RELATIVE DIFFERENCE SETS!

BY
J. E. H. Erriorr axp A. T. Burson

1. Introduction

DEeriniTION 1.1. A set R of k elements in a group G of order mn is a dif-
ference set of G relative to a normal subgroup H of order n % mn if the collection
of differences r — s; 7, se R, r ¥ s contains only the elements of G which are
not in H, and contains every such element exactly d times.

This “relative difference set” will be denoted by R(m, n, k, d). It is to be
understood that R(m, n, k, d) is in a group G of order mn relative to a normal
subgroup H of order n unless the group and normal subgroup are specified
explicitly.

If n = 1, R is an ordinary difference set with parameters (m, k, d), and this
will be denoted by D(m, k, d).

Difference sets in a cyclic group have been studied extensively by such
authors as Marshall Hall [5], E. Lehmer [6], and H. B. Mann [7] to name only
very few, and more recently this concept has been extended to an arbitrary
group by R. H. Bruck [1], H. B. Mann [8], and P. Kesava Menon [10].

The concept of a relative difference set was introduced by A. T. Butson [2].
He considered the cyclic group, and obtained a class of eyclic relative difference
sets. He also gave a necessary condition for the existence of eyclic
R(m,n, k, d).

In this paper, we consider relative difference sets in an arbitrary group.
We first show that the existence of an R(m, n, k d) implies the existence of a
D(m, k, \) where A = nd; and, in this case, the R(m, n, k, d) will be called an
extension of the D(m, k, \).

In Sections 3 and 4, R(p”, p, p", p" ") and R(p*, p*, p™, p"**) are con-
structed in an elementary Abelian p-group, where p is an odd prime. In the
elementary Abelian 2-group, two classes of R(2™, 2, 2, 2" are constructed.
It will be shown in Section 6 that a relative difference set in an elementary
Abelian 2-group is, necessarily, an R(2%, 2°, 2", 2°¥™°), (unless it is an
R(2%, 2, 36, 10)).

For cyclic groups, we are able to enlarge the class described in [2]. We
also show, in direct contrast to the situation in elementary Abelian groups,
that no cyclic R(m, n, m, d), nd = m,n > 1, m > 2, exists.

In Section 7, we prove a “Multiplier Theorem” for relative difference sets.
The proof generalizes H. B. Mann’s proof of Marshall Hall’s ‘“Multiplier
Theorem” for difference sets. In Section 8, further results for multipliers
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are established; and, finally, in Section 9, it is shown that no
R(pF=4—1,t— 1,2t — 1, 1),
extensions of the quadratic residue difference sets, can exist.

2. Preliminary results

TreorEM 2.1. If R is an R(m, n, k, d) and if ¢ is a homomorphism of G
onto o(@) with kernel K & H, then o(R) is an R(m, s, k, td) of ¢(G) relative
to o(H), where n = ts, and t is the order of K.

To see this, let g e G and g ¢ H. Then there exist exactly ¢d pairs r, s ¢ R
such that ¢(g) = o(r) — o(s) ; and, since K C H, o(r) = o(s). If geH
and o(g) = o(r) — o(s) for some 7, s e R, then clearly r = s, and thus the
theorem is proved.

CoroLLARY 2.1.1.  If L is a normal subgroup of G of order t, and L & H, then
the existence of an R(m, n, k, d) implies the existence of an R(m, s, k, td), where
ts = n, in G/L relative to H/L.

This is clear if we let the homomorphism of Theorem 2.1 be the natural map
of G onto G/L.
Due to its importance, the special case in which L = H is stated separately.

CoroLLARY 2.1.2.  The existence of an R(m, n, k, d) tmplies the existence of a
D(m, k, \) in G/H, where A = nd.
Corollary 2.1.2 suggests the following definition.

DErFintTION 2.1. If an R = R(m, n, k, d) maps onto a D(m, k, \) under the
natural map of G onto G/H, and if R # D, then R is called an extension of D.

Thus, in the search for R(m, n, k, d) and in attempting to prove their non-
existence, particular attention is paid to those R(m, n, k, d) which are exten-
sions of well-known D(m, k, \).

It follows immediately from Corollary 2.1.2 that

(2.1) k(k — 1) = (m — 1)nd,
(2.2) k< m.

We may not, however, assume that 2k < m; since, unlike a D(m, k, \), the
complement of an R(m, n, k, d) is not necessarily an R(m’, n’, k', d’). Indeed,
we have the result below.

TaeoreEM 2.2. The complement in G of an R(m, n, k, d), n > 1, 7s an
R(m/,n', k', d") if and only if n = 2 and m = k.

