PEAKED PARTITION SUBSPACES OF C(X)

BY
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1. Introduction

Throughout this paper, X denotes a compact metric space, and C(X) the
Banach space of real (or complex) continuous functions on X. Call
® = {¢1, -, ¢} a peaked partition of unity on X if it is a partition of unity
(i.e. the ¢; are non-negative continuous functions on X such that
Dridiz) = 1forallzeX),and || ¢:]| = Lfors =1, ---,n. The linear
subspace [®] of C(X) spanned by such a & is called a peaked partition subspace.
Our purpose in this paper is to prove the following theorem.

TuroreM 1.1.  There exists an increasing sequence By C E, C - - - of peaked
partition subspaces of C(X) whose union is dense in C(X).

This theorem can be sharpened in two directions: First, as our proof will
show, E; can be specified arbitrarily in advance. And second, as [2, Corol-
lary 5.2] will show, each E, can be chosen to be n-dimensional.

Theorem 1.1 seems to be quite useful, and some applications will be found
in [2] and [3]. There is one application, however, which is so easy that it can
be given right now, while at the same time bringing out the significance of peaked
partition subspaces.

Suppose E is spanned by the peaked partition of unity ® = {¢1, - -+ , ¢s} on
X. Pickz;eX sothat¢zs) =1(¢ =1, ---,n);then ¢pj(xz;) = 0ifj = 4.
It follows easily that

(1) | 2ot aidi || = supia | o |

for all scalars ey , - -+ , @, . This implies that the linear map = : C(X) — E,
defined by

w(f) = 2t f(zi)di, feC(X),

is a projection of norm one onto E. More generally, (1) implies (using the
Hahn-Banach theorem) that E is a ®;-space; that is, E admits a projection of
norm one from any Banach space in which it is isometrically embedded.
Theorem 1.1 therefore implies:

CoroLLARY 1.2. There exists an increasing sequence of finite-dimensional
®1-subspaces of C(X) whose union s dense in C(X).

Corollary 1.2 answers a question raised by J. Lindenstrauss [1, p. 29], who
also asked whether Corollary 1.2 remains true for non-metrizable compact X if
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“increasing sequence” is replaced by “directed set”. This more general ques-
tion seems to remain open.

The proof of Theorem 1.1 will be given in Sections 2 and 3, the essential step
being Lemma 2.2. Section 4 contains examples, as well as some remarks on
how the proof of Theorem 1.1 becomes fairly trivial if the theorem is weakened
in certain directions.

2. Three lemmas

We begin with a known lemma, and include the simple proof for complete-
ness. (A similar result (with the same proof) is true for all locally finite open
coverings of normal spaces.)

Lemma 2.1. Let {Uy, -- -, U,} be an open covering of X, and let x; ¢ U; with
x; % x;for v % j. Then there exists a peaked partition of unity {1, -+ - , da} o0
X such that ¢; vanishes outside U, and ¢pi(x;) = Lfort =1,  n.

Proof. V;=U,;— {x;:j 5 i},then{Vy, .-+, V,} is also an open cover-
ing of X. Let {¢1, -, ¢u} be any partition of unity on X such that ¢;
vanishes outside V; for all z.>  Then ¢;(x:;) = 0 forj 5 4, so ¢i(2;) = 1, and
that completes the proof.

If & = {¢h,---, ¢u} is a partition of unity on X, if U is a covering
of X, and if ¢ > 0, we say that & is c-subordinated to U if there are
Uiew (2 =1, ---, n) such that

Dt $i(z) < €

I(z) ={i <n:x¢U.

Note that “0-subordinated” is what is usually called “subordinated”.
We are now ready for Lemma 2.2. As Example 4.2 will show, “&-subordi-
nated” cannot be replaced by “subordinated”.

for all z ¢ X, where

LEMMA 2.2. Let® = {¢1, - - , da} be a peaked partition of unity on X, let U
be an open covering of X, and let € > 0. Then there exists a peaked partition of
unity W = {1, ++ -, ¥m} on X which is e-subordinated to W and with [®] C [¥].

Proof. Pickzy, -+ ,,in X such that ¢(z;) = 1fore=1,.-- ,n. Wewill
obtain {1, +++ ,¥m},and 21, - -+, 2nin X with ¢;(2;) = 1forj=1,---,m,
sothatm > nandz; = zjforl <j <mn. Let\denotel — &; we may clearly
suppose that e < 1,s0that 0 < N\ < 1.

For each z ¢ X, pick U, € U such that ze U, , let
@) U,:=U,, if ¢i2) =0,
Uz,i = Uzn {xGX : ¢z(x) > )‘d’z(z)}’ if d’i(z) > 0’

$ For instance, let ¢s(z) = d(x, X — Vi)[ Dof=t d(z, X — V)], where d is a metric
on X.
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and let
Uz) = Niq U,,;.

