SOME RESULTS ON THE LINEAR FRACTIONAL GROUP

BY
Donarp L. McQuiLLAN

1. Introduction

Let T" denote the 2 X 2 modular group, that is the group of 2 X 2 rational
integral matrices of determinant 1 in which a matrix is identified with its
negative. Let I'(n) denote the principal congruence subgroup of level n, that
is the subgroup of I' consisting of all matrices congruent modulo n to =1 where
I is the identity matrix. The factor-group I'/T(n) plays a central role in the
theory of elliptic modular functions of level n in the sense of Klein [6] and
Igusa [5]. If SL(2, n) denotes the group of 2 X 2 matrices of determinant 1
over the ring of integers modulo 7 then the linear fractional group LF (2, n) is
defined to be LF(2, n) = SL(2, n)/=I where I is the identity matrix, and
it is well known [3] that T'/T'(n) = LF(2, n). Since

SL(2, nm) = SL (2, n) X SL(2, m)

when (n, m) = 1 it follows that the study of the linear fractional groups
reduces essentially to the study of those which are of prime power level.
In this paper we consider LF(2, p") where p is an odd prime (cf. [1], [2])
and n > 1. The main results obtained are Theorems 1 and 2 of Section 3
which give, respectively, a set of defining relations for this group and the
structure of the automorphism group. In Section 2 explicit representatives
of the conjugacy classes are obtained and a simple demonstration of the
normal subgroup structure is given (cf. [7]).

For brevity we set H, = LF(2, p*), n = 1, 2, --- , and denote a typical
element by A = (¢ ) or & (a,b,¢,d). Wesets = tr (4) = ==(a + d),
and use h, for the order of H, . It is well known that

b = 50 "6(p")¥ (")

where ¢ is the Euler function and ¢(p") = p"(p + 1). The homomorphism
from H, to H, (n > r) defined by

+ (g g) (mod p") — =% <?: Z) (mod p")

will be denoted by fr . This homomorphism is surjective and the kernel
K? has order p*™™. In particular Kp_y (n > 1) consists of all elements of

H, of the form
1 _|_ xpn—l ypn——l
=+ ( zpn—l 1 . xpn—l
and so is easily seen to be abelian of type (p, p, p) (cf. [2, p. 310]).
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We shall often use ¢ = b instead of a = b (mod p™) where there is no
danger of confusion.
Finally we shall write m > 0 when (m|p) = 1 and m < 0 when (m|p) = —1
where (m|p) is the Legendre symbol.
2. Normal subgroups and conjugacy classes

Proposition 1 (i) and Proposition 2 of this section are straight generaliza-
tions of results of Gierster [1] for H;. In [2] necessary and sufficient con-
ditions were obtained for two elements of H, to be conjugate but explicit
representatives of the conjugacy classes were not given.

The following result will be useful.

Lumma 1. Let N, be the number of solutions of the congruence
Az’ 4+ Bxy + Cy» = D (mod p")
where A, B, C, D are rational integers and D £ 0 (mod p). Then N, = p" "N, '
The elementary proof by induction is omitted.

PropostTion 1. (i) If & — 4 > 0 then A is conjugate to a diagonal
element;
(ii) If & — 4 < 0 then A is conjugate to (0, —1, 1, s).

Proof. (i) Since (a — d)® + 4bc = §* — 4 is a quadratic residue modulo
p, there exists one or two solutions of the congruence

@+ (a—dx—b=0 (modp")
according as ¢ = 0 or ¢ % 0 (mod p). Let = be a solution and

X = +(0, —1, 1, z).
Then
XAX—I = i(dl y —C 0, al)

whered; = d — cxand a; = @ + cx. Since s — 4 = (a; — dy)’ it follows that
a; — dy is a unit mod p" and setting B = (0, —1, 1, —c(dy — 1)) we find
B(di, —¢,0,a,)-B™ = +(a1,0,0, dy).

