STRONG EMBEDDINGS INTO CATEGORIES OF ALGEBRAS

BY
A. Purtr AND V. TRNKOVA

INTRODUCTION

A strong embedding of a concrete category' (®, U) into a concrete category
(R, U') is a full embedding ® : & — &’ such that there is a functor F with
U o® = FoU. Thus, the underlying sets (mappings) of images of objects
(morphisms) with equal underlying sets (mappings) coincide, the underlying
mapping of an image of a morphism carried by an identity mapping is an
identity mapping etc.

We see easily that if (R, U) can be strongly embedded into a category of
algebras (taken with the natural forgetful functor) and if, for a morphism
¢ef, Up is one-to-one onto, then ¢ is an isomorphism. Consequently,
categories like the category of graphs and graph homomorphisms, category
of topological spaces and continuous mappings ete. are not strongly embedda-
ble into a category of algebras. We shall say that a concrete category is
strongly algebraic if it is strongly embeddable into a category of algebras.

The present paper was stimulated by the questions whether some familiar
categories which are not rejected by the simple criterion above (we shall give
a finer one in 3.14), e.g. the category of compact Hausdorff spaces and con-
tinuous mappings, the category of topological spaces with open mappings,
or, with quotient mappings, the category of complete lattices and complete
homomorphisms ete. are strongly algebraic. We obtained a relatively general
theorem (2.7, 2.9) from which the positive answer for the mentioned cate-
gories, and for other ones, easily follows. Another corollary of the main theorem
is that one of the choices of morphisms described by Wyler in [8] (see 3.9 and
3.11) yields for certain wide family of functors strongly algebraic categories.

We work in the Gédel-Bernays set theory with one additional assumption:

(M) There exists a eardinal « such that every a-additive two-valued
measure is trivial.

(Thus, (M) is a bit weaker then the assumption of non-existence of measur-
able cardinals—which is (M) with &« = wp). The statements in §2 in the
proof of which (M) is used are indicated by superseript m after their numbers
—e.g. 2.7,

The notation used and some results from elsewhere are summarized in

Received June 29, 1969.

1 A concrete category is, as usual, a category & together with a fixed faithful functor
U from R into the category of sets (the forgetful functor). If z (¢ resp.) is an object
(morphism resp.) in &, Uz (Up resp.) is called the underlying set (mapping resp.) of
2 (¢ resp.); we also say that z, ¢ are carried by Uz, Ue.
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a section named simply ‘“Notation”, placed after the last, third, paragraph-
It is divided into seven parts (N1-N7). Whenever a symbol or a notion un.
explained before, or some of its less obvious properties, appears in the text,
the corresponding Ni is quoted.

1. Categories A(F)

1.1 DeriniTiON. Let J be a set. Let for every ie¢J a set functor F;
(see N3) and a type A; (see N2) be given. The category A ((F:, Ai)ics) is
defined as follows: The objects are systems (X, (w;)s) where X is a set and
every w; is an algebraic structure of the type A; on F;(X). The morphlsms
from (X, (w:)s) into (X, (wi)s) are triples ((X, (w,);) f, (X!, (wi)s)) where
f: X — X' is a mapping such that every F;(f) is a w; w;-homomorphism. The
category A ((F:, Ai)ier) will be, throughout this paper, taken always for a
concrete category endowed with the forgetful functor U defined by

U(X) (wi)-f) = X’ U((Xr (wi)J))f’ (X/’ (w:)-’)) = f'
Conventions. We shall often write simply f instead of

((Xy (wi)J)7f7 (XI, (w:)-f))

IfJ = n, we write A((Fo, Ao), (Fl, Al), v, (Fn_1, An_1)) instead of
A((Fi:,A:)s). IfA; = (1) for every ¢, we write A ((F;)s) for A ((F;, A:)s).
In particular, 4 (F) is the category A (F, (1)).

1.2 Lemma (For notation see N3). Let M, N be sets. For a mapping
w{N, M) — M define & : (N, M) = (N, M) by @(p) = conste, -
Ifwi: MY - M; (G = 1,2) and g : M1 — M., then
gew = wmoQng iff Qngeodm = &oQnyg
For a mapping w: M — M definews: P~ (M) > P (M) byw = P (w). If
wi:M;—M; i=1,2)and g: My — M,, then
gow = wog iff P (g)em =wmoP (g)
Proof is trivial.