To show this, let R = R( m,n, k,d). If ge@, and g ¢ H, then, for exactly
mn pairs of elements g1, g2 G, g = g1 — go. For exactly k of these pairs
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g1 € R, and for exactly d pairs g1 ¢ R and ¢g; ¢ R. Thus, for exactly k¥ — d pairs
gr1e Rand g, ¢ R. Hence g, ¢ R and g, ¢ R for exactly nm — 2k + d pairs.

If ge H, and g 5 0, then for exactly mn pairs g1, g2 ¢ G, g = g1 — g». For
exactly k of these pairs g1 € R, which implies that ¢, ¢ B; and, for exactly k pairs
g2 € R, which similarly implies that g1 ¢ R. Thusg e H, g 5% 0, can be expressed
as a difference of two elements neither of which is in R, in exactly mn — 2k
ways.

Form = k, and n = 2, therefore, if g ¢ H, g # 0, g cannot be expressed as a
difference of two elements of the complement of R; and if g ¢ H, then g is ex-
pressed as such a difference in mn — 2k + d ways.

Conversely, if the complement of R is an R(m/, n/, k', d’), it must necessarily
be defined relative to the subgroup H, since mn — 2k + d % mn — 2k. There-
fore, mn = 2k. By equation (2.2), m > k, and n > 1; and, thus, n = 2 and
m = k, giving the required result.

IfG@ = {g1, 92, -, gmn}, and if the elements are so arranged that
gi + H = {gi, gitm, " ; Gittn—tim}
forz = 1, 2, ---, m, we may consider the mn X mn incidence matrix A of

R = R(m,n, k, d) defined by a;; = 1,if g; e g; + R, a;; = 0 otherwise. Then
AAT = ATA = kImn + dJmn - d(Im ® Jn))

where I, is the u X w unit matrix, J, the u X u matrix each of whose entries is
one, and ® denotes the left Kronecker product. Thus

(2.3) (det 4)* = K"V (k — nd)™.
This proves the theorem below, which generalizes the known result for a
D(m, k, \).
TueoreMm 2.3. If an R(m, n, k, d) exists, then (1) if m is even, k — nd s a
square; (ii) of m is odd, and n is even, k is a square.
3. Construction of relative difference sets in an elementary
Abelian p-group, where p is an odd prime

The symbol @ will be used to express the direct sum, 4, will denote the
additive group of integers modulo p, and throughout this section, p will be an
odd prime. We will denote by Gy the elementary Abelian p-group of order p”,
with identity 0, whose elements are expressed as N-tuples of elements of 4, .

TueoreM 3.1. Let G = A, ® Gy and let H = A, ® {0}. If the rational
integer a; £ 0 (mod p),fori =1, --- , N, then

R = {(f(n),n);n = (m,ng, -+, ny) eGu},
where f(n) = 23— a: ni (mod p), is an R(p", p, ¥, p" ) of G relative to H.
To obtain this result, let r(n) = (f(n), n), and
(a,9) = (@, g1, ,9n) €@,
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where (a, g) ¢ H. Then (a,g) = r(n + ¢g) — r(n) if and only if
(3.1) a= Y iy {2nig; + agl} (modp).

Now there exists ¢; % 0 (mod p) for some ¢,1 < ¢ < N. Therefore,
choose n;,j =1,---,¢—1,¢+1,--- | N arbitrarily from A,. Since
g: # 0 (mod p), for each such choice, there is a value of n; in 4, satisfying
equation (3.1).

Thus (a, g) can be expressed as a difference of two elements of R in exactly
p" ! ways.

Clearly, no element of H other than the identity can be expressed as such a
difference.

CoroLLARY 3.1.1.  Corresponding to each R(p", p, p", p* ") of the theorem,

there exists an R(p", p, p", ") of G relative to any subgroup of order p.
This result follows immediately from Theorem 2.1.

TaEOREM 3.2. Let G = A, ® A, ® Gow,and H = A, ® A, ® {0}. Let
a; be a quadratic residue modulo p for ¢ = 2,4, --- , 2N, and a quadratic non-
restdue modulo p fori = 1,3, --- ;2N — 1. Then

R = {(f(n),h(n), n);n = (n17 e ;n2N)€G2N},

where f(n) = D s aini (modp) and h(n) = D 1= Mame: (mod p), is an
R™, 0%, p™, 0™ %) of G relative to H.

To obtain this result, let #(n) = (f(n), h(n), n). If (a, b, g) eG, and
(a> b; g) ¢H’ whereg = (gl y T 7g2N) € G2N ) then <a> b’ g) = T(n + g) - T(n)
if and only if

(3.2) a= 2 % {20nigi + aigi} (modp)
and
(3.3) b= ley=1 {geianei + g2i Maic1 + gaic1 g} (mod p).

