MODIFYING INTERSECTIONS

BY
RoBERT WELLS!

1. Introduction
Suppose that M, N € X are compact differential manifolds such that

(1) @M, 8N c oX
(2) aMnoN = @

withdim M = r,dim N = s,dim X = mandn = r + s — m. The object of
this paper is to investigate the possibility that there is an isotopy N\: : N — X
modulo boundaries, such that Ay is the inclusion N € X and My(N) n M = @.
In the case that M, N, X are c-connected with ¢ > n 4+ 1 andr > 2n + 3 the
obstruction to finding such an isotopy will be seen to be an element a(N, M : X)
of the n-stem. Then the main theorem is that when s > 2n -+ 3 also,
a(N, M:X) is the only obstruction. That is,

TuaEorREM. If M, N, X as above are c-connected with

(1) e>2n+1

(2) rs>2n+3
then there is an isotopy Ny : N — X modulo boundaries, such that No is the in-
clusion N C X and M(N) n M = 0, if and only if «(N, M :X) = 0.

That this obstruction will sometimes be non-zero may be seen from the
fact that if X = 8" X 8%, M = 8" X pt. and N is the graph of an essential
map S" — S* then no such isotopy exists.

I would like to thank Professors R. Lashof, A. Liulevicius, M. Rothenberg,
and M. Mahowald for many helpful remarks on this paper.

2. Definition of (N, M :X)

In order to define o(N, M:X) and to find some of its properties, simple
propositions are necessary. We will make only the assumptions in the first
sentence of this paper and introduce further connectivity and dimension
assumptions where needed. If A is a submanifold of the Riemann manifold
B, »(A:B) will be the normal bundle of A in B and 7(A) will be the tangent
bundle of 4.

ProrosiTioN 1. Let M be c-connected, ¢ > nandr = 2n + 3. LetUbe
open tn X with U n M £ @. Then there is an isotopy N : N — X modulo
boundaries such that No s the inclusion N € X and

(1) N s transverse regular along M

(2) W(N)nM)CU.
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Proof. It iswell known that there is an isotopy ¥: : N — X modulo bound-
aries of N C X such that ¢, is transverse regular along M. Since M is c-con-
nected, we may contract K = M n ¢1(N) to a point in U n M. Since
r 2> 2n 4+ 3, it follows that there is an isotopy ¢g; : K — M of K C M such that
¢1(K) c UnM. Then an application of the covering homotopy theorem for
isotopies completes the proof.

DEriNiTION OF (N, M:X). Suppose now that N < X is transverse
regular along M with N n M < U where U n M is diffeomorphic to R
If N is c-connected with ¢ > n + 1, we may extend N n M C N to a map
C:C(NnM)— N of the cone C(N n M) of NnM. Then C*»(N:X) has
a unique framing (up to orientation). This framing defines a canonical
framing of

WN:X)|[NaM =v(NaM:Un M)

by restriction since any two maps C are homotopic in N modulo N n M.
Since U n M is diffeomorphic to R’, the canonical framing defines in the
usual way an element o(N, M:X) of »(S"™). In view of Proposition 1,
the element a(N, M:X) is defined whenever M and N are c-connected,
c>n+landr > 2n + 3.

The next question is whether (N, M :X) is well defined; it is answered by
the next proposition.

Prorosition 2. If M and N are c-connected, ¢ >n + 1,7 > 2n + 3and
U is such that U a M is diffeomorphic to R™ and \¢, N; : N — X are isotopies
modulo boundaries such that Ng = No = tnclusion N € X and

(1) M, N1 are transverse regular along M

(2) MN)anM CUand\(N)nM cC U
then a(M(N), M:X) = a(\i(N), M:X).

