EUCLIDEAN AND NON-EUCLIDEAN NORMS IN A PLANE

BY
D. A. SENECHALLE

Introduction. Let L denote a 2-dimensional linear space. If fis any norm
on L, K (f) denotes the smallest number » > 0 such that for some Euclidean
norm g dominated by f, the norm r-g dominates f. Note that K(f) = 1 or
K (f) > 1 according as f is Euclidean or not. The following are the main
results in this paper: (1) that

K(f) = sup {[(*(az + y/a) + ' (bx — y/b))/ (@ + 1/a" + b* + 1/6")]"":

a,b>0,fx) = fly) = 1};

(2) a theorem which shows how to construct all norms f with K (f) fixed; (3)
some improvements on known conditions for inner product spaces with the
change that they are required to hold only locally or in the limit.

Notation and preliminaries. For any linearly independent # and y in L,
C(z, y) denotes the set {ax + by:a, b = 0} and W (x, y) denotes the set
{ax + by: ab = 0}. We call a quadruple of points (z, y, «’, y’) interlocking
if the points are pairwise linearly independent, C (', y) D C(z,y) D C(/, y),
and the unit sphere of some norm contains them. If fisany functional on L
define S (f) and U (f) to be f (1) and £~ ([0, 1]) respectively. Define a sub-
norm to be any restriction f of a norm on L such that dom f is closed,
R-dom f = dom f, and there exists an interlocking quadruple of points of
S(f). Call a functional f on L a Euclidean pre-norm if either f is a Euclidean
norm or f = l g | for some g % 0in L*. If fis any subnorm, E; (E”) denotes the
set of all Euclidean pre-norms dominating (dominated by) f over dom f,
and if ¢ is in E; of E’, d(f, g) denotes

sup {g(z), 1/g(x) : x e S(}.

If N is E; or E/, d(f, N) denotes inf,evd(f, g). Note that the definition of
K (f) can be extended to subnorms by an obvious modification.

Ifw = (z,y, 2, y') is any interlocking quadruple, define

k@) = 1@ + ed)/ (@@ + ) + ab (& + )",

where 2’ = ax + by and ¢’ = cx — dy. Thus (a,b,c,d > 0). We list with-
out proof the following four properties of any interlocking quadruple
w= (2,9 2,y):

(P1) There exists only one ordered pair (r, C') such thatr > 0, C = S(f)

for some Euclidean pre-norm f, C contains 2’ and y’, and 7+ C contains z and y.
®Py) r = k(w).
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(Ps) If fis a subnorm, z, y, 2’, ¥’ e S(f),

' = (az + y/a)/f(ax + y/a), y' = (bx — y/b)/f(bx — y/b),
then

k@) = [("(az + y/a) + f' Gz — y/b))/ (@ + 1/a" + b + 1/bs)]"

(®Ps) The quadruple w' = (z/, ¥, z, y) is also interlocking and
kW) = 1/k(w).

TueoreEMm 1. If f is a subnorm, then

(a) E;and E’ have unique nearest elements g and h respectively to f.

(b) d(f, E') = d(f, By) = K(f) and g = K ()h.

(¢) Each of the sets S(f) n S(g) and S(f) n S (h) contains two linearly inde-
pendent points and if W (x, y) contains one of these sets, it intersects the other.

(d) There is an interlocking quadruple w = (z, y, 2/, y') such that z,
yeSF) nSh), ',y e S(F) nS(g).

e) K(f) = k(w) = supeev k@), where V s the set of all interlocking
quadruples of poinis of S (f).

) K(f) = sup {[(f*(az + y/a) + f*(bx — y/b))/(@* + 1/a* + b* + 1/b)]"* :
a,b>0,f) =f(y) =1,ax + y/a, bz — y/b e dom f}.