Some coordinate of ¢ is non-zero, so suppose it is one of the pair gsi1, go: .
Then choose n;,j = 1,2, -+, 2 — 2,2; 4+ 1, ---, 2N, arbitrarily in 4,,.
For each such choice, the conditions of the theorem ensure solutions for 7g;_y
and ny; , unique modulo p, satisfying (3.2) and (3.3). Hence (@, b, ¢) ¢ H can
be expressed as a difference of two elements of R in p™ > ways, and (a, b, 0)
clearly cannot be so expressed unless ¢ = b = 0, completing the proof of this
theorem.

Theorem 2.1 immediately implies the following corollaries.

CoROLLARY 3.2.1. The set
R = {(h(n), n);n e Gon}
isan R(p™, p, o™, p™ ') in A, ® Gay relative to A, © {0}.
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COROLLARY 3.2.2. There exist R(p™, p°, p™™, p ") inAd, ® A, ® Gu
relative to any subgroup of order p’, and there exist R(p™, p, p™", p™ ) in
A, ® Gy relative to any subgroup of order p.

Relative difference sets similar to those of Corollary 3.2.1 may be constructed
in A, ® Govy1. This result is stated in the theorem below, the proof of which
is entirely similar to that of Theorem 3.1.

THEOREM 3.3. Let G = Ay @ Gowyr, and let H = A, @ {0}; then

R = {(f(n),n);n = (1, -, nowy1) € Ganya},
where

f(n) = Z';V=1 (Mgiz1 Mas +, n§N+1) (mod p),
is an R(p™ 1, p, ™1, p™) of G relative to H.

Again, appropriate isomorphisms give R(p™ ™, p, p™ 7, p™)

any subgroup of order p.

of @ relative to

4. Construction of relative difference sets in an elementary
Abelian 2-group

In this section, Ky will denote the elementary Abelian 2-group of order 2
whose elements are N-tuples of elements of 4, , the additive group of integers
modulo 2. The identity of Ky will be denoted by 0.

TaHEOREM 4.1. Let G = Ay @ Kow, H = 4, ® {0}, and
M={g= (g1, ,gw)eKmw; 2 i%gi=0 or 1 (mod4)}.
Then
R =1{(0,9);9eM}u{(l,9);9€Kuw,ge¢M}

isan R(2™, 2, 2™, 2™Y) of G relative to H.

To prove this, it is first noted that M is a Menon

D(22N 22N—1 :|: 2N—l 22N—2 :i: 2N—1)
[10]. The complement of M in K.y is, therefore, a
D(22N 22N—1 == 21\7—1 22N—2 :F 2N—1).

Thus, if (0,9) € G, g 5 0, then (0, ¢) = (0,a) — (0,b), for exactly 2*" 4 27!
pairs of elements ae M, beM; and (0, g) = (1, a) — (1, b) for exactly
2™ £ 2" pairsa ¢ M, b ¢ M. Hence (0, g), where g > 0, can be expressed
as a difference of two elements of R in exactly 2" ways.

However, g = a — b for exactly 2" =+ 2" pairs a, b where a ¢ M and
b e Koy, and for exactly 2V & 2" of these pairs, b e M ; thus, for exactly
2% pairs ae M, b¢M. Similarly, for exactly 2" pairs a¢ M, b e M.
Hence (1, ), g = 0, is expressed as a difference of two elements of R in 2
ways.
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Clearly, (1, 0) cannot be so expressed, and thus the proof of Theorem 4.1 is
completed.
We have also the following R(2%, 2, 2°, 22¥71),

TaeorEM 4.2. IfG = Ay & Koy, and H = A, & {0}, then
R ={(h(n),n)eG;n = (ny, -, noy) € Kon}
where h(n) = Y i— Naiy ng: (mod 2), s an R(2%, 2, 2%, 227Y) of G relative
to H.

To see this, let 7(n) = (h(n), n), and choose (a, g) ¢G, g = 0. Then
(a,g9) = r(n + ¢g) — r(n) if and only if

a = ley=1 {goic1Mas + goi Moiy + goim1 ges}  (mod 2).
The proof then proceeds similarly to the proof of Theorem 3.1.

CoROLLARY 4.2.1. The complements of the relative difference sets of Theorems
4.1 and 4.2 are relative difference sets.

