/(P) —_ u(Q)]y(P’ Q) dP dSQ
+ [ [ w(B) — w@Iu(P) — @)b(P, @) dP as.

+ % fE fE w(P) — w(Q)I(P) — v(Q)]|PQ|™® dP dQ

+ f u(P)o(P)u(P) dP,

where u(P) is defined in (1.11).

Proof. Using the definition of B, along with the formula (H) and (1.15),
we get

—vaBau = —LvdiVL[Vou][PQ‘z_n~adQ

+ fE v(P) fa,, w(Q)u(P, Q) dSq dP.

1 We sketched a preliminary version for o < 1 of this special case in Une application
des espaces de Dirichlet, Faculté des Sciences de Paris, Sém. Potentiel, 1961/62,
Fascicule 1.
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But

/E o(P) dP [a _w(Qu(P, Q) dSq

= [ [ WP) — w@1e(P) — o(@Iu(P, @) dP ds,
+ [ w(Pa(Pu(P) ap

= [ o(P) asq [ w(P) - u(@u(P, @) ap,
which gives the result.

2. The integro-differential operators and associated
Dirichlet spaces

We introduce the measure ¢ which is the Lebesgue measure in E plus the
singular measure of uniform density one concentrated on the surface OE.
Hence if % is continuous on K

(2.1) Lude=[a@ae+ [ w@ ase.

As in Section 1, we shall consider the class C*(E) of restrictions to E of
functions which are twice continuously differentiable in some open set con-
taining . We define an operator B, on C*(E) as follows: for P ¢ E, B, u(P)
is defined by (1.14) and for Q ¢ dE
B.u(@) = [ W(P) — u(@W(P, Q) dP
(2.2) #
+2 [ W(P) = w@B(P, Q) dSs — a(@u(Q),

where a and b are measurable functions on dE and dE X JE respectively and
further satisfy

(2.3) a(@) =20, bP,Q) =0, bPQ) =0bP);
(24) aeL(0F), |PQ|b(P, Q) e L(AE X OF).

We also assume that either

(2.5) a(@)>d>0

for some constant d and @ € dE, or
(2.6) p(P)y>k>0

for some constant k and P e E.
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We shall discuss later the case where neither (2.5) nor (2.6) is satisfied. It
is to be noted that under any circumstances u(P) > 0.

With this definition of B, , it then follows from formula (I) of Section 1
that

“fE”Bau di = fw u(@)(Q)a(Q) dSe
[ [ ) = u@IbP) — QP Q) Sy ase
(2.7) t f [ ) = w(@I(P) = o(QM(P, @) aP as,
+ % [ [ wP) — w@1u(P) - @ PR aP dg

n f,; w(P)o(P)u(P) dP

= (%, 0)a,
where p is defined in (1.11). To get the second term on the right, we note
that the symmetry of b implies
2 [ W@ [ 1@ ~ uP(p, @) ase} as,

(2.8)
- fw fw [w(P) — w(@)]I(P) — v(Q)Ib(P,Q) dSp dSq.

Let us now consider the set C'(E) of restrictions to E of functions con-
tinuously differentiable on some open set containing E. For the class C' (%),
the right side of (2.7) is well defined and using (u, v). as inner product, we
make C"(E) into a pre-Hilbert space. Our aim is now to show that the
completion D, of this space is a Dirichlet space. To this end, we now show
that the three postulates for a Dirichlet space are satisfied.

(i) [1ulde < 4lul.,

where A is a constant and || u ||% = (4, U)a .
Proof. Casel. a(Q) > d > 0. First, we have

1/2
. [l aso <{[ 1uraf " sy

< const. || ]|«,
where S(E) = [oxdSq. Now

(2.10) L]u(P)ldngElu(P) — w(Q)| dP + |u(Q) | V(E),
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where V(E) is the n-dimensional volume of E and @ is an arbitrary point on
dE. Applying Schwarz’s inequality to the right side of (2.10) we get

\1/2
@) [Jup)ap < WP ) - w@r a} + |u@| 7).
Now integrate over dE to obtain
S(E) fE |w(P) | dP

< wEn [ { [ 1ur) - w@)apf " as.
(2.12) + V(B [ 1u(Q)] dse
\1/2
< 8@V@P{ [ [ 1u(P) ~ u(@ F ap asa)

+ V(B | 1@ dse.