Proof. There is some Euclidean pre-norm % which is the pointwise limit of a
sequence of Euclidean norms in B’ whose distances from f converge to d (f, E'),
and thus d(f, E') = d(f, k). If hisnot anorm, then S(h) = au —a for some
line @ not containing 0. Suppose that either S (f) n S (7) does not contain two
linearly independent points, or that for some z, y, W (z, y) contains S (f) n S (h)
but contains no point z of S (f) such that d(f, ') = 1/h(z). In either case,
there exist some two points  and y of S (k) such that S(f) n S (%) is interior
to W (x, y) and such that

sup {1/ (@) : p e S(F) n W (x, )} < d(f, B).

There is some Euclidean norm % such that k(z) = k(y) = 1, k(z + y) <
h(x + y), and which is close enough to A to insure that

sup {1/k(p) : pe S(F)n Wz, y)} <d(f, E') and U(k) D U().

Thusk e B and d(f, k) < sup {1/h(p) : peS(f)} = d(f, E'), a contradiction.
Therefore S(f) n S(k) contains two linearly independent points and if
W(z,y) contains S(f) n S(h), then it contains a point z of S(f) such that
a(f, B') = 1/h(2).

Suppose that in E” there is a Euclidean pre-norm k 5 % such that d (f, E”) =
d(f, k). Letm = (B + k*)"*. Note that m ¢ E', d(f, m) = d(f, E’), and m
is a norm even though A and/or & may not be. There is some point & of
S(m) n dom f such that d(f, m) = f(x). We have that A(z) = 1 because
f@)/hx) = d(f, ) = d(f, m) = f(x). A similar argument shows that
k(z) 2 1. Butm(z) =1= (@) + k()" soh(x) = k(z) = 1. There
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is some point y where S (m) touches S(f), but y # =z because d(f, m) =
f) #1. Itfollowsthat S(h)nS(k) = {=tx, =y}. Thereissome Euclidean
norm n such that n(y) = m@y) = Ln(@x + y) = m(z + y), n(@) > m(z),
and which is close enough to m to insure that n ¢ E and d(f, n) < d(f, h).
Since this is a contradiction, % is the unique nearest member of £ to f. Now
define g = d(f, h)h. It is easily checked that g € E;, that d(f, g) = d(f, h),
and that g is the unique nearest member of E; to f. This completes parts (a)
and (b).

With slight modification, the argument used to show S(f) n S(%) has two
linearly independent points will also work for S(f) n S(g). It hasbeen shown
that if W(z, y) contains S (f) n S (h), then it contains a point z of S (f) such that
d(f, k) = 1/h(z), and this implies that z ¢ S(g). A similar argument shows
that if W(z,y) contains S (f) n S (¢),then it intersects S(f) n S (h). This com-
pletes (¢).

Part (d) is obvious if f is Euclidean, so suppose fisnot. There exist linearly
independent points z and y™* of 8 (f) n S (&) such that W (z, y*) D S(f) n S ().
By (c) and the symmetry of S(f) n S(&), C(x, y*) intersects S(f) n S(g).
There is some point y of S(f) n S(&) n C(z, y*) such that C(x, y) contains
some point 2’ of S(f) n S(g) but such that if 2z is any point of S(f) n S ()
interior to C (z, y), then C(z, 2z) contains no point of S(f) n S(g). Suppose
that W(z,y) D S(f)nS(g). Then C(z, y) contains some two linearly inde-
pendent points 2 and 2; of S(f) n S(g) such that W (21, 22) D S(f) n S(g).
There is a point z of S(f) n S(h) in C (21, 22). Thus 2 is interior to C(z, y)
and C (z, z) contains either z; or 2, , so it intersects S (f) n S (g), a contradiction.
Therefore, W (z, y) does not contain S(f) n S(g), and this implies that there
is some point 3’ of S (f) n S (g) not in C (z, y) and such that C' (¥, y) D C(z, y).
The points z, y, «’, ¥’ have the required properties. This completes (d).