5. Construction of cyclic relative difference sets

In [2] a class of cyclic relative difference sets was constructed with param-
eters ((p" — 1)/(p — 1), (p — 1), p" ™, p™*), where p is a prime. This
result generalizes to a power of a prime. These relative difference sets are con-
structed from maximal length linearly recurring sequences [11].

TueorEM 5.1.  For each m-sequence over a field of ¢ = p° elements, there exists
a cyclic
R(" = 1)/(g=1),0—1,¢7, ¢,
where ¢¥ — 1 s the period of the m- sequence.

The proof proceeds exactly as for [2]. If {a:; ;¢ = 0,1, - - -} s the given m-se-
quence, then {1;0 < 1 < ¢" — 1, a; = 1} s the derived difference set in the group
of additive integers modulo (¢ — 1).

COROLLARY 5.1.1.  There exist cyclic R((¢" — 1)/(q¢ — 1), n, ¢" %, ¢" " d),
where nd = ¢ — 1.

This follows from Theorem 2.1.

6. Non-existence

Any relative difference set in an elementary Abelian 2-group is obviously an
extension of a difference set also in an elementary Abelian 2-group. It hasbeen
shown by H. B. Mann [9, Theorem 7.1] that such difference sets have either the
parameters of the Menon difference sets, or else they are trivial difference sets:
that is, the D(m, k, \) in an elementary Abelian 2-group are

(a) D(22N, 22N—-1 4+ 2N—1, 22N—2 + 2N—l),
(b) D(zN, 2N - 17 2N - 2))
or (¢) D(2V,2",2").
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We now show that the Menon difference sets have no extensions in an ele-
mentary Abelian 2-group, with the possible exception of D(2° 36, 20) ; and,
further, if any relative difference set does exist in an elementary Abelian
2-group, it is necessarily an R(2™, 2°, 2°¥, 2"™°) (again with the possible ex-
ception of R(2%, 2, 36,10)). This result is stated in the theorem below, which
is proved in several lemmas.

TuEOREM 6.1. In an elementary Abelian 2-group no R(m, n, k, d) can exist
other than an R(2™, 2°, 2, 2°V7°), except possibly an R(2°, 2, 36, 10).

LemMa 6.1.1.  The D(2, 227" 4 2% 22% L 2") have no extensions in
an elementary Abelian 2-group, unless that extension is an R(2°, 2, 36, 10).

To prove Lemma 6.1.1, suppose that such an extension does exist. Theorem
2.1 then implies the existence of an extension

R — R(22N, 2, 22N—1 + 2N—-1, 22N—-3 + 2N—2)

in an elementary Abelian 2-group, G. The elements of G may be expressed as
(2N + 1)-tuples of ones and zeros; and, since any subgroup of order 2 may be
mapped isomorphically onto {(z, 0, --- , 0) e G; 7 = 0, 1}, it may be assumed
that this set is H.

Let ¢t be the number of elements of R with first coordinate one. Counting
the number of differences of elements of B of the form (1, gz, « - - , gant1) yields
the equation

22 £ 2V — ) = (2% — (@ x 2",
Solving for ¢ we obtain
2% = 221\’—1 + 2N——1 + \/(22N—1 + 2N-—l).

Therefore (27 =+ 1) = 2°, where x is a rational integer. Since N > 3,
2" — 1 = 2’ yields an impossibility for 2* # —1 (mod 4).

Now consider 2¥ 4+ 1 = 2°. Thenz + 1 and z — 1 are two positive integers
differing by 2, and are both powers of 2. This is possible only if x = 3 and
N = 3. Thus no extension of a D(2*, 2" 4+ 2% 2% 1 9%™) other than
a D(2°, 36, 20) exists in an elementary Abelian 2-group.

To complete the proof of the lemma, we note that if an R(m,n, k, d) exists in
an elementary Abelian 2-group, then n must be a power of two. Since
g = r — v’ implies that ¢ = " — r, d must necessarily be even. This shows
that the only possible extension of a D(2°, 36, 20) is an R(2’, 2, 36, 10), com-
pleting the proof of Lemma 6.1.1. It also proves the following lemma.

Lemma 6.1.2. In an elementary Abelian 2-group, mo extension of a
D(2", 2" — 1, 2" — 2) can exist.

To complete the proof of Theorem 6.1, we need only to prove the following
lemma.
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LeEmMA 6.1.3. If an extension R of a D(2", 2V, 2") exists in an elementary
Abelian 2-group G, then N is even.