Then U(z) is an open set containing z, so we can find 2y , - - + , 2, in X such that
the U(z;) withj = 1, - -+ , m cover X; clearly we can take m > n and z; = z;
forl1 <j < m.

By Lemma 2.1 there exists a peaked partition of unity ¥* = {yf, .-+, ¥n}
on X such that ¢} vanishes outside U(z;) and ¢f(2;) = 1forj = 1,--+, m.
Foreachz =1, ---,n,let

(3) ¢7 () = 271 0i(2)¥} ().

(In other words, ¢; is the image of ¢; under the projection from C(X) onto
[¥*] generated by the ¢ and the z;.) Let us show that, for¢ = 1, .-+, n,

(4) 67 (2)) = ¢i(21), Jj=1-,m,
and
(5) oi(x) = Not(z), zeX.

The truth of (4) follows from the fact that ¢ (2;) = &.;. To prove (5), note
that if ¢7(z) > 0 (so that x e U(z;)), then

¢i(x) = Noi(2));

this is clear if ¢:(2;) = 0, and follows from the definition of U(z2;) if ¢«(2;) > 0.
Hence

251 $(2)5 (2) 2 N 25 6ul2)¥5 (2),
and that is equivalent to (5).
ForallzeXandi=1,::-,m,let
vi(x) = sup {y < 1: ¢ix) > v¢i(2)},

y(z) = min {yi(z) t =1, ---,n}.

Then

(6) v(x) 2N

for all z ¢ X by (5),

(7) v(z) =1
forj=1,---,mby (4), and

(8) $i(z) = v(2)¢i(x)

forallzeX andz = 1, - -+ , n by definition of y(z).
Let us show that each function v; —and hence y—is continuous. This is
clear on the open set {z e X : ¢7(x) > 0}, for there

vi(2) = min (1, ¢«(x)/¢7(x)).
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So suppose that ¢ (y) = 0, and let us show that v is continuous at y. Since
v:(y) = 1, it will suffice to show that v,(z) = 1 for all « in some neighborhood
W,of y. If ¢.(y) > O this is clear, so suppose that ¢:(y) = 0. Let

(9) Ji={j < m: ¢i(2) > 0},
(10) W, = {zeX:¢i(x) < Npi(2;) forall jed}.
Then W is open, and y € W since ¢:(y) = 0. Now suppose that z ¢ W, , and
let us show that ¢;(x) = 0, which implies that v«(z) = 1. By (3), it suffices
to show that, if ¢,(z;) > 0 for somej < m, then Yi(z) = 0. Butif ¢i(z;) > 0,
thenjeJ;by (9), so (10) and (2) imply that x ¢ U.;,: ; but U.;,: D U(#;), and
hence ¢ (z) = 0. That completes the proof that v; is continuous.

We are now ready to define ¥ = (¢, -+, ¢¥;}. Let

¥i(z) = v(@)Wi(2) + (¢'(z) — v(2)}(2)), 1 <j < m,

vi(z) = v(2)¥; (2), n<j<m
Then, for allj = 1, -+, m, ¢; is clearly continuous,
(11) ¥vi(z) > v(z)i(z) 20

by (6) and (8), and ¥;(2;) = 1 by (4) and (7). Moreover, by (3),
2 i di(z)¥i(z) = ¥(2)7F () + ¢i(x) — v(2)9i(x) = ¢u(),

and hence ¢; ¢ [¥] forz = 1, --- , n. This equation also implies that, for all

rxeX,
Dot (&) = D i (2ot di(2) Wilx)
= D (DT di(2i¥i(x))
= 2 idie) =1,

so ¥ is a partition of unity on X. To see, finally, that ¥ is e-subordinated to
L, pick UjeU so that U(z;) c Ujforj = 1, -+-, m. Let zeX, and let
J@)={j<m:z¢U;f and K(z) = {j < m:xeU;}. Then, by (11),

Diera¥i(z) = 1 — D ira¥i(z) < 1 — v(2) 2 jerc ¥ (2)
=1— () 2a¥f() =1—v@) <1-\=g¢
and that completes the proof.

Lemma 23. Let feC(X) and € > 0. Then there exists an o > 0 and an
open covering W of X such that, if ® ¢s a partition of unity on X which s a-subor-
dinated to U, then || f — f' || < & for some f ¢ [®].

Proof. If f = 0, there is nothing to prove. If not, let a = /(4| f]]).
For each scalar y with |y | < || F1], let

Uly) ={zeX:|fz) —y| < 3¢},
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and let U be the collection of all such U(y). Then U is certainly an open
covering of X.