(ii) It is required to find B = =+(u, v, w, ) in H, such that

BA = +(0, —1,1, s)B.
For this it is sufficient to solve the congruences
= —ya —vc (mod p*), z= —ub—ovd(modp"), 1=ux— vw (modp").
We must therefore find « and v satisfying
'+ (a—dw — b’ =1 (modp").

Since the norm mapping from GF(p)(A/(§ — 4))* to GF(p)* is surjective
(here K* denotes the multiplicative group of the field K) there are ¥(p)
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solutions of this congruence mod p and so by Lemma 1 there are ¢(p") solu-
tions mod p". This completes the proof of the proposition.

We set
D(a) = =+ (g a‘ll), E(s) = :|:<(1) ‘81>

It is clear that there are 1¢(p") — p" ' diagonal elements D(a) with the
property that s — 4 > 0, and that D(a) and D(b) are conjugate if and only
if either a = =+b or £b~". Furthermore D(a) = D(a™") if and only if
@ = —1,ie., (—1|p) = 1. It follows easily that the elements of H, for
which s — 4 > 0 split into 2 [(p — 3) p" " + 1 + (— 1/p)] complete classes
of conjugate elements. Furthermore the normalizer of such a D(a) consists of
all diagonal elements in H, and so has order 3¢(p"); however if (—1/p) = 1
then D(+/—1) is exceptional since its normalizer contains 1¢(p”™) additional
elements of the form =4=(0, b, —b", 0). In a similar fashion, one sees that the
elements of H, for which s — 4 < 0 split into [¢(p") + 1 — (—1/p)] com-
plete classes of conjugate elements. The proof of the proposition also shows
that when s £ 0 the normaliser of E(s) has order 3¢ (p"); however when
s = 0, so that (—1/p) = —1, there are 3y(p") additional elements of the
form +(a, b, —b, a) in the normalizer.
Now let u be a fixed quadratic non-residue modulo p and let

R(t)=:|:<t1 lir), N(t>=i(t1 1im)

wheret = 0,p,2p, -+, (p" — 1)p. These elements have the property that
s — 4 = 0 (mod p), but they do not belong to Ki . Furthermore, no two of
them are conjugate in H,—this is clear from consideration of the traces and
from the fact that f7 (R(#)) and fr (N (7)) are not conjugate in Hy [1]. Now
let C denote the totality of elements A in H, with the property that
& — 4 =0 (modp) but 4 ¢ K. We note that if A = +(a, b, ¢, d) is an
arbitrary member of C, then, by transforming first with £(0, —1, 1, 0) if
necessary, we may assume that b 2 0 (mod p).

ProrosrrioN 2. If A belongs to C then A 1is conjugate in H, to R(s — 2) or
N((s — 2)/u) according asb > 0 or b < 0.

Proof. It is required to find B = =+(y, v, w, =) in H, such that
BA = +(1,7,t,1 + rt)B wherer = loruand { = (s — 2)/r. This yields
the congruences

w=ry(a — 1) + vc] (modp")

x=r"To(d — 1) + yb] (mod p")

l=yz— vw (mod p")
which in turn give

b + (d— a)yp — e =r (mod p").
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A solution of thisis v = 0, y = /(") (mod p"). This completes the proof
of the proposition.

The proof shows that the order of the normalizer of = (1, r, ¢, 1 + rt) is half
the number of solutions of

iy 4+ vty — ' = r (mod p).

By Lemma 1 this order is therefore p” and consequently C splits into 2p™*
complete classes of conjugate elements, each class containing 1¢(p™)¢¥(p")
elements.