Now using (1.13) and (2.9) we get
f_ lu| di < const. { f f |u(P) — w(Q) [%(P, Q) dP dSQ}1/2
E 0E YE
+ V(B [ 1u(@)] dsSe

< const. || % ||«-

Case 2. w(P) > k > 0. The argument is similar to that in Case 1. We
have first

(2.13) [ 1u(P) | P < KV () ulle.
Now let P be any point in E. We have
[ 1@ 1dse < [ (@) = u(P) | aSq + u(P)S(E)

(2.14) < [S(E)]m{/‘w |u(Q) — u(P) | dSQ}llz

+ [u(P) [ S(E).

Now integrate over E to obtain

v [ lu@lase < 5@ [{ [ 1u@ - wp)Pasef ap

+ S(E) [ |u(P) | dP
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<S@VE [ [ Q) - u(P)[! dse aP
+ S(E) fE |u(P) | dP.

Now using (2.13) and (1.13) we get the result again in this case.
(ii) C n D is dense in C and in D, .

Here C denotes the functions continuous on E. The statement is a direct
consequence of the definition of D, as the completion of C*(E) in the norm

(iii) If T is a normalized contraction, then u e D, implies Tw ¢ D, and
[ Tulle <l wfla.

Proof. If TueD,, then clearly || Tu [l« < || % |le, since

| Ter — Too | < |20 — 22|

for any normalized contraction. The only problem is in checking that u ¢ D,
implies Tw ¢ D, > We prove this in three steps.

Step 1. If 3 a constant M such that |u(P) — w(Q)| < M | PQ| for
all P and Q in E, then u ¢ D, .

Proof. This condition certainly assures that (u, ). < «. One has only
to check that u can be approximated in the norm by functions in the pre-
Hilbert space. To achieve this, we can first extend u to a function % on R"
satisfying the same Lipschitz condition as « for all P and @ in R". Then
take B, to be an infinitely differentiable function with support B, , the open
ball of radius 1/n and center at the origin, and satisfying an Bn = 1. The
function B,*% = wu, satisfies the same uniform Lipschitz condition as # and
is infinitely differentiable on R". Furthermore u, — u uniformly on E as
n — «. By dominated convergence it is easily seen that

(U, Un)a — (4, u)e and also || un |2 = (4, u)a.

But this implies that | % — s ||« — 0. Since the restriction of u, to E is in
D, , the result is proven.

Step 2. If w satisfies the condition in Step 1, then TwueD, and
[ Tulla < [l %l

Proof. Clearly |u(P) — w(Q)| £ M |PQ| implies
| Tu(P) — Tuw(Q) | £ M | PQ|,

so the assertion follows directly from Step 1.

2 It is not clear that all functions u for which the expression (u, ). of (2.7) is finite
are in D, . It may be that D, is only a subspace of this larger space.
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Step 3. If u, — w in the norm of D, and u, ¢ C'(E), then for any nor-
malized contraction T, A a subsequence {um;} of {u.} such that Tu,, — Tw
in the norm of D, .

Proof. Case 1. a(Q) > d > 0. If u, — w in the norm of D, , then on
the boundary oF of E, u, — u in the L’ sense with respect to the measure
a(Q) dSq. Thus we have a subsequence {n;} such that {u.,} converges point-
wise a.e. (dSq) on 9E. But u, — wu in the norm of D, also implies that
| un(P) — un(Q) | converges in the L’ sense on E X 9E with respect to the
measure (P, Q) dP dSq. Since »(P, Q) > ¢ > 0, there exists a subsequence
{ma} of {ni} such that {tm,(P) — um,(Q)} converges pointwise a.e. (dP X dSq)
on E X 9E. Combining these two statements, we conclude that {um,,} con-
verges a.e. (dP) on E and a.e. (dSq) on dE.

Now | Tumy — Tu | < | thmy, — % | 80 Tthmy, — Tu pointwise wherever w,, — u
pointwise. Since

[ Tt fle < | oy [l < M,

we have (Tu, Tum, — Tu)e — 0. (Here we use the fact that on any space X
which is the union of a countable family of sets of finite measure, the measure
being denoted by v, if a sequence {f,} in L%(X) with || f, |l < M for all n
converges pointwise to 0 v-a.e., then g ¢ L’ (X) implies fx afndy — 0.)