1.3 ProposiTioN. Let J be a set, F; (1€ J) set functors and A; (2 e J) types.
Then there is a set K and covariant set functors Gy (k ¢ K) such that A ((F;,D;)s)
can be realized in A ((Gx)x). If every F; is a TB-functor (see N6), the functors
G may be chosen to be T B-functors too.

Proof. Let A; = (af)s<yi. First, we see easily that A ((Fi, A:)iv) is
realizable (see N7) in A ((Fi, (8))x), where K = Ufy' X {i}]|ied],
509,;) = afg and F(p,.‘) = F;. NOW, define H; = QakOF for 6 # 0, H, = F;
for & = 0. By the first part of Lemma 1.2 we see easily that

®:A(Fx, (0))x) = A((He)x)
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defined by ® (X, (wr)x) = (X, (&x)x), where, for 6y = 0, & = const wy, is a
realization. Finally, by the second part of Lemma 1.2 we obtain a realization
of A((Hi)x) in A ((Gi)x), where Gy = H, if Hy is covariant, Gy = P~ -H,;
otherwise.

14 Lemma. Let F; be covariant for every teJ. Then A ((F;)ies) 18 realiz-
ablein A(\/; F;).  (For the symbol \/, see N4.)

Proof. 1t suffices to define & : A ((F:)is) — A(V F;) by
X, (W) = (X, w),
where w(z, 7) = (w:(x), 7).
1.5 LemMA. Let F be covariant. Then A (F) is realizable in A (F \/ Cy)-
(See N3, N4.)
Proof. It suffices to replace the operations w by o \V/ 1;.

1.6 DeriNIiTION. A set functor F is said to be pointed if there exists a
transformation 7 : C; — F.

As a simple corollary of 1.3-1.6 we obtain

1.7 TueoreEM. Let J be a set, A; (eJ) types, F; (2 eJ) set functors (TB-
Sfunctors resp.). Then there exists a covariant point set functor (TB-functor
resp.) F such that A ((F;, A;)s) s realizable in A (F).

1.8 ProposiTiON. Let F be a retract (see N3) of G. Then A (F) is realiz-
able in A (G).

Proof. Take transformations u ; F — G and ¢ : G — F such that ey = 1p.
Define @: A(F) — A(@) by ®(X, ¢) = (X, u"opoe”). It is easy to see
that & is a realization.

1.9 DeriniTioN. A faithful set functor F (covariant or contravariant), is
said to be algebraically selective if there exists a set M and a one-to-one full
functor @ : Set — MU (see N2, N3) such that F = U o ®.

1.10 ProrositioN. Let F be covariant algebraically selective, A a type,
ZA > 2 (see N2). Then there exists a strong embedding of A (F) into % (A)
(see N2).

Proof. Let ®:Set — MU be a full embedding such that F = Uo &,
Put®(X) = (F(z), (en)x). Thus, the following two statements are equiva-
lent:

(1) Thereisanf: X — Y with F (f) = g¢.
(2) goom = ¢ng for every m e M.

Choose an element a ¢ M and put N = M u {a}. Define ¥: A(F) — NU
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as follows:
¥(X, o) = (F(X), (aa)y) where am = ¢n for me M and a, = a

Ue¥((X,a),f, (Y,8)) =F().

By the equivalence of (1) and (2) above we check easily that ¥ is a strong
embedding. By [2], N is strongly embeddable into 2 (A).

2. Maijorization by algebraically selective and main theorem

2.1 Lemma. Let F, G be algebraically selective functors. Then F oG s
algebrazcally selective.

Proof. Let®;:Set— M; U (2 = 1, 2) be full one-to-one functors such that
Uod = F,Uoc® =G Wemay assume that M1n M, = 0. Let® (X) =
F(X), (‘an)llll), ®(X) = (G(X), (‘/’:;»)Mz)' Put M = Miu M, an = F(‘/’:t)
for m e My, x5 = 0o® for m e M, and define & : Set — MU by &(X) =
FG(X), O)u), UR(f) = FG(f). It is easy to see that ® is full and one-
to-one.