It only remains to determine representatives of the conjugacy classes in
K7 . Since K; is normal in H, and K;y; <€ K, 1 < r < n — 1, the set-
theoretic difference K; — K4 splits in H, into complete classes of conjugate
elements. The following matrices belong to this set:

M(w,r) = 2=(1, wp, wup, 1 + wup™)
D(1 4+ wp’) = (1 + wp', 0,0, (1 + wp")™)
where 1 < w = p" " and (w, p) = 1,
P(m,r) = (1, p™, mp™, 1 + mp"**)(1, 9, 0, 1)
Qm, 1) = ==(1, p™, mp™, 1 + mp™*) (1, up', 0, 1)

n—r—1

wherel < m < p

In these expressions, u is, as before, a fixed quadratic non-residue mod p.
We note that 4 (1, p", 0, 1) and 4= (1, up’, 0, 1) are not conjugate in H,, and
therefore no P(m, r) is conjugate in H, to a Q(m,r). In the following proposi-
tion [4] denotes the conjugacy class represented by A.

Prorosition 3. (a) [M(w, r)] = [M(w:, r)] i and only if
w = =w; (mod p"");
[M (w, r)] contains ¢(p™* ") elements.

(b) [P(m, )] = [P(my,r)]if and only if m = my (mod p"~"); [P(m, )]
contains (" )Y (p"") elements. An identical statement holds with P re-
placed by Q. ‘

(¢) DA + wp")] = [D(X + wip")] i and only 4 D(1 + wp’) =
D(1 + wip") or D(1 4+ wyp")™"; [D(1 + wp”)] contains (p"~™") elements.

Proof. (a) If %=(a, b, ¢, d)M(w,r) = M (wy,r)(a,b, ¢, d), then

(1) bwu = cuy (mod p"™")
(i) d(w* — wi)up” = bwyu — cw (mod p" ")
(iii) dw'up” = dw, — aw (mod p™ ")
(iv) cuwip = dw — aw, (mod p™™".

Combining (i) and (ii) gives

dwi(w® — wi)p” = b(wi — w*) (modp™™")
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and therefore if w* — w} 5 0 (mod p"™") then b = 0 (mod p). Combining
(i) and (iv) gives
bwup” = dw'wi' — aw (mod p™")

and using (iii) we get
d(w* — wl) =0 (modp"™").

Consequently if w* — wi = 0 (modp™™") then d = 0 (mod p"™"); but
b= d = 0 (mod p) is impossible and so w’ = w; (mod p""). Since w and
w; are relatively prime to p this implies that w = +w; (mod p"™"). Now using
the above four congruences with w = w; it is clear that ==(a, b, ¢, d) € H, is in
the normalizer of M (w, r) if and only if ¢ = bu, d = a + bwup” (mod p"™")
and o’ + wup'ab — ub® = 1 (mod p""). By Lemma 1 this congruence has
Y(p"™") solutions and using the fact that Kj_, has order p it is seen that the
normaliser of M (w, r) has order 3¢(p"™™). This proves (a).

(b) If +(a,b,c,d)P(m,r) = £P(my,r)(a,b,c, d) then

(1) bmp = ¢(1 + p) (mod p™™)
(i) mp™=d—a (mod p™™")
(iii) (dm — amy)p = emy(1 + p)p™ (mod p"™")

(iv) bmip=c(1+p) + d(1 4+ p)(m —m)p™ (‘mod p"™).
Combining (i) and (iii) gives
d(1 + p)(m — m)p™" = bp(m — m) (mod p"™")
and therefore if m — m; # 0 (mod p* ") then b = 0 (mod p). Combining
(i) and (iii) gives
pa(m — my) = bm’p™® — emy(1 + p)p™  (mod ")

and using (i) we get

7+1

pa(m — my) =c(1 + p)p™" (m — my) (mod p™™").

If m — my % 0 (mod p” ") thena = 0(p). But @ =b = 0 (mod p) is im-
possible.

Using the above four congruences with m = m, shows that +(a, b,c,d) ¢ H,
is in the normalizer of P(m, r) if and only if

¢ = bmp(1 + p)~* (mod p™™), d=a + bmp™ (mod p"™")
and
ok 4+ mpab — mp(1 4+ p)7* = 1 (mod p" 7).

n—7r

By Lemma 1 there are 2p
argument proceeds as in (a).