By dominated convergence, we have also || Tumy ||« = ||Tw |«. The last
two statements combined prove that T'wm, — Tw in the norm of D, . Since
Un € C*(E), Step 2 implies that Tu, is in D, ; thus Tu is also in D, .

Case 2. wu(P) > k > 0. In this case u, — u in D, implies that u, — u
in the Lj sense and we can choose a subsequence {u,,} such that u., — u a.e.
in E. By an argument similar to that in Case 1, we can then choose a subse-
quence {un,} converging a.e. with respect to Lebesgue measure in F and a.e.
(dSg) on dE. The rest of the argument is then the same as in Case 1.

We have now verified that the completion of the differentiable functions
on E with inner product (u, v). given by the right side of (2.7) is a Dirichlet
space. The proof of (iii) would be simpler if one started with the larger pre-
Hilbert space of Lipschitz functions instead of C*. In that case Steps 1 and 2
would be unnecessary, and in Step 3, C'(E) would be replaced by the class
of Lipschitz functions.

We mention briefly the case in which neither (2.5) nor (2.6) is satisfied.
We can then replace —B,u by Ay — Bau with A¢ any positive real number.
Then the right side of (2.7) will have u replaced by u + X = u’ and a re-
placed by @ + N = a’. The conditions (2.5) and (2.6) are then both satis-
fied for p’ and o'.

Note that the space D% considered in [3] is a subspace of D,. Namely,
if we consider the subspace of D, for which »(Q) = 0 on 9E we get DS, .
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3. Potentials in D,
We recall that if f e B(E) there exists a unique element u; € D, such that

(3.1) Lot de = a0

This is true in any Dirichlet space and u; is called the potential of f. There
are other functions giving rise to potentials in D, , for example, if (2.5) holds
and

(32) fa fadSe <

then there exists a unique uy; e D, satisfying (3.1) for all v e D, ; if (2.6)
holds, it suffices to assume

(3.3) fE futdQ < .

In all cases f > 0 implies u; > O.
Before going into additional properties of potentials we recall that

(3.4) fw a(Q) dSe < oo
and
(3.5) [EM(P) dP < .

It is to be noted that (3.5) is automatically satisfied if & < 1; it must be as-
sumed as hypothesis if o > 1.

The first question we ask is: under what conditions does f e B(E), the
space of essentially bounded functions on E with respect to the measure £,
imply that u; e B(E)? The simplest result in this direction is

TavoreM 3.1. If there exists a constant q such that
|f(P) | < g-a(P) on dE and |f(P)| < q-u(P) on E,

then uy exists and is in B(E); in fact

(3.6) [ uslls < g
In particular, if both (2.5) and (2.6) are satisfied and f ¢ B(E), then
(3.7) s lls < [min(k, )7 ([ £ 15

Proof. It is enough to prove the result when f > 0. That u, exists fol-
lows from the fact that the function w = 1 € D, and is the potential of the
function w = u + alse (I, will always denote the indicator of the set A).

Hence,
68 | [

< L|v|y+jw|v|a= (v}, wa < [0lla- 0 a-
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Here we have used the fact that in a Dirichlet space | v | has norm not ex-
ceeding that of v. Also f < gw implies that u; < uye = qu, = ¢. The last
statement is then an immediate consequence of what we have just proved.

In [3] potentials in DY were expressed in terms of a Green’s function G.
so that

(3.9) ul(P) = / Ga(P, Q)F(Q) dQ.

The potentials uj are also potentials in D, , but we must define f properly
on the boundary; in D, we assign uy the value zero on dE. For Q ¢ 9E, we
have

(3.10) ~Bou(Q) = — [ w(P)n(P, Q) aP = (@),

The function f is integrable over dE; in fact, using (1.11),

[ 17@ 1 dse = [ wiPywp) ap
0E E

(3.11)

< [wem®e) = [ 1@ e
Here
(3.11a) u(P)=.£EMI5Q)dSm

Thus u} is the potential of the function which agrees with f on E and with f
ondE. Note, however, that f < 0 on 9E, so that uj is no longer the potential
of a positive function when considered in the larger space D, .