According to property (P:) of interlocking quadruples, there exists only one
pair (r, C') such that r > 0, C = S(f) for some Euclidean pre-norm f, 2/, 3’ € C,
and z, y e7-C. By property (Ps),r = k(w), where w = (z,y, 2/, %'). The
pair (K (f), S(f)) has these properties of the pair (r, C), so k(w) = K(f).
Suppose the quadruple v = (p, g, p’, ¢') isin V. Let m be the subnorm such
that S(m) = {=p, ¢, +p’, +¢'}. Sincemisarestrictionof f, K (m) < K (f).
Just as it has been shown that K(f) = k(w), it may be proved that
K(@m)=k(u). Thusk@)=K(@m) = K(f) =k(w)andk(w) = sup,ev k@®).
This completes (e). Part (f) follows from (d) and property (Ps).

The following corollary shows how to construct all the subnorms f with a
fixed K(f). (Foranyf, 1 £ K(f) £ 2% as may be checked by finding the
maximum of the expression in part (f) of Theorem 1.) This corollary is
stated without proof since it is a straightforward consequence of Theorem 1
and the four properties of interlocking quadruples.

CoroLLARY. Supposel < r < 2% Let C be some ellipse in L with center 0.

Let W be the set of all subnorms f such that: (a) S(f) € [1,r]C and (b) there exists
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an interlocking quadruple (x, y, ', y') of points of S (f) such that z, y e rC and
2,y €C. Finally,let W’ denotethe set of all subnormsf’ suchthat S (f') = T (S (f))
for some reversible linear T and some fin W. Then W’ is the set of all subnorms
f such that K (f) = r.

Suppose that ~ is one of the relations < and =. Say that a subnorm f has
property (D, ~) provided that if (z, y, 2/, ¥’) is any interlocking quadruple
of points of S (f), then there exists an interlocking quadruple w = (z,y, ", y”)
of points of S(f) such that k(w) ~ 1. M. M. Day proves in [2] that every
norm with property (D, ~) is Euclidean. Calling a subnorm f Euclidean
whenever K (f) = 1, we prove:

TuEOREM 2. Every subnorm with property (D, ~) is Euclidean.

Proof. Let fbe a subnorm with property (D, ~). Suppose f is not Euclid-
ean. Let g and h denote the nearest members to f of E; and E respectively.
Using part (d) of Theorem 1 and that S(f), S(¢), and S (k) are closed, there
exists an interlocking quadruple (p, q, p’, ¢’) such that

C,g)n8f)nSk) = {p,¢¢ and C@,¢)nS()n8() = {p,q}.

If w = (p, q, z, y) is an interlocking quadruple of points of S(f), then
E(w) > 1,and ifw’ = (®’, ¢, x, y) is an interlocking quadruple of points of
S(f), then k(w') < 1. Since this yields the contradiction that f does not
have property (D, ~), it follows that f is Euclidean.

In what follows, || - || denotes a norm on L and 8 its unit sphere. We are
concerned with conditions which make || - | Euclidean. Brief surveys of the
results of this type may be found in [1] and [3] and a more extensive survey in

[5].

TaeoreMm 3.  Let ~ denote one of the relations < and =. Suppose that there
exists some € > O such thatif |z || = ||y || = Land ||z — y || < &, then there exist
a, b > 0 such that

laz + by "+ abllz — y[" ~ (a + b)
Then || - || is Euclidean.

Proof. Suppose that ~ is = and that || - || is not Euclidean. Let ¢ and
1 be the nearest membersto || - || of Ey.; and E''! respectively. By Theorem
1, there exists an interlocking quadruple (p, g, p’, ¢’') such thatp, geS(f)n S (k)
and p/, ¢ eSF) n8(g). g —¢) = 2" letu = p’ and v = ¢, and if
g — ¢) > 2" letu = p’ and v = —¢’. In either case, u,veSnS(g),
gu—v) =2 andSnS(g)n C(u, v) = S n C(u, v) because S n C(u, v)
contains either p or g.