The proof of (¢) is similar and is omitted.

A simple computation gives p*™™ — p*™ "™ elements in the conjugacy

classes represented by the non-conjugate M(w, r), D(1 + wp"), P(m, r),

solutions of this congruence. The rest of the



SOME RESULTS ON THE LINEAR FRACTIONAL GROUP 29

Q(w, r). But this is exactly the number of elements in the set Ky — Ky, .
This completes the discussion of representatives of the conjugacy classes
of H, .

It has already been remarked (see Section 1), that K,_; is abelian of type
(p, p, p) from which it follows by an easy induction argument, that the order
of any element of K; is a divisor of p""; we shall make use of the fact that
+(1, p’, 0, 1) belongs to K, and has precisely the order p"~". On the other
hand if A does not belong to K1 and m is the order of fi'(A) then (cf. [1])
m=pifs —4=0(modp),m|(p—1)/2ifs"—4>0andm | (p + 1)/2if
m < 0. It follows that the order of A divides p" or 3¢(p") or $¥(p"). More
precise information concerning the order of elements in the set C is given by
the following lemma, which is stated without proof since it is a special case of
a result proved in [2, pp. 316-7].

Lemma 2. If p > 3 then R(t) has order p" and
R = +(1,p"7,0,1).
If p = 3, then R(t) has order 3" if and only if t/3 = 0 or 1 (mod 3) and then
R(O™ = (1, (1 +1/3)3"7, 0, 1).
As a corollary to this lemma and the preceding remarks we can state
Lemma 3. Elements in H, which have order p™ belong to C.

When p > 3 the group H; is simple [1] so that K7 is a maximal normal sub-
group of H,. However, when p = 3, H is just the alternating group of four
letters, and hence the elements of order 2, namely

11
=(i 2)

0 -1 2 1
=0 %) =0

together with the identity form a normal subgroup of order 4, say V,. There-
fore the inverse image of V4 under f7 is a maximal normal subgroup of H, of
order 4.3 and will be denoted by M, .

Lemma 4. Ko_y is the center of Ki . No proper subgroup of K,_; is normal
n H, .

Proof. The group K7 consists of all elements in H, of the form

A = =£(1 + ap, bp, cp, 1 + dp)
where
a, b: cC = 07 1’ 27 Tt p”_l -1 (mOd pn—l)
and
d = (—a+ bep)(1 + ap)™ (mod p"™).

It is easily verified that K,_; is in the center of Ki'. On the other hand, if A
is in the center then A commutes with #(1, p, 0, 1) and (1,0, p, 1). These
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conditions give
b=c=0(modp"?) and a = d (modp"?).
But since d = (—a + bep) (1 + ap)™ (mod p™?) it follows that

a(2 +ap) =0 (modp"?)
and so
a=d=0 (modp"™?).

Therefore A belongs to K7_;. Now if N is a proper subgroup of K,_; which
is normal in H, then the order of N is either p or p* and it splits in H, into
complete conjugacy classes. It is easy to see from Proposition 3, with
r = n — 1, that this is impossible.

ProrosiTioN 4. The set {K;}ro gives all mormal subgroups of H, when
p > 3. When p = 3, there is one other, namely M, . In particular, every
normal subgroup s a characteristic subgroup.