The following theorem expresses potentials in D, in terms of the kernel G, .

TurorEM 3.2. IffeB(E) and u; e B(E), then for P ¢ E
(312) w(P) = (P) + [ 6P, @ [ w(@1(0, @) dsu} de

Proof. Again we may suppose f > 0. The formula (3.12) is meaningful,
since

(3.13) fa _w(@)(Q, Q) dSer < urlam(@)
for @ ¢ E and
(3.14) L&@ﬂM@MQ=I

almost everywhere in E. _
Let g be an arbitrary element of C(E); we have

(’Wf’ug)a = f ugf
(3.15) N

= [wo~ [ w@{[ wrmr,0 dP} 456
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using (3.1) and (3.12). Thus
316) [ wg= [ wf+ [ w(@ { [ wuipynce, @ dP} aSe
E E 2 E
Let the right side of (3.10) be denoted by w; then

@) [wg= [ g+ [ w@ {f WP (P, Q) dP} aSa .

Since

(3.18) [ous= [ 8,
E E

we conclude that

(3.19) fufg = f wyg.
E E

Since g was arbitrary in (&), we must have u; = w a.e.
It is to be noted that (3.12) gives the decomposition of u; into a sum
uy + uy with uy in D% and u} in the orthogonal complement.

Lemma 3.1. If ¢ e B(E), then the function ¢ defined by
(3:20) [ 6P, @6(@)m(@) d@ = w(P)

is bounded and continuous in E.

Proof. The kernel G,(P, @) can be chosen so that for any bounded f the
function defined everywhere by (3.9) is in C(E), and furthermore (3.14) holds
everywhere in E. We shall postpone the proof of this statement until the
end of Section 4. From now on we assume that G, has been chosen in this
way. If ¢ e B(E), ¢ > 0, put ¢ = ¢Ix, where I, is the indicator of a com-
pact subset K, of E. We also assume that as n — «, we have K, T E.
Now let ¥, = G.p.m, and note that

G20 0<uP) —wl®) < o la{[_ e om@aa).

But the monotone convergence of the continuous functions Gulg,m to 1 is
uniform on every compact subset of E by Dini’s theorem. Thus since
¥, e C(E), we conclude ¢ ¢ C(E).

CoROLLARY 3.1. If f e B(E) and us e B(E), then us e C(E).
Proof. This follows from Lemma 3.1, putting ¢ = m ™ (Q)g(Q) where

3'We shall take the usual liberty throughout this paper of referring to elements of
D, as functions rather than equivalence classes of functions.
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0@ = [ u(@mw(Q @) aser .

By (3.13), ¢ ¢ B(E).
Before stating the next lemma we introduce some notations. Let

(22 o) =3 [ o2, ) { [ 6up, @@ @) g ap

for P’ and @ on dE, P’ # @'. We have
(3.23) [ [ 1PQIe(P,@) s dSe < w,
oz Yo

since Go(P, @) < const. | PQ [T
(cf. [3 formula (4.31)]) and

V(Q, QI) < const. I QQ’ |1'—n—-a'
We also define

(3.24) d(P") = [ w(P)w(P, P') ap
E
for P’ ¢ 9E. The existence of uy in D is assured by the condition

/u2m‘1<fu<oo.
E E
We then have

(3.25) fd(P’)dSpf = / us(P)y(P) dP < fEu(P) dP.

LemMA 3.2. Let n e C*(E) ; then n is the potential in Dy of a function f ¢ L(E).
On OE, f 1s given by

JP) = =2 [ (@) = n(Pe(P, @) + b(P', Q)] dSe dSe
(3.26) 2

+ n(P"){a(P") + d(P")}.
Proof. We know that n e D,. Also for P ¢ K, cf. (1.14a),

~Bun = [ (@ u(P, @) aso = [ (an) | PQ 77 dg

3.27 e
(3.27) — [ anson | PQ I ase

= f(P).
To see that f e L(E) we write the first term as

328) [ (@) — PP, @) dSer + 2(PIu(P).
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Both m(P, Q) and »(P, Q) satisfy (1.12). Thus since n e C*(E) and u ¢ L(E)
the right side of (3.27) is in L(F). By direct computation we find that
— B, n coincides with (3.26) on dE. That f e L(dE) follows from (3.23) and
the fact that d ¢ L(dE).