For every r = 1, let g. be the Euclidean norm such that g, (v) = ¢,(v) = 1
and g.(u + v) = g(u + v)/r. Let

M =sup {r =2 1: g.(2) > 1for some zin S n C(u, v)}.
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For every r = 1, let
S =1{zeSnC(u,v): g (z) = 1}.
Iflsr=s M,let

I(r) = sup {|lz — y|| : = and y are in the same component of S,},

and if 1 £ r < M, let u, and v, be points such that || 4, — v.| = I(r) and the
arc C (u,, v,) n S is a component of S,. Note that each of the points u, and
v, belongs to S(g,) and that the function [ is nonincreasing over [1, M]. One
of the following two statements is true: (a) I(M) > 0; (b) limm I(r) = 0.
If (a) is true, Sy contains an arc of S(gx). If (b) is true, there is some r,
1 < r < M, such that || u, — v < e. In either case, there is some r,
1 < r £ M, and some two points z and y in C(u, v) n S n S(g,) such thal
|z — y|| < € and such that if @, b > 0, then ||ax + by | £ g-(az + by).
But since g (u — v) < 2"*and w, v e S n 8(g), x — y is interior to W (u, —v)
implying that ||z — y || < g.(@ — y). Therefore, if @, b > 0, then

llax + by |* + ab |z — y|I* < g (az + by) + abgr (z — y) = (a + b)".

This is a contradiction. Therefore || - || is Euclidean if ~ is =.

If ~ is =, an argument similar to the preceding one may be used. The
main differences are that u and v are picked from S n S (&) instead of S n S (g),
the norms ¢, are replaced by Euclidean norms %, defined by A, (u) = A, (v) = 1
and A, (u + v) = rh(u + v),

M =sup{r = 1:h(2) <1forsome=zinSnC(u,v)},
and S, = {zeSnCu,v): h(z) < 1}.

TuaEOREM 4. Suppose that if || x || = 1 there exist a, b > 0 (depending on x)
and a sequence (y;) in S\x converging to x such that

limene ((@ 4 b)" — [laz + by:[")/ (@b ||z — i) 2 1.
(This limit may be «.) Then | - || is Euclidean.

Proof. Suppose that || - || is not Euclidean. Let g and h be the nearest
members to || - || of Ey.; and E'"! respectively. By an affine transformation,
we may assume that L is the plane, S(g) and S (%) are circles, S (¢) with radius
1 and S (k) with radius B > 1, (1,0) ¢ S n S(g), and that C((1, 0), (1, 1))
contains a point of S n S(k). We use the following notation: r and p are the
functions such that for every o, (r (a) cos «, r(a) sin @) = pla) ¢ S;
9 = —atan ('/r), and 6_ = —atan (r—/r), where r— denotes the left-hand
derivative of r.

Let k denote 1 — 1/R*. 0 < k < %. Suppose that (6_)'(a) = —Fk for
every o in dom (f.)’. The funetion 6_(a) + a + /2 gives the direction of
the left-hand tangent to S at p (a), so it is nondecreasing. Thus 6_.(a) + «
is nondecreasing and if @ ¢ dom (6-)’, then (f_)(a) + 1 = 1 — k. Since
(1,0) e Sn S(g), 6-(0) = 0. These conditions imply that for every e,
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6_(ax) =2 (1 — k)a,800_(a) = —ka and we get the inequalities
atan (r=(a)/r(@)) £ ko, (In7)-(a) < tan (ka) and
r(a) < exp (J¢ tan (kt) dt) = cos (ka)™'™.
But there is an « in [0, 7/4] such that r(a) = R. Since R = (1 — k)2

(1 — k)™ = cos (ka)™*, (1 — k)** = cos (ka) = cos (kr/4),and f(k) = 0,
where for every ¢ in [0, 3],

f@t) = (n (1 —¢))t/2 — In (cos (tr/4)).

