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1. Introduction
The main results of this paper are two theorems on the growth of holo-

morphic functions in D, the open unit disc. The theorems are:

THEOREM 1. Let q(r) > 0 for 0 <_ r < 1 and q(r) 0 as r ---+ 1-. Then
Hthere exists f e such that f(r,) >- C q(r,) (1 r,)-11 for C a constant

and r, a sequence of real numbers such that 0 < r,, < r,+l < 1 and r,, 1.
(We assume q(r) (1 r)-11 ---+ as r -- 1- without loss of generality.)

TEOnEM 2. There exists a function f(z) such that
(i) f(z) is holomorphic for z < 1;
(ii) lf(z) 0{(1-Izl)-"},a> 0;
(iii) There exists a sequence {rn} --1 such that r,, < 1 for all n, r,, T 1 and

a constant C such that] f(r, e) >- C(1 r,)-" for each n.

We shall give the proofs of these theorems in Section 2. At present we
shall apply them to obtain some information on the growth of a function in
H. By H, 1 _< p < , we mean the class of all holomorphic functions in
D, such that

< - f(re’)

is finite. As is well own H is a Banach space with no . See
[2] for the basic facts about H. In [1] it is shown that f e H im-
plies If(re) o{ (1 r)-}. We shall use Theorems 1 and 2 to conclude
that this is the best possible result.
We begin by indicating a simpler proof than that found in [1] for the growth

condition. Namely, in [3; p. 31] it is shown by a simple argument using
infinite series that f e H implies f(re) o{ (1 r)-;}. Since f e H
implies f I. F where I is inner function and F is an outer function in H
with [f(z)] ]F(z)], we prove the result for F. But F having no zeros
implies F belongs to H so that the desired growth condition for F follows
from the contuity of taking roots.

Using Theorem 1 and the factorization of functions in H we conclude that
the above growth condition is the best possible.

TEOnEM 3. For f H we have that

If(reo) o{(1 r)-1}
is the best possible result.
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Proof. Suppose there exists (r) -- 0 as r --. 1-, q(r) > 0 for 0 _< r < 1
/./2.such that f(z) 0{q(I z I) (1 z I)-1/} for all f e g. Letf e Then

f I. F where I is an inner function and F is an outer function in H. Then
F/" e H implying that

C is a constant. Thus taking roots we see that we have contradicted Theorem
1.
The final remark of this section is to note that Theorem 2 implies there

exist holomorphic functions of arbitrarily slow growth in D which are not in
H. This says that H is a proper subset of all functions holomorphic on D
and satisfying If(z) o{ (1 z I)-1/} which is already well known and
may be observed by various other examples (i.e. lacunary series).

2. Proofs of Theorems 1 and 2

Proof of Theorem 1. Let nl be an integer such that (1 1/2 nl) < 1. Let
rl 1 1/2n. Choose n2 an integer such that n. > 2nl and (1 1/2n)
< 1/2. Let r 1 1/2n. Continue by induction getting a sequence of
integers{n}k such that 2nk < n+ and q(r) < 1/kwherer 1-1/2n.

Let

f(z)

_
_+ ((r)//n)z’.

Note that f is holomorphic for zl < 1 since each Taylor coefficient, a, of f
is less than Mien, where M is some constant. Also, we note that

’2nkf(rk) f(r) >_ /___nffink+l ((r)//n) (r)

>_ ((r)//n) (1- 1/2nk)2’(n)
>_ (/n/4) (r) (/2/8) (r) (1 rk)-*

for all k.
Finally, we see that f e since

k

)2 < <
k-’l n-’nk-bl k,l k’-I

Proof of Theorem 2. (The author would like to thank Professor P. Lappan
for the assistance he rendered here.)
We need the following well known 1emma.

LEMMA 1. Let f(z) ..o a,z be holomorphic for zl < 1. If there
exists a constant C such that ,ffio al < C(N / ) for all N then If(re)
0{(1 r)-"} where a > O.

Proof. Fx z such that zl < 1; then



A NOTE ON THE GROWTH OF FUNCTIONS IN Hv 13

(1 Izl)If(z)l <_ (1 [zl) -0[al izl
_< c 5:7-0 (Y + )"lzl"
<_ K(1 zl)-"+1

since (1 z I)-a -0 (n + 1)a-[ z for > 1.

Proof of Theorem 3. Let r , n 2 and P(z) "nz Noting that
forrfixed(r < 1),n%0asn and also that (1 l/n) $e- (n >
2), we choose m such that n > 8(hi 1), n: > n and r < . Let r

21-- 1/n thea (1-- r) n. LetP(z) P(z) + nz Note that
forz] r wehave

IP(z) n (1 1/m)- n (n/4) (n[/8) + 1 (n[/8) + 1.

Suppose n < n < < n_ have been choosen (set r 1 1/n for
i 1,..., k 1) satisfying

(i) n r] 2-fori>j;
(it) n8(n%+... +n-l) forigk-1;and
(iii) P,(z) (n/8) + 1 for z r, where P(z)

nz + +n z ,i k-- 1.

n 2i-kThen choose n such that n > n_,nr for i < k and

n > 8(n% + + n ).

Let P(z) P_(z) + nz and r 1 1/n. Note that for ]z] r,
nkP(z) n r [P_(z)

(n/4) (n% + + n- 1)

(n/8) + 1.

Let f(z) n z We have that f(z) is holomorphic for z[ < 1
since lira sup (n) 1. For z r, we have

I/(z) > n r n nir

(n/4) (nT/S) + 2-= (n7/8).

Thus f (re) () (1 r)-" for each k. Also we note that rT 1,
showing that condition (iii) is satisfied.
To obtain (it) let n be a positive integer and choose n such that n n <

n+. Then

()n () (n + 1)".
Thus f(re) O{ (1 r)-"} by Lemma 1.
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3. Concluding remarks
In this section we conclude the paper with two observations. The first

concerns Theorem 1.

THEOREM 1’. Theorem 1 is true for p such 0 < p < oo. (Replace 1/2 by lip
in all appropriate places.)

Proof. Supposeq(r) > 0for0 _< r < 1 and(r) --,0asr--+ 1-then
h(r) (r) has the same properties. Letting F be the outer part of the
Hf e with the property that

f(r.)l >_ C (r,) (1 --r)-,
we have that G(z) F(z) H and

G(r,) F(r) J
_

C’ q(r,) (1 r.)-on the sequence r} where C’ C.
The second observation is that the result on the growth condition for H

also holds for 0 p 1 since the factorization theory of H is also valid for
0 < p < 1 [4; Pg. 338].
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