To see this, it is first noted that the existence of R implies, by Theorem 2.1,
the existence also of an R(2Y, 2, 2%, 2"") in an elementary Abelian 2-group.
We may, therefore, assume that this is R. Expressing the elements of G as
(N + 1)-tuples of ones and zeros, it may be assumed, again by Theorem 2.1,
that H = {(4,0,0, --- , 0); 7 = 0, 1}. Let ¢ be the number of elements
of R with first coordinate 1. Counting the number of ways in which ele-
ments of G with first coordinate 1 can be expressed as a difference of two
elements of R yields the equation 2t(2" — t) = (2¥ — 1)2"". Therefore, N
must be even, and the proofs of Lemma 6.1.3 and, consequently, Theorem 6.1
are complete.

In an elementary Abelian p-group, R(m, n, m, d), where nd = m, have been
constructed. In a cyclic group, the situation is entirely different, as the follow-
ing theorem shows.

TurorREM 6.2. In a cyclic group, there exist no R(m, n, m, d), where nd = m,
ifn>1andm > 2.

To prove this theorem, it is sufficient to consider the group G of additive
integers modulo mn. We suppose that R = R(m, n, m, d), nd = m,n > 1,

does exist, and H = {#m;¢ = 0,1, --- ,m — 1}. Since no two distinct ele-
ments of R are congruent modulo m, and since R contains m elements, there
must exist an r(7) € R such that 7(¢) = i (modm) for each¢ = 0, 1, - - -,

m — 1;thatis, R = {r(z) =1+ a(é)m;2 =0,1,---, m — 1}. For each
b,1<b<m-—1,

r(i+b) —r(@) =0b+ [a + b) — a(?)]m (mod mn)
for 7 =0,1,---,m—1—b,
r(i+b—m) —r(@) =b+[a(d+b—m)—a(i) — llm (modmn)
for i=m—bm—>b+4+1,---,m—1

Thus the collection of integers a(¢ + b) — a(z);2=10,1,--- ,m — 1 — b, and
a(t+b—m)—a(t) —1;2=m—0, --- ,m — 1 together forms a complete
set, of residues modulo n replicated d times. Adding the elements in this col-
lection gives

(=b=d{1+24+ -+ (n—1)} (modn)

(6.1)
foreach 5,1 <b<m— 1.

Sincen > 1, form > 2, lettingb = 1 and b = 2 in equation (6.1) gives a con-
tradiction, proving the theorem.
It is noted that cyclic R(2, 2, 2, 1) do exist.
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7. The multiplier theorem

Throughout the remainder of this paper all groups considered will be
Abelian; and »™ will denote the L.C.M. of the orders of the elements of the
group G.

DErinNiTION 7.1.  Let R be an R(m, n, k, d), and let ¢ be a rational integer
such that
{tryreR} = {r + g;reR}

for some g ¢ G, then ¢ ¢s called a multiplier of R. If g = 0, R is said to be fixed
by t.

Multipliers of relative difference sets play a part in the study of B(m, n, k, d)
comparable to that of multipliers in the study of D(m, k, \). In this section a
“Multiplier Theorem”’, Theorem 7.1, is proved. The proof parallels the proof
of the ‘“Multiplier Theorem” for difference sets as proved by H. B. Mann
[9, Theorem 7.3].

TrEOREM 7.1. If t 45 a multiplier of a D = D(m, k, \), where A = nd,
k=0 (modk'),k > d, k = pi* - p:*, where the p; are distinct primes, and
if there existf; 5 = 1, - -+ , s such that pli = t (mod v™®), then t is a multiplier of
every R(m, n, k, d) which is an extension of D.

To prove Theorem 7.1, we consider the group ring 4 of G over the rational
integers I, and following the notation in [9] express the elements of 4 as
polynomials, F(z) = D geaf, 2, where f, e I. In particular, if Sisa set of
elements of G, then S(z) denotes the element of A defined by S(z) = deg 2’

The mn characters of G will be denoted by x;, 2 = 1, - -+, mn, where x; is the
principal character, and x; , for ¢ = 1, 2, - - - , m, is the identity on the sub-
group H.

If F(x) e A, where F(x) = D seafy 2" and f, e I, then we define
x(F(2)) = 2Zgafoxilg)  for i=1 - mn.
The proof of Theorem 7.1 will be given in several lemmas.

Lemma 7.1.1. If C(x) € A, a s a rational integer such that (a, mn) = 1,

x1(C(x)) = (m — 1)nd (mod a),

xi(D(z)) = —nd (mod a) for =23, - ,m,
and

xi(C(z)) =0 (mod a) for i=m+1,--,mn,
then

C(z) = d[G(z) — H(z)] + aF(z), where F(x)eA.