Proof. We may as well assume that ¢ — A, and ¢ — \; are constant near
0 and 1, so we may glue them together at ¢ = 0 and reparametrize to obtain
an embedding
A:NXI—->XXI

transverse regular along M X I on N X [0, el u N X [1 — ¢, 1] for some
¢ > 0. We may replace A by another embedding A’ agreeing with it on
N X [0,e] UN X [1 — &, 1] but transverse regular everywhere. Let J be
the intersection A’'(N X I) n M and dJ its boundary. The e-collar 9J,
is then

M(N) X [0, ] uA(N) X [1 — ¢, 1],

which we may assume to be a subcomplex of J. Since M is c-connected, we
obtain a homotopy g: modulo 8J, of J/ € M X I such that gi(J) < U X I.
Since r > 2n + 3, we may as well replace g; with an isotopy h; modulo 9/,
such that .(J) € U X I. An application of the covering homotopy theorem
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for isotopies extends this isotopy to an isotopy
H,:NXI—->XXI moduloN X [0,e]uN X [1 — ¢ 1]
such that H, remains transverse regular along M/ X I and
L=H(NXI)n(M XI)cUXI.

Let w1 : X X I — I be the projection;let # = w1 | L and let m be the mapping
cylinder of w. Using the maps

C:CMN)AM)—N and C':CO(N)nM)—>N
and the inclusion L < Hy(N X I), we obtain a map which extends to a map
mL Hy(N X I)
since Hy(N X I) is c-connected with ¢ > n + 1. Then

Y(H(N X I):X X I)

has a unique framing (up to orientation) which restricts to a framing of
v(L:UnM X I). Thisframing in turn restricts to the canonical framings of

yM(N) n M:Un M) and »(N(N) n M:U n M).

In the usual way, the framing of »(L:U n M X I) then defines a homotopy
from a representative of a(Ay(N), M:X). This fact proves Proposition 2.

CoroLrARY 1. If U and U’ are open in X such that Un M and U' n M
are diffeomorphic to R™ and N\, \: are 1sotopies modulo boundaries of N © X
such that \y , A1 are transverse regular along M and

MN)AMcCU and MN)nM c U’
then
aM(N), M:X) = a(\M(N), M:X).

Proof. Let U = Uy, Uy, -++, Upr = U’ be a chain of open sets such that
U;n M is diffeomorphic to R" and U;n Ugyan M # @. Choose successively
isotopies Ny = A, AL, oo A = \] such that

)\{z)(N) C Ui_ln UinM

fors =1, ---, k. Then the corollary follows immediately since
a(M(N), M:X) = a(\M™(N), M:X)
for 7 = 0, - -+ , k by the proposition.

Thus when M and N are c-connected with ¢ > n 4+ 1 and r > 2n + 3,
the element a(N, M:X) = a(M(N), M:X), for \; as above, is well defined
and we have

CoROLLARY 2. If a(N, M:X) 5 0 then there is no isotopy N modulo bound-
aries of N C X such that M(N) n M = §.
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In other words, a(N, M:X) is some kind of obstruction to the existence of
N:. Under suitable connectivity assumptions it is actually the only obstruc-
tion to the existence of \; .

TureoreM. If X, M, N are c-connected and

(1) ez2n+1

(2) rnns=22n+3
then there is an isotopy N¢ : N — X modulo boundaries, such thatM(N)nM = @
and N 18 the inclusion N < X, if and only if «(N, M:X) = 0.

3. Spherical modifications

The main step in the proof of the theorem will be Proposition 3 below,
which deals with isotopies and spherical modifications. We will regard a
spherical modification as being a manifold L with two boundaries, which ad-
mits a Morse function with a single critical point, of some index p + 1,
equal to 0 on one boundary and a positive constant on the other. Let K be
the boundary on which the function is 0 and K’ the other. We say L is a
spherical modification from K to K’. Then there will be an embedding
f: 8 — K of the p-sphere, which extends to an embedding F : D*™ — L
of the (p + 1)-disc, such that K u F(D*™) is a deformation retract of L.
The bundle »(f(S*): K) has a canonical framing which is the restriction of the
unique (up to orientation) framing of »(F(D?*'):L)—it defines a unique
frame-preserving bundle homotopy class of one-to-one bundle homomorphisms
I/ 8% X e — 7(K) covering f, where p + ¢ + 1 = n = dim K, ¢ is the
trivial line bundle over a point and for any space A, the bundle A X & has
the framing induced by that of &/.  We will call f a sphere attaching map and
f’ the bundle attaching map over f. It is known that f and f’ determine the
spherical modification L up to diffeomorphism. A spherical modification L
will preserve a framing