2.2™ LemMa. There exists an algebraically selective functor F with P~ < F
(see N5).

Proof? Take a set M such that card M = 8§, where 6 is the cardinal from
the condition (M). Define F by F(X) = (X X M, 2), F(f)(¢) = ¢of.
By [4], (see N5), P~ < F. Define unary operations = (meM), ¢°, p°, ¢
on F (X) as follows:

(rmp) (r, n) = @ (@, m), (o¢)(z,b) =0,
(o) (z, n) = inf {p(x, m) | me M}, (cp)(®,m) =1 — o(zm).
Define, for ¢ : X — 2, : X X M — 2 by ¢(x, m) = ¢(z); for
0: X XM—>2andmeM,definegn : X - 2by on(z) = ¢(x,m). Wehave
(1) Om = Tm .

Further, put z = consty, e = const;.

If f : X — Y is a mapping, we see easily that F (f) is a homomorphism with
respect to 7, , o, p, ¢. On the other hand, let g : F(Y) — F (X) be a homo-
morphism. We obtain immediately g(z) = gop) = ogle) = 2, gle) =
glcz) = cz = e.

Choose an mo ¢ M and define

@) Jo={o:Y —2[g()(, m) = 1}.
We have obviously eeJ;, 2¢J,.
Choose m, n ¢ M, m = n and define, for ¢, ¢ : Y — 2 a mapping

3 The proof is, in fact, only a modification of the proof of selectivity of P~ from [1].
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x:YXM—>2byx(@m)=1—9¢@),x@n)=1-y@),xk) =e
otherwise. We have sup (p,¥) = cpx, Tmx = ¢@, max = ¢ and m; x = e for
k = m, n. Thus,

g(sup (o,¥)) (x, mo) = 1 — pg(x) (@, mo).
Since

g(X)(xy k) = Wkg(X)(x3 mo) = g(WkX)(w) ’”’Lo)
we see that sup (¢,¢) e J, 1.e., pg (x) (x, mo) = 0, iff either peJ, or Y eJ, .
Let ¢":Y — 2 (m e M) be mappings. Define ¢ : YV X M — 2
by ¢(x, m) = ¢"(z). We obtain ¢, = ¢”, inf {¢"| m e M} = pe, so that
g (inf ¢™) (z, mo) = g(pe) (x, mo) = pge(x, mo) = inf {g(e)(z, m)|m e M}
= inf {mmg (¢) (x, mo) | m e M} = inf {¢" (x, mo) | m € M}

where the last equation is obtained by (1). Thus, if ¢” € J, for every m e M,
then inf " € J. .

Thus, J, is an ultrafilter closed with respect to the infima of systems of
cardinality 8. Consequently, it is principal (by (M)), so that there is ex-
actly one y ¢ Y such that

B) J.=f{elel) =1

Let us denote this y by f(z). We obtained a mapping f: X — Y. By (2)
and (3),9(@) (@, mo) = ¢f (@) foreveryp: Y — 2. Lety: Y X M —2bea
mapping. We have

gW) (@, m) = Tmg @) @, mo) = g(mwad) (&, mo) = g¥m) @, mo) =¢Ym(f(x))
=y (@), m) = FE)W)) @, m).

2.3 Lemma. LetF; (i e J) be covariant algebraically selective functors. Then
there is an algebraically selective functor G such that \/; F; < Q.

Proof. Let ®;:Set — M; ¥ be full embeddings such that Ue®; = F;.
We may assume M; disjoint, J/ n UM; = ¢ and 0, 1¢J v UM;. Put
cbz(X)_—' (FL(X); (ﬁofn)meM,-),M‘:zUJU UM@.

By [5, Lemma 1], (F is there assumed one-to-one; it suffices however to
assume F to be faithful) there exist monotransformations u; : I — F;. Define
a functor G by

GX)=VF,X)uX X {0} u2 X {1},
G(f)(x, 1) = F:i(f) @), ©), G(f)(x, 0) = (f(x), 0), G(NG, 1) = (5, 1).
Define unary operations ;p,x,. (meM) on G(X) as follows:
Yo(z, 0) = (z,0), o(z, k) = (0,1) for k = 0,1, %o(j, 1) = (1 — 4, 1),

Y1 = const (1,
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for x = 0’ 1, 'l/i(x: 0) = (ﬂi(x)’ ’&), \0@(@, 7/) = (x’ ’L),
ll’i'(x’ k) = (01 l)fork;éi,O, 1, 'Pi(j’l) = (1 —jyl)’
Un(@, ©) = (em(x), 7) for meM;, ¥m(z, k) = (0, 1) otherwise.