Proof. Let N be normal in H, and suppose first that /7 (H,) = {1} so that
N c K{. We prove by induction that N = K; for some r, 1 < r < n;
the case n = 1isknown. Now if n > 1 and fn_y(N) = {1} then N = K, or
K%_: by the preceding lemma. Otherwise by the induction hypothesis,
fry(N) = K}, 1 <r <n — 2, and therefore N < K| and

N/NnKp,=K™"

We show that N n K,_; = {1} brings a contradiction. In that case by con-
sidering orders it follows that N-Kp_; = K; and N = K;~'. However this
is impossible since by Lemma 4 and a previous remark the maximum order of
elements in N-Kjp_; is p" " while K; contains elements of order p"™". If
p = 3andfi (N) = Vythen N C M, and we prove by inductino that N = M, .
Again the case n = 1 is known. When n > 1 then f3_1(N) = M,_; by the
induction hypothesis and if N n K D K,_, it follows that N = M, . Other-
wise by the preceding part of the proof N n Ki = {1} so that N =~ M,_;.
By comparing orders it is clear that N-Ky = M, ,n = 2 and hence N =~ V,.
However the remarks following Proposition 1 concerning normalizersshow that
this is impossible.

There remains only the possibility that fi(N) = H;. In that case it is
easy to see by induction that N = H,. Indeed the case n = 1 is trivial;
if n > 1 then fn_y(N) = H,_, by the induction hypothesis and if N D K;,_;
then N = H, . Otherwise, by the preceding parts of the proof, N n K7 = {1}
and NnM, = {1} (p = 3), and therefore N =< H, ;. If p 5 3 this is
impossible since R(t) e N for some ¢ and this element has order p”. If p = 3
then clearly N-M = H, and the order of N is 3 by one of the isomorphism
theorems. This is a contradiction. The proof is complete.
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3. The automorphisms of H,
[t is well known that the elements

So = :l:(]., 17 0, 1) and Ty = :I:(O’ —1) 1) 0)

generate H,. The orders of these elements are p" and 2 respectively while
T9Sy = =£(0, —1, 1, 1) has order 3. The following theorem is analogous
to a result for LF (2, GF(p")); we use the notation Z, for the ring of integers
modulo p”.

TrEOREM 1. Let the group G be generated by the elements S and T, which or~
subject to the sole defining relations

(i) =1 T'=1,
.. r—1 s—1
(i) M(rs — 1> M(1 — rs)M <’rs — 1) ME)M(s) =1

where M (a) = TS" and rs — 1 is a unit in Z, ,

(i) ME)YM(s)MwM (—&—.>

rsu —r — Y

- M(@rsu —r — u)M (____sz_&____) =1
rSU — r — U
where rs = su = 1 (mod p) but r = u = s (mod p"*) s excluded.
Then H, s isomorphic to G under the map which sends Sy and Ty to S and
T respectively.

Proof. Taking T = T,, S = S, it is easily verified that the above relations
are consistent. From this it also follows that the theorem is proved if we
show that the order of G is not greater than the order of H,. For clarity
in printing we shall write S(a) for 8*. We first show that the excluded
case in (iii) above follows from (ii). The relation to be verified is

TS(r TS TS(r™) = S(r)TS(™)TS(r)T
or equivalently (by rearrangement)
S(=r)TSHTS(rT = TS )TS(r)TS(—r").
Putting s = —r " in (ii) we obtain

M (1 = ”) MM (l = ’”_l> TMGYME)M (=) = 1

and so our relation is verified if

M <1 - ’“) M(2)M (1 "2”_1) TS(—r)TSG™)TS()T = 1.

However this is verified if we replace » by —r and s by »* in (ii).
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We consider now the following subsets of G:
A = {TS8(x)TS(y)TS(z)} and B = {S(z)TS(y)TS(2)}

where z, y, z run through all members of Z, with the restrictions that y is a
unit and, in the set B, zy = 1 (mod p). It will be shown that 4 u B con-
tains all members of G by proving that A and B are permuted among them-
selves in multiplying on the left by 7" and each S(x). Now TB is contained
in A. A typical member of TA has the form S(z)TS(y)TS(z) and if
2y = 1 (mod p) this belongs to B. If xy — 1is a unit in Z, then taker = —=z

= —yin (ii), solve for S(x)TS(y)T8(z) and obtain this element in the form
of an element of A. Next multiply on the left by S(u), u ¢ 0. The argu-
ment used on TA now applies to S(u)B. Finally consider S(u)A, which
consists of elements of the form

R = S(u)T8(x)TS(y)TS(z).