W(K) —— &'
of the stable normal bundle of K if and only if there is a framing
W(L) —=> ¢t
such that Z | »(K) = o. A spherical modification L will preserve a framing
7(K) X e —— &'

of the stable tangent bundle of K if and only if there is a framing

T(L) X gt—l = 5 en'l‘t
such that 2’ oy = ¢’; here

vy:7(K) X &= (L) X
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is the bundle homotopy class of bundle maps defined by
Y(v, 11, 00 )rt) =(@+nrndr, - :“)

wherev e 7(K) < 7(L), r; ¢ R, and % is the unit inward normal field of L along
K for some Riemann metric. It is known that if ¢ and ¢’ are dual framings
of the stable and normal tangent bundles respectively (i.e.,c @ o’ is the stand-
ard framing of 7(R') restricted to K for any embedding K < R') then L
preserves o if and only if L preserves o’.

Finally, let N C X be transverse regular along M, let L be a spherical
modification of K = N nMandleth, : N—Xbean isotopy of N € X modulo
boundaries. Then A, defines a map A : N X I — X X I. The quadruple
(N, N, M, X) will be said to realize L if and only if

(1) A is transverse regular along M X I
(2) Li= AN X I)n (M X I) is diffeomorphic to L.

Notice that under the connectivity and dimension assumptions of the
theorem we may assume L; € U X I and the normal bundle of L in X X I
may be given a framing that extends the canonical framing of »(K). Thus
L preserves the canonical framing of »(K). Suppose that

Ty e

is a framing extending the canonical framing ¢ : ¥(K)"™" — & ". Then the
isotopy N: will be said to realize the framed spherical modification (L, Z) if and
only if the canonical framing of the normal bundle of

Li=ANXI)n(M X1I)
in UX I corresponds to the framing 2 under some diffeomorphism
UXI—PR X1I.

Given these definitions, the theorem will follow immediately from the fol-
lowing proposition.

ProrositioNn 3. If X, M, N are c-connected and N C X s transverse
regular along M and

(1) e2n+1

(2) r,s22n+4 3
then any framed spherical modification preserving the canonical framing of
v(K) may be realized by (N, N, M, X) where \; : N — X s an tisotopy of
N C X modulo boundaries.

4. Capping the sphere attaching map

It will be convenient to introduce a rather special Riemann metric in the
proof of Proposition 3, as permitted by the following lemma.

LemMA 2. Suppose that A is a submanifold of B and B is a submanifold of
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Cwitha = dimA <b=dimB < ¢ = dim C and A, B, C compact. Suppose
that there is a Riemann metric g on C and an open subset D < C such that

(1) A has no boundary outside of D

(2) A — D s compact

(3) Thereisan e > 0 such thatvev(D n A:B) and |v| = 1 implies that
explweBfor0<t< e Then,if F C U is closed and contains dA, there is a
Riemann metric g’ on C which agrees with g on a neighborhood of F and which
has the property that vev'(A:B) and |v| = 1 implies that exp’ (tv) ¢ B for
0<t<e

Here v/, exp’ and | | refer to normal bundles, exponential maps and norms
with respect to g’. The proof is a straightforward exercise with Riemann

metrics and the covering isotopy theorem, and will be omitted.
With this lemma available, we begin the proof of Proposition 3. Let

(U’x17""wm)

be a coordinate system such that (U, Un M) = (R™ R') is a diffeomorphism.
We may assume that

NaU={yeU[(au(y), -+, 2(y), 0, --+, 0) ex(K)},

where K = N n M C U after applying the argument of Proposition 1.