To get a contradiction, we observe that f(0) = f/(0) = 0 and that f” () < 0
if¢e[0,%]. These conditions imply that f(t) < 0if e (0, ], and, in particular,
that f(k) < 0. Thus there is some « such that (_)' (a) < —k. By a rota-
tion, we may assume that o = 0.

By the hypothesis, there exist a, b > 0 and a sequence of numbers (o)
converging to 0 and all different from 0 such that

limie ((@ =+ )" = [lap(0) + bp(as) 1)/ (@ [ p(0) — p(a) ") = 1.
By replacing a and b by a/(a + b) and b/ (a + b) respectively in the above
expression, we may assume that ¢ + b = 1.

Let | - | be the norm for the plane; i.e., | (c, d)| = (¢ + d’)">. For any
point y 7 0, denote y/||y || by sgn (y). Iy =0, [yl = |y|/Isen @)].
Also, if | | < /2, then

|sgn (ap(0) + bp(a))| = r(atan (br(a) sin a/ (ar (0) + br(a) cos a))).
limew (1 — |lap(0) + bp(e:) ")/ (ab [ p(0) — p(a) |I*)

= limise, (|sgn (p(0) — p(e)) [*/] sgn (ap (0) + bp (e)) [*)F (:)/G (exs),
where for every o in [—w/2, /2],

F(a) = r*(atan (br(a) sin a/(ar (0) + br(e) cos a))

— (@**(0) + 2abr (0)r () cos a + b*(a))
and
G(a) = ab(r*(0) — 2r(0)r (a) cos o + 7 (a)).

For every a, 1 < r(a) < R, 50 limi,e F (;)/G(as) = 1/R?. The function @
is both left- and right-differentiable because it is the sum of three functions of
this type. The same is true about the second half of the expression for F.
Since the function

atan (br(a) sin a/(ar (0) + br(a) cos a))

is increasing over an open subinterval s of (—w/2, 7/2) containing 0, the sec-
ond half of the expression for 7 inherits from r left- and right-differentiability
over s.

Let F” and G” denote the derivatives of F- and G~ respectively. We note
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that F and @ are differentiable at 0 and that since 6_ is differentiable at 0, so
are 7, FL, and G~. A computation shows that F(0) = G(0) = F'(0) =
G'(0) = 0 £ G”(0). Thus we have the following three properties:

(a) scC dom F n dom F- n dom F4 n dom G n dom G- n dom G% ;

(b) Oedom F’' ndom F” n dom G’ n dom G”; and

(¢) FO)=G@O)=F0)=G(0)=0s=G"(0).
These three conditions on any real functions F and G imply that

limg.o F (a)/G(a) = F”(0)/G” (0).

Therefore, limi,e F (as)/G () = F”(0)/G” (0) = 1/R®. The computation
referred to above also shows that F” (0)/G” (0) = 1 4+ ¢/ (0). Buté’ = (6-),
so (0_)'(0) = 1/R® — 1, which is contrary to what we have shown above.
Therefore || - || is Euclidean.

The following three corollaries are less general versions of Theorem 4.

CoroLLARY 1. Suppose that if ||z || = 1, there exist a, b > 0 such that if
e > 0, there is a point y such that ||y|| = 1,0 < ||z — y|| < & and
lax + by >+ abllz — y|* < (a + b)’. Then || - || is Euclidean.

CoRrOLLARY 2. Suppose that if ||z || = 1, there exist a, b > 0 such that
By ges ((@ +0)° = [laz + by ")/ (@b |2 — y )
exists and @ = 1. (This limst may be «.) Then || - || 4s Euclidean.
Let the modulus of convexity for || - || be the function & defined by
8) =inf{l —|l@+y)/2]:lzl=lyl=Llz—-yl =4

where 0 < ¢ < 2. Nordlander [4] has proved that 8(¢) £ 1 — (1 — £'/4)"2,
Thus if (e;) is any sequence of positive numbers converging to 0, lim;., 8 (¢;)/
& < 3 if the limit exists.

