A SET OF GENERALIZED NUMBERS SHOWING BEURLING'S
THEOREM TO BE SHARP

BY
Harorp G. Diamonb!

Beurling [1] proved that the prime number theorem holds for generalized
(henceforth g-) numbers if N (z), the number of g-integers not exceeding z,
satisfies N (z) = cx + O(x log "z) for ¢ a positive number and v a number
greater than §. Further, he showed that this result is sharp by giving an
example of a “prime measure’”’ and associated ‘“integer measure” for which
v = $ but for which the prime number theorem is false. However, the
measures of Beurling’s example are continuous and thus differ from the usual
(atomic) counting measures of prime number theory.

We shall give an example of g-primes and g-integers for which the prime
number theorem fails but N (z) = cz + Of{z(log z)"*}. Our construction
is based on Beurling’s example and a method of approximating measures
that we have used in [2].

Let w(x) be the number of g-primes not exceeding z, and define
M) = Y manw@™). Set li(x) =k + [3 (log t)™"dt(k a constant)
and define 7(z) by

(x) = jj {1 — cos (log t)}(logt) ™ dt forz > 1

and 7(z) = Oforz < 1.
ProposiTION. Let p,, the rtt g-prime, be defined by p, = 7 (r). Then

N(z) = cz + Ofz(log )™},
where ¢ = exp { [T (dIl — dr)(¢)}, and = (x)/li(x) does not have a limit as

z— oo,
Sketch of proof. The number c is finite and positive because II (¢) — 7(t) =
0 (¢*). Since v (z) = [r(z)] and

(z) = li(z) — sin (log z) + cos (log )} + O(x log™*x),

s
2 log z

w(x)/li (x) has no limit as  — . We now estimate N (z), noting first that
dN = exp dII [1; p. 257], [2; §3.1]. The exponential is defined by its power
series about the origin; the powers of a measure dA are defined by dA° = & =
point mass 1 at 1 and by (d4)” = (dA)"™ % dA for n > 1, where * denotes
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multiplicative convolution. Also define dT' = exp dr and C = log ¢. Now
dN = expdll = c¢dT *exp {dII — dr — C8},

and by a technique of Dirichlet we have

N(z) = ¢ j;:/;+ T(x/u) exp {dII — dr — C8}(u)

(1)
+ cf\/” (fﬂw exp {dIl — dr — C«S}) dT(u).

Our two principal tasks will be to show f i—exp {dll — dr — C8} suitably
small and to obtain the first few terms of the asymptotic series for T (y).
We shall collect this information and return to (1).

Lemma 1. There exist numbers {c;} such that asy — o,
T(y) ~y+ 2Re X mcy ™ (logy)
Proof. We have

L : x " dT(x)

It

fw x *(exp dr)(x) = exp fw 2 dr(x)
z=1 z=1

exp (3 log {1 + (s — 1)7}).
The middle equality is a consequence of the fact that the map
dB(u) — w* dB(u)

is an algebra homomorphism for any fixed «. Following [1; pp. 288-290],
we set o(s) = {1 + (s — 1)7%}** and for > 1 express T in terms of ¢ by
the Mellin inversion formula:

1 o+iX
T(z) = lim ——f o(8)z’s " ds withRes = ¢ > 1.

X—>w 21

Deform the path of integration to yield

T(z) = f,e(l) + j;e(m) + ,/:eu—n ’

where fz,(1+,~a) denotes integration along the contour of points at distance ¢
from the ray from 1 + 7a to — « -+ 7a, taken in the positive sense with re-
spect to the point 1 + 4a. Asin [1], [ 1,0 = Z + ¢(0), and we now apply
Beurling’s analysis to the two remaining integrals. Set

8_1§0(3) = E:—OAn(s -1 - i)n+ll2
for|s —1—1%2| < 1. Asz— « wehave

0
1 \n+1/2 8
~ Ay =— s—1—1 T ds
./;g(1+e) ,,2_0 " ot Ji(1+0) ( )

~ Y Az (log 2) /T (—n — 1).



A SET OF GENERALIZED NUMBERS 31

Since s "¢ (s) is real for s real, a conjugate expression holds about s = 1 — 3,
and we have

V/; a-n z fi"a‘l_i(k’g f’/')_"—m/l‘(——n - .

Setting ¢;11 = A;j/T(—j — %), we have the desired expansion.

LemMmA 2.
fl udT(u) = O(logz) and f1 u " dN(u) = 0(log ).

Proof. The first estimate is easy since T'(u) = O(u). For the second,
write

flz wdN(u) = jj u ™ exp {dr 4+ (dII — dr)}(u)
= ];x u" {exp dr % exp (dII — dr)}(u)

= f: (u™" exp dr) » (u™ exp {dIl — dr}).