Let L be a spherical modification of K preserving the canonical framing of
»(K). Letf: S”— K bea sphere attaching map for L. By the lemma above,
we may give M n U a Riemann metric § such that

exp : ¥(f(8"):K)s — K

for some 8 > 0, where exp, 7 and [ | refer to the exponential, normal bundle
and norm with respect to § and 5(  )s is the subset of 7( ) consisting of all
w such that [w] < 6.

Extend § to ¢ on all of U by setting

g =7+ (dzy1)* + -+ + (dzw)’.

Then also exp : »(K:M); — M for some & > 0.
With respect to g, let % be a unit field along K in M normal to K. Let ¥
be the field 8/92.41 ; it is normal to K in N. Using % and 7 define embeddings

fi: D™ - M and fo: D" >N
extending f as follows. For § > 0 small enough define
fitlt =8, 118" >MnU

by fi(ts) = exp (1 — t)@(f(s)), where te[l — 6, 1] and s e 8”. Using Poin-
caré duality we see that M n U — K is n-connected so f; extends to an embed-
ding

fi:[0,1]18 >MnU
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since r > 2n + 3 and the Whitney theorems apply. Similarly, define
for[l —8,118 >N

by fx(ts) = exp [1 — #]o(f(s)). Again, by Poincaré duality, N — f(S°)
is n-connected so f; extends to an embedding f; : D**' — N since s > 2n + 3
and the Whitney theorems apply. Finally, we use the lemma above to extend
a suitable restriction of the Riemann metric g to a metric on all of X such that

exp : v(fo(D*):N); > N for small § > 0

as well as
exp i v(K:M)s—> M
and
exp : v(f(S*):K) — K.

By a dilatation of the metric, we may assume § > 2.
The unit field 7 is already extended all over M n U and consequently over
fi(D™). To extend 4% to all of »(N:X) |fo(D**), observe that, in co-

ordinates, for (21, +++, 2,0, --+,0) ex(K) there are functions u , « - -, u:
on z(K) such that
ﬁ'(xly e ,CC,-,O, e 70)

= (&1, *+,2,)0/021 + - + w(®r, -+, 2,)8/02,.
extend % over a neighborhood of £(.87) in fo( D**') by
a(xly e ,xr,s,O, e 70)

= u(xy, **,2,)0/021 + - + U221, -+, 2)0/02,.
Then since 7,(S" ") = 0 the extension continues to all of »(N:X) |fo(D**).
Call the extended field u also. It is easy to see that if y € f(S”) and s, ¢ are
small enough then
(%) exp (sv(exp ti(y))) = exp (t%(exp s¥(y))).

Observe that fi(D*™) u fo( D**) is a topological (p + 1)-sphere. We wish
to embed a homeomorph of D**? in X so its boundary sphere coincides with
this topological sphere. We now construct this homeomorph and carry out
some related constructions.

5. A (p + 2)-cell and a model of the isotopy
Let t — (a(t), 8(¢)) be a C” path [0, 1] — [0, 1]* such that

(1) a(t) =tandB(t) =1 —¢ for0 <t <
(2) a(t) =landp(t) =1—1¢t for2 <t
(3) a'(t) >0 for0 <t

¥
1
%_
(4) B (1) <0 for0 < ¢t < 1.

ININIATL
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Let " « R*™ X R be

{(z,8) | |2]| = a(s),0 < t < B(s), s €0, 1]}
and
§7 = {(2,1) | | @] = a(s),t = B(s),5¢[0,1]} € D™

Then D*** is the desired homeomorph of D”**. Its boundary consists of
D" X 0 u 8. An explicit diffeomorphism A : D**' — §*™ is given by

Alw) = (a(lxl)x,ﬁ(lxl)) for |z] > 0

E]
A(z) = (2,1 — |z[) for [2| < §
Let U be the field along $*™ defined by
~ B'(s)x —a'(s) )
U(z,t) =
@0 = (Frveer o Vo + B

forx % 0and (|z|,¢) = (a(s), B(s)); and

i ( —2z —1
@) =\ VT ae’ Vit 4|x|2>
for0 < |z| < 3
We will also need later the following: h is a C* function [0, 1] — [$, 1]
such that

(1) h(s) =%+s for0<s<3
(2) h(s) =1 forz <s<1
(2) HK(s) >0 for0 < s < 2.

