
NUMERICAL INVARIANTS OF KNOTS

BY
RcL E. GooK

In the following, we will define two numerical invrins of knos nd show
h hey re eqvlen. The first, he bridge number of kno, describes
he mimum number of overerossing rcs of ny representation of given
kno, nd ws firs deseribed by Schuber Ill. The second, he local mximum
number of kno, is he minimum number of loel mxim of ny representa-
tion of ven kno.
In he follong, o is piecese linear embedding of into. Le C

denote he cube
{(x,y,z) JO x 1,0 y 1,0 z 1

and D, 0 1, the disk

(x,y,z)Ox 1,0y 1,z t].

If a knot K is represented as n arcs A, A, ..., A where

A, z) i/ (n + ), t, O z

through C and n connecting arcs on he boundary of C, then K is said to be in a
sndard n 5ridge positi. The 5ridge number of a kno K, denoted by B (K)
is he mimum number of A among all standard n bridge positions represen-
ing K. A kno K is said to be in standard positi with n local maxima if K
is represented as being contained in C so ha

(1) KnDisn
(2) K n D, 0 1 is a finiCe number of poinCs,
(3) if p (K n (inefior C)) and N is a neighborhood of p, then there

ess a poin p N such tha the z coordinate of p is greater han the z
coordinate of p.

The local maximum number of a kno K, denoCed M(K), is Che lease number of
local maxima amonga sCandard positions wih n local maxima representing K.
I is easy to show ha a kno can be put in a sandard n bridge position or
a standard position wih n local maxima. ence, ven K, M(K) and

B (K) are well deed.

Toa 1. If K is a knot, then M (K) B (K ).

We firs prove Cha B (K) M (K) by showing ha if K is a kno sCand-
ard n bridge posiion, then K can be moved by a space homeomorphism o a
positionh n local maxima.
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FIGURE 1

Assume that K is in a standard n bridge position and that D is an open disk
on the boundary of such that (closure of D) n K . Thus K lies in the
terior of a closed disk (bounda of ) D, except for linear segments.
Let

(Fig. 1). Define to be a space homeomorphism taking (boundary of
C)D onto D/ and A onto A. Hence h(K U-A) is n arcs,
B, ..., B, lng the interior of D/. Let a, b denote the endpoints
of B and x the midpoint of B. Construct the arc B by moving
a (x,y,l/2) eBto

x, y,
2d(a, i)

where d (a, x) denotes the arc length along B of the point a to x. Let h
be a space homeomohism that moves B to B, i 1, 2, ..., n, and leaves=A fixed. Hence h h (K) is in a standard position with n local maxima.

Next, we assume that a knot K’ is in a standard position with n local maxima.
Let p, p, -.., p be the n points of K’ D and x, x, ..., x, vertices of K
such that px is a linear segment of K’. Define y, ..., y, such that y eD
and the triangles yxp and yxp, i j, have at most x in common (Fig.
2). A space homeomorphism taking xp to xyp leaving K’ xp
ed 11 be denoted by h. Let h be a space homeomohism that moves
ha (K’), thout introducing local maxima, such that

(1) no three points ofD h(K’), 0 1, have the same x coordinate,
(2) oy a te number of Dn h (K’) have two points with the same x

coordinate
(3) if D n h(K’) has two points with the same x coordinate then

D h (K’) contains no re,ices of K’.
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FIGURE 2

To construct h4, first order the vertices h8 (K’) and put a small spher!cal neigh-
borhood about each vertex. Then, using the ordering, move the ith vertex
to another point in its neighborhood so that the 1-simplexes joining this new
point are in general position with respect to the y axis and satisfy condition
(3) with respect to the previously moved/-simplexes.
Without loss of generality, we can assume that h4hs(K’) Ulyp is

contained in the interior of C. Hence

h, h (K’) U-I (interior of y p)

consists of n arcs B;, B;, ..., B’ having n vertices b;, ..., b: which
are local minima. Let L {(x, y, z) (x, y, z)eC and y 1),
L (x, y, z) (x, y, z). C and there exists a point p (.I’-IB,
p (x’, y’, z’) such that x’ x, z’ z, and y

_
y’}, and L

(x, y, z) (x, y, z) C and for some b (x’, y’, z’), x x’, z z’ and y

_
y’}.

We now show that
L u L uL u (UIB)

simplicially collapses to
L1 u L u (U,-i B) [2].

By property (2) of h we can defineDI, D,., ..., D:, such that 1 tl > t.
> tK > 0, all crossings of h h8 (K’) in the y direction lie between

and DtK, and no more than one crossing lies betweenD and D+I, i 2, 3,
..,K- 1. LetC= {(x,y,z) l(x,y,z)eCandt_->z->t+l}. AsLn

consists of a disjoint collection of 2-cells, we can collapse L. n C to

L n C1 n (L1 u L3 u (UB) u D).

Assume that L n (U-I C) has been collapsed to

L n (U-I C,) n (/-a u L3 u (U-I B) u 99+1).

There is at most one B n C+ a connected component of which is an over-
crossing arc. Collapse the part of L n C.+1 lying below this arc, then collapse
the remaining part of L n C+1. Hence we have L. n (’+1,_1 C) collapsed to

Ln (U+1,-1C) n (L1 u La u (U,’-I B) u Dg+).
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It follows that
L u L u La u (U=B)

collapses to
Li u La u (U-i B).

Let N(L u L. u La u (U--1B ) denote the second derived neighborhood of
L u L u La u (UB in C. Define ha to be a space homeomohism taking
C onto N (L1 u L u La u (UB)) lea@rig UlB ed.
As (L1 u L u La u (UiB )) collapses to (Li u La u (UlB )), there is a

space homeomohism h taking

N (L u L La u (U,B)) onto N (L1

lea@ng Ui B ed [2]. Let

L {(x,y,z)z 1/2,1 ! y 1/2, andx i/(nW 1)}.

There ests a space homeomohism h taking L1 onto L1, B onto A, and
La onto L. Let b be a space homeomoghism of

N( u L u (U-B)) onto N(Lt u L u

such that

FinaUy, let hs be a homeomohism akg N( u L u (ULt Ai)) onto C
learnt U-tAi ed (Fig. 3). Hence hshvh6hhh(K’) is a standard n
bridge position.
A link is a piecese linear embedding of U E.-tS onto If K is a link,

FIGURE
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then we can derive B (K) and M (K) in a similar manner as in knots. Hence,
using the same proof as in Theorem 1 we obtain the following.

To 2. IK is a lin, hen B(K) M(K).
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