Letting C(z) = 2_geq ¢, &°, where ¢, ¢ I, then the inversion formula [9, 7.6]
states that mnc, = X x:(C(2))x:(x7?), for each g e G. Hence

mne, = (m — D)nd — nd Qi x(27°) (mod a).
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Therefore, if geH, then ¢, = 0 (moda); and, if g¢H, since the xi,
12 =1, ---, m, may be regarded as characters on the factor group G/H, then
¢; = d (mod a). Hence C(z) = d[G(xz) — H(z)] + aF(z), where F(z) ¢ A.

LemMA 7.1.2.  Let R and R be two R(m, n, k, d) both in G, and both relative
to H such that

R(z™R*(z) = d[G(z) — a’H(z)] + K'F(),
where k' > d, F(x) e A,

(7.1)
and
(7.2) R*(z)H(z) = R(x)H ().
Then R*(x) = 2°R(x), where a eg + H.

To prove this, it is first noted that
(7.3) R(z)R(z™") = R*(z)R*(a™) = d[G(z) — H(z)] + k.
Multiplying (7.1) by H(z), and using (7.2) yields, upon simplification,

(7.4) E'F(x)H(x) = kaH(x).
The principal character applied to (7.4) gives
(7.5) kx(F(z)) = k.
Applying the automorphism x — 2™ to equations (7.1) and (7.4) yields
(7.6) R(z)R*(z™") = dlG(z) — «°H(z)] + K'F (™),
and
(7.7) KF(2™)H(z) = ka °H(x).

Then multiplying equation (7.1) by (7.6) and simplifying gives
(7.8) K*F(2)F (™) = k.

As in the proof for difference sets, since k' > d, it is clear from equation (7.1)
that the coefficients of F(x) are non-negative. Thus, (7.8) implies that F(x)
contains one term only; that is, k¥’F(z) = kx%, for some a ¢ G. Equation (7.4)

yields the fact that a e g + H, and multiplying (7.6) by R*(x) and simplifying
we have R*(z) = 2"R(x).

Lemma 7.1.3. Let R and R* be two R(m, n, k, d) of G relative to H, where
k= 0 (modp’),j > 0, and (p, mn) = 1. If

(7.9) (x:(R(2)), p’) = (x:(R*(2)), p*) for i=m+1,.-.,mn,
and

(7.10) R*(z)H(z) = 2°R(z)H(z) for some geG,



RELATIVE DIFFERENCE SETS 527

then
R(z HR*(z) = d[G(x) — a°H(z)] + p’F(x), where F(z) e A.
In order to obtain this result, we note that (7.3) holds and, therefore,
(7.11)  x«(R(@))x:(R(z)) = x:(R*(2))x:(R*(z™")) (mod p’)
for t=m+1, ---,mn.
From equations (7.9) and (7.11), we thus have that
(712) xi(R(x™))x:s(R*(x)) = 0 (modp’) for ¢ =m + 1,--- , mn;

and, since the characters x;, 7 = 1, - - - , m, may be regarded as the m charac-
ters of the group G/H, equations (7.10) and (7.3) imply that

(7.13)  x:(R(&))x:(R*(2)) = —x:(a")nd (modp’) for i=2,---,m,

and

(7.14) xi(R(z™))x(R¥*(x)) = 0 (mod p’).
We now infer from Lemma 7.1.1 that
¢ °R(eHR*(z) = d[G(z) — H(x)] + p’F(x), where F(z) e A.

Multiplication by z°, completes the proof of this lemma.

To prove Theorem 7.1, it is first observed that since ¢ is a multiplier of the
difference set induced in G/H, then R(z")H(x) = 2’R(x)H (), for some g ¢ G.
The proof of the theorem now follows exactly as for difference sets, [9, Theorem
7.3].

8. Further theorems concerning multipliers

In this section, we include some useful results concerning multipliers.
Theorems 8.1, 8.2 and 8.5 are generalizations of theorems of H. B. Mann, [9,
Theorem 7.2, Corollaries 7.4.1, 7.7.1], and Theorem 8.6 extends a result of
Marshall Hall, Jr., [4, Theorem 4.6].

Turorem 8.1. Let t be a multiplier of an R(m,n, k,d), where
mn = 0 (modv’), and m #£ 0 (mod v’), and let p be a prime divisor of k. If
there exists an f such that tp” = —1 (mod v'), then k is exactly divisible by an even
power of p.

The hypothesis of the above theorem ensures that there exists a character
x of G which maps the elements of @ into »"™ roots of unity, and which is not
the identity on H.

Then x(R(z)R(z™")) = k = 0 (mod p’), where p’ divides k. The proof
then follows as for a difference set. We refer the reader to [9, Page 76].