Define an embedding ¢ : D**' X DT s 9Pt % R by

o(x,y) = (9‘—(‘%9 x, h(lyl)ﬁ(lxl),y> for 0 < |z|
and
o(zy) = (z k(lyNA = |z "), ) for [2| < %

Then ¢(D*™ X D) is a submanifold of D™ X R*™™ which agrees with
87" X R™ ™ on | y | > % and is isotopic to 8*™ X R“'™ modulo that subset
via the isotopy defined by

nen) = (U202, (= Oh(l DB + Bl u)  tor0 <]

and similarly defined for |z | < 4. The set o(D*™ X D*™) is also a sub-
manifold. On both these manifolds the function (z, y) — h(|y|)B(|z|)
defines a C” function with a single non-degenerate critical point of index p + 1
at the level 3.

Finally, the isotopy {«(z, 0, y) = (z, t, y) of R*" X 0 X R*™™* in
R™™ X R X R*™"** for 0 < t < % defines a map

Z:R™ X 0 X R x [0, 3] - R*™ X R X R*™™* x [0, &].
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Since {; is transverse regular along Im ¢ except for¢ = $at0 X 0 X 0, Z is
transverse regular along (Im ¢) X [0, #] except possibly at 0 X 0 X (0, %),
but it is easy to check that Z is transverse regular there too. Thus, the reverse
isotopy defined by (z, t’, y) — (z,t’ — t, y) restricted to Im ¢ defines a map

Z': (Im¢) X [0, 3] — R™ X R X R™™" X [0, 3]

that is transverse regular along R*™ X 0 X R x [0, 2.

6. The effect of the bundle attaching map

Returning now to fi(D”*') u fo(D*"), we define an embedding
g: o X

such that g | D" = fyand go 4 = f,. Say (z, t) e8"™ = A(D*") and
2z ¢ R is small. Then define g by

g(exp (2U(x, 1)) = exp (20(fa° A7 (g, 1))).
Say 2’ ¢ D" and t ¢ R is small. Define g by

g(a', t) = exp (#(fu(z"))) for0 <¢ < ¢

These two versions of ¢ have intersecting domains, but using (%) it is easy to
see that the two versions agree on the intersection. Thus we have ob-
tained an embedding of a neighborhood in *** of D*™ X 0 u 8**" into X.
Using Poincaré duality, it is a straightforward argument that X — M u N
is (n 4+ 1)-connected so, using again the Whitney embedding theorems, ¢
may be extended to an embedding g : D*** — X such that

g(D™) 0 (M u N) = fu(D™™) u (D™) = g(D"™ X 0) u g(s").

So far only the sphere attaching map of the spherical modification L has
entered the constructions. The bundle attaching map will enter in such a
way that the fact that the spherical modification preserves the canonical
framing of »(K) implies that a certain bundle ¢ over fy(D*™) u fou(D*™) is
trivial and so extends over g(D”*?). Over fo(D”*"), the bundle ¢ is defined to
be »(fo( D*™):N). Over fy(D*™), the bundle £ is a little more complicated.
The bundle attaching map f’ : 8? X & — 7(K) defines a field  of (¢ + 1)-
frames in »(f(S”):K). Since 7,(Vyr1,r—pa) = 0, the field & extends to a field,
also called & of (¢ + 1)-frames in »(fi(D*™):M). Let v* be the sub-bundle
of »(M:X) | fi(D**") consisting of vectors normal to the field v. Then we
define £ | fu(D*™) to be span (F) @ v*. Over f(S8?), these two bundles agree
and so define a bundle ¢ over fi(D*™) u fo(D*™). For dimensional reasons
¢ will be trivial if and only if ¢ ® (r(g(D**)) | (D) u fo( D*™)) is trivial
since r(g( D)) is trivial. Thus it suffices to compute the characteristic
map of this new bundle and to see that it is trivial.