Ifzy — lisaunitin Z,putr = 1 — ayand s = (1 — y)/(1 — xy) in (ii)
and get

R=S<u— 1‘y)TS(xy-—1)TS(’”+Z"1“W>.
1 —uzy 1 — zy

Again the argument used on 74 shows that R belongs to A u B. Suppose
now that zy — 1 is a non-unit but that ux — 1 is a unit. Then from (ii)
we obtain

TR=S<1“9”
U 1

) TS(ux — 1)TS (Jx:ul + y> TS(2).

Now

ur — 1

(wc—l)(l_"+y>-15—y (mod p)

and is therefore a unit in Z, so that making use of (ii) once more we obtain
TR = S(a)TS(b)TS(c) for some a, b, ¢ with b = y (mod p)

and hence is a unit. It follows that R is in A. Finally suppose that
ur = zy = 1 (mod p). Then from (iii) we obtain

R = T8(a)TS(b)TS(c)

where a is a unit. Hence R is in A.

We have therefore shown that G = A u B. The number of elements in
this union is p™¢(p") + P '¢(p") = P"¢(P")¥(p"). The order of H,
is just half of this while the order of G is a multiple of that of H, and is not
greater than p"¢(p")¢¥(p"). Hence G and H, are isomorphic if two nota-
tionally distinct members of A, say, are equal. This is true of (7'S)* and
(TS8™)® which can be seen by taking »r = 1, s = 0 in (ii). This completes
the proof of the theorem.
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Now the center of H, reduces to the identity and therefore the group I,
of inner automorphisms has order h,, n = 1, 2, ---. Let 4 be once more
a fixed quadratic non-residue modulo p and let U = +(u, 0, 0,1). The
element U does not belong to H, and the map f from H, to H, defined by

f(A) = UAU™

is an outer automorphism with the property that f* belongs to I, . It follows
that
G, =1,ul,f

is a group of automorphisms of order 2k, (cf. [1]).

LemMA 1. If ¢ is an arbitrary automorphism of H, then there is an automor-
phism 7 in G, such that
10(So) = R(t)

ro(To) = =+ (‘c’ g)

where t = 0 (mod p) and ¢ + bt = =1 (mod p").

Proof. Since ¢(S,) has order p” it belongs to C' by Lemma 3 of Section 2 and
hence by Proposition 2 there is an inner automorphism which sends it to
R(t) or N(t). However f(N(t)) = ==(1,%’, u™'t, 1 + ut) and by Proposition
2 again there is an inner automorphism which sends this element to R(ut).
Consequently there is an automorphism p in G, such that ps(S,) = R(¢)
for some ¢ = 0 (mod p). We now prove that there is an integer m with the
property

R(D) ™ps(To) -R()™ = + (g 8)

where ¢ + bt = =41 (mod p"). This is true by a lemma of Hecke [3] when
n = 1 and so we proceed by induction. Since K;_; is a cha@cteristic sub-
group of H, the automorphism po induces an automorphism ps of H,—; and

oo+ S (mod p™™') — R(t) mod p" .

If we now use the induction hypothesis, go back up to H, and recall that an
element of H, of order 2 has trace zero, we get

R po(To) -R(L) = == (fj b )

—1 . . . . . .
where a = 0 (p"), ¢ is a unit mod p”, and r is an integer. Now if v is an

arbitrary integer then
n—1
et 1 ep
R(t) = =+ (0 1 )
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by Lemma 2 of Section 2, where ¢ = =1, and therefore

L R~ <a fa> R = (a — ecop™™ b n—-l>-

c c —a -+ ecvp

We can clearly choose v so that a = ecop™™. If then m = r + vp" " and 4
is the inner automorphism induced by R (%)™ we have

ipo(S0) = R(),  ipa(Th) = % (‘c’ 3)

The relation ¢ + b = =1 (mod p") follows at once from the fact that
1p0(So- T'o) has order 3 so that its trace is +=1. Finally, setting r = 7p, we
obtain the statement in the lemma.