We note that if R is any R(m, n, k, d) such that & # m, then from equations
(2.1) and (2.2), k — nd > 0; thus, by equation (2.3), the incidence matrix of
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R is non-singular. We therefore have the further analogue of a result for
difference sets.

TrEOREM 8.2. If { is a multiplier of R(m, n, k, d), where m % k, then some
translate g + R, g € G, is fixed by t.
If, further, (t — 1, mn) = 1, then this translate is fixed by all multipliers.

The following theorem concerns relative difference sets fixed by a multiplier,
and this theorem is used in the proof of Theorem 9.1.

TrEorEM 8.3. Let t be a multiplier of an R(m, n, k, d) = R, where
(km,n) = land (t — 1,n) = n. If R is an extension of a D(m, k, nd) = D,
and ©f D 1s fixed by t, then R s fixed by t.

To prove this let tR = {ir; re R} = {r + a; reR} where aeG. Con-
sideration of the difference set, D, at once shows that a € H, and, consequently,
na = 0. However, for each r ¢ R, there exists ' ¢ R such that tr = » + a.
Therefore, (t — 1)7 = ka, where 7 = Y _,.z 7 ; and, since n dividest — 1, ka
has order a divisor of m. Now na = 0 and (km, n) = 1, hence @ = 0, proving
the theorem.

THEOREM 8.4. If tis a multiplier of an R(m, n, k,d), and if t* = 1 (mod m™),
where m™ is the L.C.M. of the orders of the elements of G/H, then t* = 1 (mod v™).

To obtain this result, we may, by Theorem 8.2, assume that R = R(m, n, k, d)
is fixed by the multiplier t*. Since it is assumed that m > 1, it is first noted
that there exists g € G of order »™ such that g ¢ H. For each r ¢ R, there exists
7" ¢ R such that tr = »'. Consideration of the factor group G/H then reveals
that r e’ + H; and, by the definition of a relative difference set, therefore,
r = ¢'. Thus, for every re R, (¢ — 1)r = 0. However, there exists g ¢ G,
g ¢ H, g of order v*, and g = r — ¢/, for some r, #’ ¢ R. Thus (& — 1)g = 0,
giving the above result.

For the special case in which d = 1 we have two further results.

THuEOREM 8.5. Let ty , by, 3 and t, be multipliers of an R(m, n, k, 1) which s
fized by all multipliers. If ti + t, = t; (mod v*) and t, # t; (mod v*), then
t1 + t s not a multiplier of R.

To prove this, it is again remarked that there exists g ¢ G, g ¢ H, and ¢ of
order »*. The proof is now an exact analogue of that for difference sets
[9, Corollary 7.7.1].

TueorEM 8.6. Let t be a multiplier of an R = R(m, n, k, d), and let R be
firedbyt. Let@ = {geG;tg=¢g},H =HnG@ and R = RnG. Then, if
H # @,R isan R(m',n', k', 1) of G’ relative to H' such that every multiplier of R
s @ multiplier of R'.

If, further, R is cyclic, then (t — 1, mn) = m'n’ and (t — 1, n) = n'.
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9. Further non-existence theorems

In the additive group of a Galois field K of p" elements, where p is a prime
such that p" = 3 (mod 4), the quadratic residues of K form a

D=D0p"=4—1,2t—1,t— 1)

[8, Theorem 2]. Since the product of two quadratic residues is a quadratic
residue, if ¢ is any quadratic residue of K, then ¢ is a multiplier of D and D is
fixed by ¢. In particular, identifying the rational integers with the elements
of the prime field of K, a rational integer ¢ is a multiplier of D if ¢ is a quadratic
residue modulo p, and then, also, D is fixed by ¢.

We now examine relative difference sets which are extensions of quadratic
residue difference sets, and are able to state the following theorem.

TuEOREM 9.1.  There do not exist any R(p" = 4t — 1,t — 1,2t — 1,d = 1),
where p % 3 is a prime, which are extensions of a quadratic residue

D(4t — 1,2t — 1,¢t — 1).

To prove this, suppose that R does exist and that K is the field of p" ele-
ments in which D is defined. Now G has order p” (¢ — 1); and, since p = 3,
(p",t — 1) = 1. Therefore, G = A ® H, where 4 is a Sylow p-subgroup of G.
Thus, A = G/H, the additive group of K.

It is noted that if g ¢ G, theng e A if and only if (4¢ — 1)g = 0, and that
geH if and only if (¢ — 1)g = 0.

The case in which ¢ is odd is considered first. Then, by Theorem 2.3,
2t — 1 is a square and is a multiplier of D. Theorem 7.2 then implies that
2t — 1 is a multiplier of R.