Now since exp {dlT — d=x} > 0,

j;z u " dN(u) < (j;z u " exp d1r) ([o v exp {dII — d1r}) .

The last integral equals exp { [T w {dII — dr} ()}, and this is a finite number
since I (y) — = (y) = 0(y").

We estimate f 7u™ exp dr in terms of [Tu ™" exp dr by noting the follow-
ing two simple facts: If A (z) and B(z) are increasing functions on [1, «)
and A (z) > B(z) for all z > 1, then

(22) [ @ay> [ sy,

(2b) fl WA @) > f1 wtdB(w).

Now we have

jj uw {exp dr}(u) = Z:: flx w ' (dr)"/n!

< Z:j fl ")l = fl "4 dT(u) = 0Clog o),

and the proof of the lemma is complete.
Let C satisfy the hypothesis of the proposition, and define »; for j > 0
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and z > 1 by
z+ .
() = [ e - dr — CoY(w)

and set »(z) = »(x). We remark that »(z) = 1,z > 1, and dv; = (dv)".

LemMA 3. There exist constants Ay and Ay such that for all x > 1 and all
posttive integers n,

3) [ v (@) | < nAo(2log log ex + A1) 'z 1",

Proof. By partial integration we see that »(z) = O (z™*), and thus there
exists Ao such that (3) holds with n = 1. Also, forz > 1,

f1 | dv | f ' dr(u) + #(z) + C + | C| < 2log log ez + B,

By some constant. 'We now proceed by induction on n again using Dirichlet’s
device. Assume the truth of the nt case (n > 1) and set y = /™™ and

z=z/y.
pai(z) = f[ . (@)'(s) dlt)

y+ 2+
= [ o) e + [ oa/) (@)@ = ryima).

I-

yt+
< nAo(2 log log ex + A;)" 2" f | dv |
1-—

< ndo(2 log log ex + A1)" (2 log log ew + Bo)z /"%,

] aarr ([ 1)

< Ay(2 log log ex + Bo)"a M e™P,
I V(Z/)Vn (z) I S Ao'nAo (2 lOg log ex _|_ Al )n—1x-1/(2,,+2)'

Thus (3) is true with n + 1 in place of n if we take 41 = Ao 4+ Bo, and the
induction is complete.

Lemma 4. Let f(y) = [¥u(exp{dll — dr — C8} — &). Then for
y>1,

y+
fy) +1 = fl_ exp (dv),

and for each (fized) positive number k, f(y) = O (log™ y) as y — .

Proof. Since the map dB(u) — w ' dB(u) is an algebra homomorphism,

y+
@) = [~ exp (@) = 1= Tican(y)/nl
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and we use the estimates of the last lemma. Break the sum at
N = [(8 + k) (log log ey + A1)]:
SV < Aoy exp {2 log log ey + A1} = O(log™*y).
Z < 4, Z (2 log log ey + A1)"

NF1 n!

< 24, (2 log log]\;a;y + A"

< 24, (8 _T_ k) < 240¢™" = 0(log™y).

Proof of the proposition. We show the second term in (1) to be small.
We have the formula

vt v+
f1— exp {dIl — dr — C8} = f {6 + wdf(u)},

and integration by parts and use of the last lemma yield

v+
fl_ u df(u) = O(y log™’y).
Also, dT > 0 and thus

fj;+{fj;/:+ exp (dIl — dr — C&)} dT(u)

3
<K f <log ) AT(u) = 0(z log™%).
To estimate the first term in (1), set

sremeaD) (oeD) o+ of(eed)
T(x/u)—a+2Rej§=:lcj = loga + 0 - loga
and treat separately the three resulting integrals I + IT 4 III.
Vat
1= j;_ au " exp {dIl — dr — C8}(u) = 2(f(v/z) + 1)
= 2 + O(z log ).
vt 1+i —i—1/2
I = f 2Re 2 ¢; <§> <log E) exp {dII — dr — C8}(wu)
- U u
and may be expressed as a linear combination of four integrals
\/;_'_ z 14-ia z —b
Jap = f <ﬁ> (log ﬁ) exp {dIl — dr — C8}(u),
withe = 1, —1;b = §,§. By the definition of f, we may write
[Vt —b .
Jop = x5 f ~ u <log > df(w) + 7 log ™.
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w1

Integrating by parts and noting that f LU |fw)|du < o, we see that
Jap = O(z log™ ) and thus IT = O{z(log z)"**. Finally,

vt ~1/2
|III|SK];_ %(log%) | exp {dIl — dr — C8}(u) |
’ —7/2 vE
< Kz log :v‘/; w  exp (dII + dr)

< K'zlog " <j; u dN) (‘[1 u dT) = O{z(log x)"*%},

and we conclude that N (z) = cx + Of{z(log z)™*%}.
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