If ¢t = 0 (mod p") then ¢ is identity and so ¢ belongs to G, . Otherwise
suppose ¢ = 0 (mod p”) but ¢ # 0 (mod p’*") where1 < v < n — 1. We set
v(t) = v and make the following

DErFiNITION. An automorphism p of H, will be said to have weight v
it p(So) = R(t), p(Ty) = (0, b, ¢, 0) where ¢ + bt = =1 (mod p"), and
v(t) = o.

ProrositioNn. When p > 5 there are mo automorphisms of H, of weight
n—1(n>1). Whenp = 3 or 5 there are no automorphisms of H, of weight
n—2(n>2).

Proof. Let p be an automorphisms of H, of weight ». The element
A = T¢8o Ty Sy has order 2 when rs = 2 (mod p") (cf. Theorem 1), and
therefore B = p(A) has trace zero. Since

N RO G I GV R oL
t+(¢+1)t 1+("+1>t+<r+2>

(mod &)
it follows easily that tr (B) = (a1t + as£*) (mod #*) where
_20 =1)(" = 4)

m 32 (mod p")
and \ \ \
=D =) (=16 —4) n
&= 1574 + 184 (mod p").

Nowifv(t) =n — 1 (n> 1) thentr (B) = 0 (mod p™) for all units » (mod p")
ifandonlyif p = 3or5. Ifo(t) = n — 2withn > 4, (so that ## = 0 (mod p"))
there are always units » (mod p") such that tr (B) # 0 (mod p") no matter
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what the value of p. Finally whenn = 3, v(¢) = 1 and p = 3 or 5 we have
tr (B) = =pt (mod p’). This completes the proof of the proposition.

CoroLLARY 1. When p > 5 there are no automorphisms of H, of weight v
wherel K v<n—1(n>1). Whenp = 3 or 5 there are no automorphisms
of H, of weight v where 1 < v <n — 2(n > 2).

Proof. Let p be an automorphism of H, of weight » and suppose that p > 5.
Then, since K,¥; is a characteristic subgroup of H,, p induces an auto-
morphism of H,.; which has weight v. This contradicts the proposition.
The statement concerning p = 3 or 5 is proved similarly.

CoroLLARY 2. Aut (H,) = G, when p > 5.

Proof. This is immediate from the previous corollary and Lemma 1.
It only remains to consider the case »(t) = n — 1 when p = 3 or 5. The

conditions ¢ + bt = =+ 1 (mod p") and bc = —1 (mod p”) imply now that
b= —1+tandc =141 We therefore set
B B 0 —1+1
S = R(t) and T—:l:<1+t 0 )

and verify that the assignment S, — S, Ty — T induces an automorphism of
H, . TFor this it is sufficient to verify the relations of Theorem 1. The
following remark will simplify the calculations. We write

M(r) = TS = Mo(r) + tA(r);
here
Moy(r) = Ty St and A(r) = &+ - b(r))
0 020 c(r) d(r)

where b(r) = 1 — Lr(r + 1), ¢(r) = 1 + Lr(r — 1) and d(r) = 3(* +5).
It is clear from this that the terms involving ¢ in M (r) depend only on the
value of » modulo p, except that when p = 3 the term ¢d(r) depends on the
value of » modulo 3°. Let now F(r, s) and L(r, s, u) denote the expressions
on the left in relations (ii) and (iii) respectively of Theorem 1, and Fy(r, s),
Lo(r, s, u) the same expressions with S and T replaced by S, and T .