Now (2t — 1)* = ¢ (mod p"(t — 1)); and, thus, ¢ also is a multiplier of R.
Since some translate of R is fixed by 2t — 1, it may be assumed that this
translate is B. Then, clearly, R is fixed by ¢ also.

Choosing re R, r¢H, then (2t — 1)r —tr = tr — r; but d = 1 and
r,tr, (2t — 1)re R. Hence (¢ — 1)r = 0, which implies that r ¢ H, yielding a
contradiction.

Now suppose that ¢ is even. If ¢ is any prime divisor of (2t — 1), then ¢* is
a multiplier of D. Also, (2t — 1)* = ¢ (mod pY(t — 1)) and, hence, ¢ is a
multiplier of B by Theorem 7.2. By Theorem 8.3, R is fixed by ¢ and, con-
sequently, by # which is also a multiplier.

It is noted that 0 ¢ D so that R n H = §. Consider

S = {({t— 1)r;reR}.

We now show that S; consists of 2¢ — 1 distinet non-zero elements of A.
For, if seS;, then (4¢ — 1)s = 0 and so seA. If (¢t — 1)r = (¢t — 1)r
for r, " ¢R, then (t — 1)(r — /) = 0,r — 1" eH, and thus r = . If
s = (t — 1)r = 0, then r ¢ H, which contradicts the statement above that
RnH =9
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Hence S; does consist of (2t — 1) distinet non-zero elements of A. Now
consider
Sy = {({f — 1)r;reR}.

It is noted that (¢ + 1, 4 — 1) = 1. Hence,if ( — 1)r = 0, then
(t — 1)r = 0. However, the elements of S; are non-zero and thus the ele-
ments of S, are non-zero. The elements of S, are also contained in A, and
they are distinct; for, if (# — 1)r = (£ — 1), for r, © ¢ R, then, since
(t+1,4—1) =1, (t— 1)(r — ") = 0. The elements of S; are distinct
and thus it follows that the elements of S, are distinct. Therefore, S; and
S. each contain 2 — 1 non-zero elements of A4.

We now show that S;n S, = #. Deny this; then tr — r = £ forr, ' ¢ R;
butd = 1,and r, tr, 7, 7" e R, and (t — 1)r % 0. Therefore, r = + and tr
= %, yielding a contradiction.

Hence S; n S; = @, and S; and S, together consist of the 4 — 2 non-zero
elements of A. Now consider a = (£# — 1)r, for arbitrary reR. Then
aeA,and,if aeS;, then (£ — 1)r = (t — 1) # 0, for’ e R. Sinced = 1,
and 7, , tr', £r ¢ R, then r = " and £’ = t/. This implies that (£ — 1)r = 0,
which is a contradiction. Therefore a ¢.S,. Similarly it may be shown that
a¢S;. Therefore, a = (£ — 1)r = 0; but r was chosen arbitrarily, and,
hence, ( — 1)r = Oforallr e R. There existsg ¢ A of order p, andg = r — ¢,
forr, 7’ e R. Hence, ({* — 1)g = 0, and so p divides #* — 1, and, consequently,
£ + ¢t + 1. Since p also divides 4 — 1, it may be concluded that p = 7.
If p = 7, then 3 divides k, and Theorem 7.1 then implies that 9 is a multiplier
of R. Applying Theorem 8.4 gives9® = 1 (mod v*). Since H s {0}, there
exists h ¢ H of prime order ¢, where ¢ divides (¢ — 1), ¢ # 7; and, therefore,
9° = 1 (mod 7¢). This, then, yields that ¢= 13, and 4 — 1 =
7% = 3 (mod 13).

Now N is necessarily odd, 7 is a quadratic non-residue modulo 13, giving a
final contradiction, which proves the theorem.

Summary

In view of Theorem 2.1, in the search for relative difference sets and in
proving their non-existence, particular attention has been paid to extensions
of well-known difference sets.

Simple difference sets have obviously no extensions, and their complements,
D((r** = 1)/(r — 1), 7%, 1), are, for » < 1600, a special case of the difference
sets in [3], which have been shown to extend in Section 5.

The Menon difference sets have no extensions in the elementary Abelian
2-group, (with one possible exception); and, in these groups, it has been shown
that only the D(m, k, \) with m = k = A, may extend, (again, with one pos-
sible exception).

Trivial D(m, m, m), while extending in elementary p-groups, have been
shown to have no extensions in the cyclic group.
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Of the quadratic residue difference sets, there can be no extensions of the
form R(p" = 4t — 1,¢t — 1,2t — 1, 1), when p > 3.
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