COROLLARY 3.2. Suppose neC*(E) and dn/on = 0 a.e. on 0E. If, in
addzition,

(3.29) f G.(P, Q){ j; _n(Q@)u@, Q) dso'} dQ e DY,

then the function w defined by

(3.30) u(P) = fEGa(P,Q) fw 7(Q")»(Q, Q') dSo'} aQ

when P e E and by uw(P) = n(P) when P e dE, is in D, and s the potential
of the function f equal to zero in E and to (3.26) on 0E. Furthermore,

Ll = [ #P)a(P)) + a(P)) ass
(3.31) ‘

+ [ [ 1n(P) = n(@)Ple(P, Q) + b(P, Q)] dS» dSo .
dE YIE
Proof. By Theorem 3.2 and Lemma 3.2
(3.32) n(P) = u(P) + uy(P),

with f given by (3.27). Since n e C*(E) we have (An)#r’ " % ¢ C(E) and so
uy e Do . Thus u e D, and is the potential of the function described in the
statement of the corollary. Equation (3.31) simply states that

Jurll = [us= [ af

The result of Corollary 3.2 can be viewed as the solution to the “Dirichlet
Problem” for B,. That is, given 7, the function » in (3.30) satisfies

(3.33) —B,u(P) =0 (PeE)
(in the sense of distributions) and w(P) = 5(P) for P ¢ 9E. The kernel
(334) Ku(P, Q) = [ Gu(P,@(Q, @) a@

defined on £ X dF plays the role of the Poisson kernel. The result will be
extended somewhat in the course of this section.

Lemma 3.3. Suppose Py ¢ dF is such that 3 an open neighborhood of Py on
AE where the surface is represented by the n equations x; = fi(ux, +++ Un—) with
fi twice continuously differentiable and the Jacobians

Jk:lafl/aull (7'757{;7.7:1)7”_1)
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are not all 0 at Py. Then a neighborhood N of Py can be chosen so that whenever
N’ and N” are neighborhoods of Py on OE such that N' € N” C N, there exists a
function n satisfying the condition of Lemma 3.2 with n = 1 in N, n = 0 on
CN”, and 0 < 5 < 1 everywhere.

Proof. Let Py = fi(ui, -++ ,us—1). Our hypothesis assures that for some
neighborhood U of (ul, - -+, us—) and some interval | ¢ | < & the equations
(3.35) xi = xi(ul y T, u,,_l) -+ tcos a;(ul AR un_l)

(# = 1,---,n) with cos a; the i-th direction cosine of the outer normal,

defines one and only one point in a neighborhood of Py,. Let S denote the
set of points

(.’1«'1,"' ’x:t)

with (41, -+ ,us—) e U and |¢| < 8. Now let N be a neighborhood of P,,
contained in S n 4K, and let N’ and N” be neighborhoods of P, such that
N' ©c N” © N. If A and B are open subsets of R" such that A n dE = CN”
and B n 9F = N’, we can find a function ¢ which is infinitely differentiable
onR",0<¢<1,¢=00nAd,and$ = 1on B.

To construct 5, we let g be a function on R' satisfying the conditions:
0 < g <1, g is twice continuously differentiable vanishing for || > & for
some &’ < §; also ¢ = 1 in some neighborhood of ¢ = 0. Now define

(336) 17(90; y ax;) = ¢($1, ) xn)g(t)
when (21, -+ ,%,) €S, and
(3.37) 2(P) =0 (P¢R8).

Our assumptions assure that » is twice continuously differentiable on R";
furthermore, d7/dn = ¢g’(0) = 0 on JE, and since 7 agrees with ¢ on 9E, it
assumes the desired values in N.

Lemma 3.4. Suppose that Py is a point on dE satisfying the hypothesis of
Lemma 3.3. If there exists a constant M such that | u(P, Q) | < M, then for
each sufficiently small neighborhood N (Py) of Py on dE, the function u defined by

(3.38) u(P) = fE Go(P, Q) { fN - »(Q, Q") dSa'} daQ

satisfies —Bou = 0 in E and

(3.39) limpoq, u(P) = 1 (Qo ¢ N(Py))
and whenever Qo ¢ N (Po) satisfies the condition of Lemma 3.3,

(3.40) limpaq, u(P) = 0.