Let o stand also for the obvious framing of span (#) and % for the obvious
framing of span (%) ; let v* stand also for the canonical framing of v* that ex-
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tends over a cone of Kin M. Let
fri8 X e = 7(8%) X ¢

be the framing which makes the following diagram commute

87 x e I, (87) X e

n n

D™ X & ——s (D)
where 87 X & — r(D"*') via the unit inward normal along S?. Then,
SP X £q+1 X em—r—-l X & X 8p+1 f d1@ (f« X1)ofr) (v(f(S"):K) X sm-r—l)
® (e X 7(f(87) X &)

ool n

£1708") @ (r(g(D"™))) | F(8") —-

covers f and extends over D**' to cover f;. On the other hand, the field @
is extended over g(8”™) as the unit inward normal of g(D?*?) along ¢(8*™).
Then, using the definition of ¢ over g(8*™) = fou(D*"),

EIF(S7) @ 7(g(D™*)) | f(8") = n(N) | f(S”) @ span().

Since K is contractible to a point in N, r(N) | K admits a canonical bundle
homotopy class p of bundle maps #(N) | K — &°. But

span (@) | f(8?) =% &

is also well defined and extends over g(s”*

E1F(SP) @ r(g(DT)) |f(8?) L8 T@), ot

is a bundle class of maps that extends over fo(D”*'). Thus the characteristic
map of the bundle

) so we have that

£ @ r(g(D"™) |A(D™™) u fo(D*))
may be identified with the bundle class
P=(p@r(@))eo((l®@h@@@l@n)o(ff@1®1® ((f, X1)ofr)

of bundle maps 87 X ' — &, and the bundle is trivial if and only if this
class extends over D”*.

To see that P extends over D”*, one must express in similar form the fact
that L preserves the canonical framing of »(K:U). Observe that

7(N)|K = 7(K) ® »(M:X)| K.
Since K may be contracted to a point in M, there is a canonical framing

KX 5 uM:X)|K;
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clearly 9 | f(8”) = v* @ . But then
HK) X " L8, (N K L&

defines a framing of the stable tangent bundle of K. If ¢ is the canonical fram-
ing of »(K:U), the framing po (1 @ 9) is dual to ¢ in the sense that
o ® po (1 @ 9) is the unique framing of 7(U) X &™ " restricted to K. It is
known that L preserves o if and only if L preserves po (1 @ ). Let
v :7(K) X ¢ = 7(L) be the bundle homotopy class of bundle maps deter-
mined by the inward normal of L along K. LetF : D**! — L beanembedding
which extends f; F may be chosen so that the following diagram commutes,

(87 X e L2XL, (K) X e

: K
+(DP — (L),

Now po (1 @ 8) o (v X 1”7 ™)' is a framing of (7(L) X " )| K which
must extend over L for L to preserve po (1 @ 9). But it extends over all of L
if and only if it extends over F(D?™). And it extends over F(D"™) if and
only if the bundle homotopy class @ of bundle maps given by

SP X £t % Rar % el e s XDeofrydl T(K) X & X gl
Q 109
¢ £ +#(N)| K

extends over D”*'.  But in view of the fact that v* @ o = 8, the framing Q
will extend over D**" if and only if the framing P does so. But @ does extend
since L does preserve ¢ and hence po (1 @ ). So P extends, and the bundle

£ (r(g(D"N|AD™) uf(D™)

must be trivial. Consequently, ¢ is trivial.

Now £ is a sub-bundle of »(g(D**) : X)|(fu(D*™) u fo(D*™)). It may be
thought of as given by a mapping £ : 87" — Gy_p_1,m_p_s Where G, ; is the
i-planes through the origin in R”. But G ; contains the I-skeleton of Gy, if
J = 1, and & followed by Gs—p—1,m—p—2 Gs—p1, 18 trivial since £ is a trivial bundle.
Thus,m — p — 2 > p + 2 implies that £ is already homotopic to the trivial
map, so the bundle ¢ extends to a sub-bundle, still to be called £, of
»(g(D?): X) over all of g( D).