LEMMA 2. Letw =r,2 = s,andy = u (mod p). Then

(i) F(w,z) = =1 implies F(r,s) = I

(i1) L(w, z,y) = =1 implies L(r, s, u) = %I.

Proof. (1) Let ws = (w — 1)/(wu — 1), wo = 1 — wz, wy =
(u — 1)/(wu — 1), ws = w, ws = w and define r; similarly in terms of r
ands, 1= 1,2, ---,5. Since

1T Mo(wi) = T13a Mo(ri) = %I
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it follows from the remark preceding the lemma that, when p = 5
M (ro) =TT [(Mo(re) + tA(w))]

T2 (Mo(ws) + tA(wd)]

= =+I.

i

When p = 3 we can write
b

H M(ry) = H [Mo(m) + tA(w;) = t(O, 0,0, “ = w>]

=1

since

d(r:) — d(w;) = (r: — wi)/3  (mod 3).

Using the fact that [[5-: Mo(r:) = I[im Mo(w:) = Tt M(w) = =1
we get

;[:I1 M(rs) [Mo(wz) + 1A (w) t<0 0,0, ___3_w_>:|

(M (w:) :I:t(O 0,0, 3“’1)]

Mo(w;) + t<0 0,0, —~3_’“’>:|
(o152

=Fo<w4+tr4;w4, ws+t“—3w5>
S

*.:Jm Clem L3 em Eliiam B

i
3

The proof of (ii) is similar.

Now if 7, s, u satisfy rs = su = 1 (mod p) one can choose w, x, y congruent
respectively to r, s, u (mod p) and satisfying w = y = ™" (mod p*). It
follows from the preceding lemma and the remark made at the beginning of
the proof of Theorem 1 that relation (iii) of that theorem follows from rela-
tion (ii) in the present special case. Now in relation (ii) let rs = d (mod p)
0<d<9p—1,d 1. One can choose w, x congruent respectively to

s (mod p) and satisfying wz = d (mod p"), and then F(w, z) = =+I
will imply F(r, s) = I. When d = 2 the proof of Lemma 1 shows that
F(w,z) = =I. When d = 0 the relation to be verified is

TS"-TS8" = S°TS"T, we =0 (mod p").

However, an easy calculation shows that 7S”-T8* = (TS™-TS™)™" and
this gives the required relation.
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It therefore only remains to verify relation (ii) for d = 3 or 4 when p = 5.
Putting ¥ = 1 — wu (mod 5") the relation can be written

M(k(1 — w))M(k — 1) = [M(k(1 — u))M(w)M(w)] ™
A straightforward calculation yields the following congruences:
(W' 4+ w3 — 2k — 1) =0
w(l — ) =2k (K + Kk —k—1) (mod5)
whk(k* — 1) 4+ 20’k — D)(E + &k + 1)
= —2u(k* — 1)(k + 1) — w'k(k + 3)(k — 1).

Bearing in mind that k = 2 or 3 (mod 5) and w = (1 — k™")u ™" it is a simple
matter to verify that these congruences are satisfied.

Finally, relation (i) is satisfied when p = 5 but when p = 3 we have the
condition ¢/3 = 0 or 1 (mod 3) from Lemma 2 of Section 2. We have proved
the

ProprosiTioN. Whenp = 3 or 5, and v(t) = n — 1 there is an automorphism
of H, which sends

1 1 0 -1+
SotO:i:(t 1+t> and Tot0:|:<1+t 0 >,

with the condition that t/3 = 0 or 1 (mod 3) when p = 3.

Now if p and u are automorphisms of weight » — 1 the cosets G, p and
@G, u are distinct. We can therefore collect our results in

TrHEOREM 2. The order of Aut (H,) s dn hn where h, s the order of H, ,
dy = 2, and, when n > 1,

d,. =2, ifp>05,
=10, o p =5,
=6, op=3n>2
=4, ofp=3n=2
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