Suppose now that ® = {¢1, -+, ¢.} is a-subordinated to U. Then there
exist scalars g1, « -+ , Yo, with | ;| < || £1| for all 4, so that

2iaw ¢i(x) < @
for all z, where I(z) = {z < n:2¢U(y:)}. Let
(12) = 2iayids,
and let us check that || f — f' || < e. If z¢X, then
[7(@) = £(@) | = | Zia éu)(f() — v3) |
< i) f(z) — yil
= (2t + 2ier)(9:(@)[ f(@) = ¥:l)
SUPire | f(2) — yi| + asupia | f(z) — sl
< 3e+ 20 f]| = e

Hence || f — f' || < ¢, and that completes the proof.

In conclusion, it should be observed that, if ® = {¢1, - - - , ¢»} in Lemma 2.3
is actually a peaked partition of unity, and if ¢,(x;) = Llfor¢ =1, .-+, n,
then formula (12) for f’ can be modified to

f(z) = 2Ziaf(z:)di().

In other words, f is the image of f under the projection from C(X) onto [®]
determined by the ¢, and the x; .

IA

3. Proof of Theorem 1.1

Since X is compact metric, it has a sequence U, (n = 1, 2, «--) of finite
open coverings so that each element of U, has diameter <1/n. It follows
that, if AU is any open covering of X, then L, is a refinement of U for all suf-
ficiently large n.

Let us now construct the peaked partitions of unity ®, which span the re-
quired E, . Let ® be arbitrary; for instance, we can take & = {1}. Now
apply Lemmas 2.2 and 2.3 inductively to construct peaked partitions of unity
&, such that [®,] C [®,44] for all n, and &, is 1/n-subordinated to U, forn > 1.
Let E, = [®,].

To see that Uy E, is dense in C(X), let fe C(X) and ¢ > 0. Pick e > 0
and an open covering U of X as in Lemma 2.3, and then pick n > 1 large
enough so that 1/n < @ and U, is a refinement of U. Then &, is a-sub-
ordinated to U, so by Lemma 2.3 there is an f’ ¢ [®,] with ||f — f'|| < e.
That completes the proof.
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4, Concluding examples and remarks

We begin with a very simple lemma which is needed in the proofs of Ex-
ample 4.2 and Lemma 4.4.

LemMa 4.1, If & = {¢1, -+, ¢u} 75 a peaked partition of unity on X,
if go(xs) = Lfori =1, -  n, and if f € [®], then

f(z) = 2t f(m)eilx)

for every x ¢ X.

Proof. By assumption, there are scalars oy, -:-, a, such that f =
> riai¢;. Evaluating this equation at z; yields f(z:) = a;, and that
proves the lemma.

Our first example shows that Lemma 2.2 becomes false if ‘“‘c-subordinated”
is replaced by ‘‘subordinated”.

ExamrLE 4.2. If X <s the interval [0, 1], there exists a peaked partition of
unity & = {¢1, ¢2, ¢3} on X and an open cover U = {U, V} of X, such that
there is no peaked partition of unity ¥ on X which is subordinated to U and such
that [®] C [¥].

Proof. Let T be the triangle in R® spanned by the vertices », = (1, 0, 0),
v, = (0,1,0),and v; = (0,0,1). Leté : X — T be any continuous function
which maps [0, 3] homeomorphically onto a circular arc C € T, and such that
¢(X) D{w,va,v}. Fori=1,2 3,let

oi(z) = (6(2)):, zeX.

Then & = {¢1, ¢2, @3} is clearly a peaked partition of unity on X. Let
U=10%),V=(}1,andu = {U, V}.
Let ¥ = {yu, ---, ¥m} be a peaked partition of unity on X which is sub-
ordinated to U. Forallj =1, ..., m, pick z; ¢ X so that ¢;(z;) = 1. Let
J = {j < m : ¢; vanishes outside V},
K={j<m:je¢J}.
Suppose now that [®] C [¥]. Then

$i(z) = D7 ¥i()di(25), zeX
for¢ = 1, 2, 3 by Lemma 4.1, and hence
$(z) = D27 ¥i(2)d(25), reX.

Consider A = X — V. Ifzed, thenz ¢V, so¢;j(x) > 0implies that j ¢ K.
Hence

(13) $(x) = Dex ¥i(2)9(z)), zed.

But if j € K, then ¢; vanishes outside U, so z; € U, and hence ¢(z;) e C. But
now (13) implies that ¢(4), which is a sub-arc of C, lies in the convex hull of
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the finite subset {¢(z;) : j € K} of C, and that is impossible. This contradic-
tion completes the proof.