7. Construction of the isotopy

Let (61, -+ , 8:—p-1) be a field of (s — p — 1)-frames in the extended £ such
that (8;, -+ , 8g41) restricted to fy( D*™) isF. Let

w: (fi(D"), f(8)) = (0(s —n — 1), 1)
be any map. It may be used to change the field (8, -+ , 8:—p—1) by operating
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on the last s — n — 1 entries. The changed field may be extended over
g(D*™); such an extension will be denoted by 8° = (87, «++, 8" p—). Set
k=s—p—1—¢g—1=s—mn—1and embed D" X D™ in X by

t81(g(2)) + -+ 4 lorr+n Sgrite (9(90))>

G*(,ty, + ooy bprrn) = exp<

B
where B > 0 is large enough to make G* an embedding. Clearly the extension
(81, +++ , dg41) could be chosen over a neighborhood of f;(D*™) in g(D***) so

that 2:(G“(y, £, 2)) = 2:(G“(y,0,2)) for 4 = r + 1and y e D™, ¢t € [0, %],
and z e D", and so that 2,.1(G*(y, £, 2)) = t under the same conditions.
Now, there is an isotopy 7; : N — X modulo boundaries so that

(N — G°(s"™ X D)) uG“(Im¢) = m(N)
and there is an isotopy {: : M — X modulo boundaries extending the isotopy
given by
(xl, e ’x1‘707 e 70)'_)(x17 e yxr;'t)O’ e ;O)

in terms of coordinates in U; we may assume that

g-t(M) nU = {ylxl(y)7 e 7x1‘<y)7 07 e >0) ex(M)}
for t ¢ [0, 1] and ¢,(M) meets 1 (N ) only inside U.
The isotopy {: for 0 < ¢ < § defines a map
Z:MX[0,3—>X X0, 4
which, according to Section 4 is transverse regular along #7(N) X [0, 3]. Let
LY = Z(M X [0, 3]) n (n7(N) X [0, 3])

by G*'(x,t,y) = (G"(x,1,9),1). Then
LY = ((K — G"(8" x D"™)) X [0, §])

u (G ((Img) n (D*™ X [0, §] X D**))).
The natural projection X X [0, 4] — [0, 3] restricted to L7 defines a function
which, according ,to Section 4, has a single critical point, nondegenerate of in-
dexp + 1,at G* (0, ,0). Thus, LY is a spherical modification of K. The
map f : 8 — K may be chosen to be the sphere attaching map of LY. Let

D" X R 25 R be the natural projection. Then using Section 4, we define a
map f5 : D" — LY, which extends f, by setting

fa(x) = (mofa(x), prog ™ omofo(x)).

Clearly f; is an embedding extending f. Using f3 , 9, and £, it is straightforward
to see that the bundle attaching map of Ly is f/. Consequently, Ly is diffeo-
morphic to L.

Thus, if we reparametrize { so ¢ runs over [0, 1] we have that
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(&, M, 9{(N), X) realizes the spherical modification L. Let g+ X —> X bean
isotopy modulo boundaries restricting to ¢;. Let ¢; = 5,_1 | N. We may as-
sume both ¢ — ¢; and ¢ — %¢ to be constant near 0 and 1. Define\Y : N - X
by Ny = g for¢ <t < tand\; = ¢y sfory <t <1. Then)\isan isotopy
modulo boundaries such that (A, N, M, X) realize L. Moreover, \{ = 1 on
K — G°(8” X D*); let
A:NXI—>XXI

be the map defined by A\Y and let L” = A*(N X I) n (M X I).