Proof. For sufficiently small N, we can construct an n as in Lemma 3.3
so that = 1 on a neighborhood N’ € N and n = 0 outside N. We then
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have
w(P) = [P @) [ n(@)(Q,@) dso d

< w(P) + uj.

But in a sufficiently small neighborhood S(P,) of Py in E, we have n(P) = 1
by the construction in Lemma 3.3. Therefore P ¢ S(P,) implies

OSI——u(P)Suf«.

Our hypothesis implies that f e B(E) and that every point Qe N(Py) is a
regular point in the sense of [3], Lemma 4.8. Hence by that Lemma,
limuy = 0as P — Q,. This proves (3.39).

Similarly, if Qo ¢ N(P,), then 3 a neighborhood S(Q,) in which 5 = 0.
Then (3.41) is replaced by

(341)

(342) 02 [G(PQ [ (@20 @) S d@ + ub.
0
Since N’ is an arbitrary open neighborhood CN, we also have
0> w(P) + u
in 8(Qo). Again, since uy(P) — 0 as P — Qo and u(P) > 0, we have (3.40).

LemMa 3.5.  Let the conditions of Lemma 3.4 hold and suppose that ¢ € B(E)
s continuous at Py ; then

348) tmr, [ 6P, Q) { [ 6@, @) aS0} a0 = o(R).
Proof. Let
Ga)  up) = [ 6ur, @[ 6@@ @) dse}ag
We have
u(P) = 6(Py) = $(PO(P)

(345
: + [ om0 [ 18@) - sPIb(e, @) ase} aq

since

a9) 1= [ aur, Q){ [ @@ dSo'} 49 + u(P).

From p e B(E) it follows that lim ug(P) = 0 as P — P,. If N(P,) is a
neighborhood of Py on 0 in which | ¢(Q') — ¢(Py) | < &, then

1) [ air,{[, 16@) - s(m) 1v@ @) asepaa <&
and by Lemma 3.4 since ¢ ¢ B(dE)
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(348) limpor, [ Gu(P,Q) { [ 1e@) = 6(Py]x@,@) dso'} aQ = o.

This completes the proof.

Lemma 3.5 gives a slightly more general version of the Dirichlet problem
for B,. The function u defined by (3.44) satisfies —B,u = 0 in E and at
points P, of the boundary which are regular in the sense of Lemma 3.4 as well
as points of continuity of ¢, we have lim u(P) = ¢(Py) as P — P,. Without
further assumptions on ¢, however, it is not clear that 4 ¢ D, . On the other
hand, u is certainly bounded by || ¢ ||5 .

Finally, we discuss the sense in which B, u; exists at the boundary of E.
If wu; is not differentiable, it is not clear that the integrals in (2.2) will exist.
Suppose P, is a point satisfying the conditions of Lemma 3.3. Let
S, =N :(Po) be the intersection of an open ball of radius r and center P,
with dE and suppose r small enough that we can find a differentiable function
7. which is 1 on S,, O outside S,,. for some ¢, with 0 < 5 < 1 and
dn;/on = 0 on 0E. Let

(3.49) Uy = fE Ga(P, Q) {fw 1(Q")»(Q, Q') dSo'} Q.

when P ¢ E, and u;(P) = 5;(P) when P ¢ dE. We have

(yua = [ 0t [ 14 [ inie @) da | ase

(350) - [ {r@ + [ @@ @) aa ase

+]

Srte

@) + [u@me, @) g ase.

Thus

(351) Timepo (5, w)e — [ [ (@)@, @) dQ aSer = [ (@) dSer,

T

and for each r > 0, we can write

352) — [ o Bavy = limego (af, up)a — f [ w @@, @) dQ ase.