The proof of Theorem 1.1 could have been considerably simplified if, when-
ever By and E. were peaked partition subspaces of C(X), there existed a
peaked partition subspace E; of C(X) containing both E; and E,. The fol-
lowing example shows that this is false. We use real scalars for convenience.

ExampLE 4.3. Let X = [0, 2x], and let ¢1(x) = 3(1 + sinz), ¢o(z) =
(1 — sinz), $a(x) = 3(1 + cosz), and Ys(z) = 3(1 — cosz) for z e X.
Then ® = {¢1, ¢} and ¥ = {Y1, Yo} are peaked partitions of unity on X, but
there is no peaked partition subspace E of X which contains both [®] and [¥].

Proof. That ® and ¥ are peaked partitions of unity is clear. Suppose that
E is a subspace of C(X) containing both [®] and [¥]. Let f(z) = sinz and
g(z) = cosz forz e X, and let F = [{f, g}]. Since f ¢ [®] and g € [¥], we have
F c E. Using Schwarz’s inequality, it is easily checked that

llof + B9l = o + 6

for any scalar « and 8, so that the unit sphere of F is a circle. Now if F is a
peaked partition subspace of C(X), then formula (1) in the introduction
implies that the unit sphere of E is the surface of a cube (n-dimensional), so
that the unit sphere of any subspace of E is a polyhedron. But a circle is not
a polyhedron, and this contradiction completes the proof.

The following lemma, which may have some independent interest, is used in
Example 4.5 below.

LemMA 4.4. Let {E,} be as in Theorem 1.1. If E, is spanned by the peaked
partition of unity ®" = {¢1, - , b}, and if ;' (x7) = 1, then

D: {xr:i: :L-.-)k(n);n: 1’2’...}
is dense in X.

Proof. Suppose not. Then there is a non-empty open set U C X which
contains no zi. Let yeU, and pick feC(X) so that f(y) =1 and
f(X — U) =0. Let us show that there is no g in any E, such that
lf =gl <3,sothat Uy E, cannot be dense in C(X).

Suppose that there were such an » and g. Then

(14) g(z) = 28 g(al)ei(2), xeX

by Lemma 4.1. Now for¢ = 1, --- , k(n) we have z7 ¢ U, hence f(z7) = 0,
and therefore g(z7) < 3. By (14), it follows that g(x) < % for all z ¢ X.
But then | f(y) — g(y)| > %, hence || f — g || > %, and this contradiction com-
pletes the proof.

Our last example deals with differentiable functions on X = [0, 1], but a
similar result is true if X is any compact differentiable manifold, with or with-
out boundary.
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ExampLe 4.5. If X = [0, 1], then the spaces E, in Theorem 1.1 cannot all
consist of functions having continuous derivatives on (0, 1).

Proof. Let us first show that, if ® = {¢;, --- , ¢} is a differentiable par-
tition of unity on (0, 1), and if ¢;(z) = 1 for some 7 and some z ¢ (0, 1), then
f'(z) = Oforall f e [®]: In fact, since ¢, has a maximum at x, ¢:~(x) = 0. But
if 7 # 1, then ¢;(z) = 0, so ¢; has a minimum at «, and hence ¢1"(x) = 0.
Hence f’(z) = 0 for all f ¢ [®].

Suppose now that the assertion of the example is false. Let f e E, for some
n. Then f e E,, for allm > n, so the previous paragraph and Lemma 4.4 imply
that f’ is 0 on a dense subset of (0, 1). Since f’ is assumed continuous, f’ is 0
on all of (0, 1), and hence f is constant. So U5_; E, contains only constant
functions and thus cannot be dense. This contradiction completes the proof.

We conclude this paper by showing how the proof of Theorem 1.1 becomes
much simpler if the statement of the theorem is weakened in either of two
directions.

First, suppose the requirement that the sequence E, be increasing is dropped.
Then Lemma 2.2 becomes superfluous, and can simply be replaced in the proof
by Lemma 2.1. Moreover, Lemma 2.3 can be simplified, since we need only
consider subordinated—rather than ¢-subordinated—partitions of unity.

Second, suppose we dropped the word ‘“‘peaked” from the statement. Now
Lemma 2.1 becomes superfluous. Lemma 2.2 cannot now be eliminated, but
with the word “peaked” removed it becomes rather trivial: In fact, if
P = {p1, -+, Dn} is any partition of unity subordinated to U, let

\If={¢,~p,~:i_<_n,j$m}.

Then ¥ is also a partition of unity subordinated to U, and [®] C [¥]. Note
that here ¥ is actually subordinated—rather than merely e-subordinated—to
U, so Lemma 2.3 can again be simplified.
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