So far, only the spherical modification L of the framed spherical modification
(L, Z) has entered the constructions. Next we wish to choose

wt (D), f(87) = (0(r —n — 1), 1)

so that N realizes (L, Z). Letr, : L” — I be the restriction of X X I — I to
L”; let m(m,) be the mapping cylinder of 7, . We begin by finding a map

m: m(m,) = A(N X I)

extending L” € A”(N X I) and maps of cones C(K) — N and C(K’) — N.
For this, pick a smooth mapping C; of the cone

C( SP X Dq+1+k u Dza+1 X Sq+k) — Dp+1 X Dq+1+k

extending the inclusion and sending the vertex to 0 X 0. This map defines a
smooth family of maps of cones

Ci: CO\P o G¥o (A X 1)(8% X D™y DP % §7%)) - \¥(N).

All these have the same restriction on K — G“(S? X D*™) and this restriction
extends to a map C” : C(K — G°(8* X D*™)) = N. Let

C: = CiuN o C”;
it is a smooth family of maps
Ci: CON'nM) - N(N)

which defines m : m(m,) — A"(N X I) as desired.

Let £ be the bundle which is the sum of the orthogonal complement u*of u
in »(N:X)| f2(D**') and the orthogonal complement (span §)* of span & in
o(fs(D*™) : M). Then £ is the orthogonal complement of

£ @ (r(g(D")|(A(D™™) u fo(D"))
and extends over g( D”**) as such. Then
E®E @ r(g(D™) = 7(X)| g(D™)

which has a canonical framing. Let §” be any framing of 7(g(D"**)) and let
&’ be a framing of ¢ such that § @ & @ §” is the canonical framing of

E®EF @ r(g(D"™)).
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Now, for any map
(f(D™™), f(87)) #(0(s — n — 1(, 1)
there is a map
w' (D", £(87)) = (O(m — s = 1),1)
unique up to homotopy mod f(S”), such that
w® w i (f(D"), f(8)) = O(m — n — 2)

is trivial; every class (fu(D*™), f(87)) — (O(m — s — 1), 1) contains a w’ for
some w unique up to homotopy mod f(S”). Given w, find w’ and let it operate
on & to obtain 6”. Then extend §° to all of & and call it still 3. Then
8" @ 8 ® §” is the canonical framing.

Extend the framing

8 @@ of »(N:X)|g(s"™)

to a framing over G*(8*"" X D**); the extension may be prescribed to be
the same for all w over G“(S? X D*™*) since all w = 1 over f(S?). Let
AY : X—X be an isotopy covering AY. Then AV (8" @ @) defines a framing
of

v(NP(N) 1 X)| N o G(87™ X DY),

The canonical framing ¢ of »(K: M) restricted to K — G*(S? X D*™) extends
each of these framings to

Ao GU(8PH X DY u (K — G¥(8” X D*™™)).
These framings in turn define a framing of
y(AY(N X I):X X I)|A” (G°(8"" X D™™*) X I) u (A"(N X I) n (M X I))

which is already extended over the map m above. Thus, this framing re-
stricted to L” is canonical; we will call it =¥,
Thus we have a correspondence w — L” from maps

(fi(D*™), f(87)) = (0(s — n — 1), 1)

to framings of v( L) extending the canonical framing of v(K). If this map is
onto, the proof of Proposition 3 is complete. In fact, the map is one-to-one
and onto. To see this, let

Ls = {pt. | pt. = exp (—t(z)), O0<Lt<d, zeK or
pt. = G°(x,0,y) with zeD", yeD™,
0<nlyhs(lz]) <Y cM

for sufficiently small d > 0. Notice that L, is independent of w and that
v(La: M) is an extension of ¢ over the collar {pt. | pt. = exp (—t#(z)), z ¢ K,
0 <¢< d}. Thus all the framings of v( Ls: M) that restrict to ¢ on »(K) are
given by the §“’s. On the other hand, the framing =* on »(L") is clearly



MODIFYING INTERSECTIONS 403

equivalent via an isotopy to the framing 8 X 1 on ¢ = »(La:U), and the
proof of Proposition 3 is complete.
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