This gives a generalized version of Bs u; on 9E.
The conditions under which a potential u; e C(E) are not so easy to formu-
late for & > 1, but if @ < 1 we have

Lemma 3.6. Ifa < 1land | u(P, Q) | < M, suppose that the transformation
T, defined by

(353)  Tau(Q) = f w(P)»(P, Q) dP + 2 f _u(P)b(P, Q) S
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takes u e B(E) into Ty u e C(JE); then if a e C(IE), we have
(3.54) feC(dE), us e C(E),
whenever all Py € OF satisfy the condition of Lemma 3.3.

Proof. When a < 1, we have m ¢ L(E) and also » ¢ L(E). Hence, the
integral in (3.53) is defined a.e. for @ ¢ 0E whenever u ¢ B(E). We then
have for any f ¢ B(dE)

(8.55) u;(P) = [Taus(P) + f(P)Tal + a(P)]™

when P ¢ 9F a.e. Our further assumptions on T, assure that u; is actually
continuous when restricted to 0E. But then Lemma 3.1 and Lemma 3.5
imply that u; e C(E).

4. Semi-groups generated by B,

Let us recall (cf., [2, Lemma 3]) that if f is given in L{(E) or in D, , then
for each A > 0, 3 a unique element S\ f minimizing the quadratic functional

(4.1) Fu) = Ml + [ Ju— 5 as
E
Also, w = S, f is the only element in D, such that

(42) (1, v)a + f_ (u — f)vd = 0

whenever v e Li n D,. We then consider the operator Ry = N 'S ; this
may be considered as an operator on any one of the spaces D, , Li(E), or
B(E). In each case, R, is the resolvent of a positive contraction semi-group
{T; ; t > 0}, strongly continuous for ¢ > 0, cf., [2, Section 3]. In addition,
(cf. [3, Corollary 5.1]) we can extend R\ to the space L:(E) and the result
again holds in this space.

We can parallel the results of Section 3 from Lemma 3.2 on, replacing the
operator B, by B, — M and D, by the Dirichlet space D} with norm

(43) ul™)? = [ul + A f o d.

We can regard R, f as the potential of f in D} with respect to the new operator.
The kernel G,(P, @) is replaced by the resolvent kernel G,(P, @; \) which
satisfies

(44)  Gu(P,@;2\) — Gu(P, Q) = —2 f @.(P, 0; M)G.(, Q) dq,

and the function m is replaced by the function m’ = m + X. Thus (3.14)
becomes

(4.5) f GulP, Q; )Im(Q) + N dQ = 1.
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The kernel G.(P, Q; \) has the property that in DY , the transformation

(46) RS(P) = [ 6.(P, @5 0)1(Q) da
is the resolvent transformation of the semi-groups in [3]. For R\ we have
R(P) = [ Gu(P, @ 0)5(@) dQ

+ [eren{[ miene e as)ae

If_ a < 1 and the condition of Lemma 3.6 holds, then R, maps C(E) into
C(E) since

(4.8) R\f(P) = [Ta R\ f(P) + f(P)[Tal + a(P) + N

for P ¢ 8E. In this case, the semi-group would operate in the subspace C(E)
of B(E).

Finally we note that it was shown in [3] that if G.(P, Q) is defined so as
to satisfy [3, Formula (4.31)], then the function defined by (3.9) everywhere
is the continuous representative of the equivalence class uy. We assume from
now on that G,(P, @) has been so determined. A similar argument can be
carried out for G,(P, @; \). Then [3, Formula (4.31)] is replaced by
(4.9) Gu(P, Q;N) = Ku(P, @; N)

4.7

- f Gu(Q, B; M) [ f Ko (P, T; NI TR I'"““dT] dR
for P, Q ¢ E and
(4.10) 0 = Ku(P, Q;N) — fE Ga.(Q, B; N) [ fo . Ku(P, T; V| TR lh"_“dT] dR

for PeR" — E, Q¢ E, where K,(P, @; \) is the Laplace transform of the
symmetric stable density function of order « on R". Thus

(4.11) A fR Ka(P, Q;\) dQ = 1

for all Pe R*. If G.(P, @; ) is now chosen to satisfy (4.9) and (4.10) every-
where, then we have (4.5) holding everywhere, as is shown by integrating
(4.9) and (4.10) over R" with respect to P. In addition (4.4) holds for all
P and @ in E, so (3.14) actually holds everywhere for this determination of
Go(P, Q).
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