CoOROLLARY 3. If there exists a sequence (&;) of posttive numbers converging
t0 0 such that limi., 8(¢;)/ei = %, then || - || is Buclidean.

Next, using methods inspired by Nordlander’s argument in [4], we obtain a
stronger result.

TerEOREM 5. Let a,b,¢c,d > 0,|¢c — d| < ¢ < ¢ + d, and let
W= {(cdllaz + by " + ab [l — dy ")/(ed(a® + V") + ab(c’ + d)) :
[zl =llyll =1, llex — dyll = &}
Then 1 ¢ W and W contains a number <1 if and only if it contains a number > 1.

Proof. By an affine mapping, we may assume that L is the plane. Let r
be the positive function such that for every 6, (r(8) cos 8, r(6) sin 6) e S, ard
letz = r-cos, y = r-sin, and p = (x, y). For each 9,

lep®) — dp@) |l =|c—d| and [cp@®) —dp@+ )|l = c+ d,
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50 there is a least number & (9) in [0, 8 + =] such that || cp 8) — dp (k(8)) || = e.
Now defineu = xok,v =yok,andg = (u,v) = pok. Then p and g are
continuous, both have range S, and || ¢p 0) — dg(@) || = eforall6. For any
a and B, let A (o, B) denote the area of the curve traced by ap 4+ Bg. Then

(@ + B)'4(1,0) — A(a,B) = (a® + aB)A(1,0)
+ (8 + aB)A4(0,1) — A(e, B)

_ . 27 2 2%
=(+af)| zdy+ (B +ap) [ udp
0 0
27
=/, (a + Bu) d(ay + Bv)

= af :f (2 — u) dly — v) = aBA(1, —1).

Since || cp(8) — dg(8) || = e forall 6, A(c, —d) = €A (1,0). This fact and
the above yield the equations

(@ +b)Y4A1,0) — A(a,b) = abA (1, —1),
(c —d)YA(1,0) — £A4(1,0) = —cdA(1, —1)
from which we conclude
cdA (@, b)/A (1, 0) + abe® = cd(d® + V) + ab(c’ + d°).

Let s be the positive function such that for each 6, (s(9) cos 6, s(8) sin 6) is a
point of the curve ap + bg. Then

cd ( fo " §°(0) do) / ( fo " () da) + abe’ = cd(a® 4 b*) + ab(c* + d%).

Thus there is a 6 such that

cds’(0)/7* (6) + abe® < cd(a® + b*) + ab(d + o)
if and only if there is a 8 such that

cds’ (0)/r* (8) + abe® > cd(a® + b*) + ab(c* + d°),

and there is a 0 where equality holds. This is the desired result, because for
every 0, s£(6)/°(8) = ||lap(@) + bg(®) ||* for some 6. This completes the
proof.

One geometric interpretation of Theorem 5 is worth stating explicitly:
Given, in the plane, any four points of the unit circle and any convex and
symmetric about 0 simple closed curve C, there exists a linear mapping carry-
ing all four points into C.

In [6] this author proves that | - || is Euclidean if there is a function F' de-
fined on [0, 2] such that F (|| — y||) = ||z + v || whenever z and y are in S.
The following stronger result is an easy consequence of Theorems 4 and 5.
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TuEOREM 6. Suppose that there exist numbers a, b > 0, a subset M of [0, 2]
having 0 as an accumulation point, and a function F defined on M such that

F(lz — yll) = |l az + by || whenever x, ye Sand |z — y || e M. Then |||
28 Euclidean.

Proof. By Theorem 5, F(|z — y||) = ((@ + b)* — ab ||z — y[?)"*if

|z — y|l e M. Theorem 4 then asserts || - || is Euclidean, since for any z ¢ S,
limys yes, jo—yien ((@ + b)2 — |lazx + by Nz)/(ab lz —y ”2) = 1.
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