If f: X — Y is a mapping, G(f) is obviously a homomorphism with respect
to the operations described above. On the other hand,let g : G(X) — G(Y)
be a homomorphism. Considering y1 we see that g(0, 1) = (0, 1). Thus,
using ¥y, we obtain g(1, 1) = (1,1). Now, considering the fixed points of
Yo andy; (teJ) we obtain

gX X {0})) c Y X {0}, g(F:s(X) X {¢}) € Fu(Y) X {3}
Thus, we may definef : X — Y byg(z,0) = (f(z),0)andg;: F;(X) > F;(Y)
by g(x,2) = (g:(z), 7). We have, for any m e M,
Giom(x), 1) = Wm(®,7) =¥mg(x, 0) = (pmgi(r), 7)
and hence g; = F;(f;) for some f;: X — Y. Finally, forieJ,
i (@), 7) =¥:(f2), 0) =vig(x, 0) = gpi(e, 0) = g(ui (), 2)
= (Fi(fous @), ) = (ui fiz), ©).
Thus, f; = f and hence g = G(f).
2.4 LemMma. Ifcard M > 2, then Vy (see N3) is algebraically selective.

Proof. Choose m, n e M, m # n, and define unary operations ¢, (m e M)
onX X {0} uM X {1} by ¢n(z,0) = (,0),¢n(m, 1) = (n,1),on(k, 1) =
(m, 1); otherwise, for k = m put ¢; = conste,y. Iff: X —>Y,9 = Vu(f)
is obviously a homomorphism. On the other hand, let g : Vi (X) — Vy (Y)
be a homomorphism. We have

g(x’ 0) = g(¢m(x, 0)) = ¢m(g(xy 0))’

so that g(X X {0}) € ¥ X {0}, g(k, 1) = geu(£) = @xg(() = (k, 1) for
k # m, and finally

g(m’ 1) = gﬂo'm(ny 1) = ‘Pm(n7 1) = (m, 1)-

2.5 ProrosiTION. For every covariant T B-functor F there is an algebraically
selective G with F < @.

Proof. By [3, Theorem 3.12] and N3 there is an ordinal a and a set M (we
may assume card M > 2) with F < P*o V. According to 2.1 and 2.4 (see
also N5) it suffices to prove that for every « there is an algebraically selective
G with P* < G. For a = 1, this follows by 2.1 and 2.2 (since P = P~ o P7).
If the statement is true for ¢, it is true for @« + 1 by 2.1 and 2.2. Now, let «
be a limit ordinal and let there be, for every 8 < «, an algebraically selective
Gs with PP < G. Then, by [3] (see N6) and 2.3 we have P* < \V P? <
V Gs < @ for some algebraically selective G.
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2.6. LemMmA. Let F be covariant pointed, let G be algebraically selective and
et F < G. Then there exists an algebraically selective H such that F is a retract
fH.

Proof. Since F < G, we have a monotransformation u: F — @ and an
epitransformation e : G — G’ (see N5). Let® : Set — N be a full embedding
such that Ue® = @, let ®(X) = (G(X), (@%)nen). We may assume
Nn2=4¢. Put

H=F\V&VGVC(C (see N4)

and define unary operations ¢y, (meM = Bu 2) on
HX)=FX)X{0lu@X) X {l}uGX) X {2, u2 X {3}

as follows: ¢ (z,0) = (“x(x)’ 1)7300(‘”; 1) = (0’ 3),%(:6,2) = (11 3)y¢0(i’ 3) =
(,3), ‘l’l(x’ 0) = (07 3),1[/1(23, 1) = (1’ 3); ‘Pl(x: 2) = (sz(x)’ 1)’ 'I/I(ir 3) =
(ly 3);forneN,¢,,(x, 0) = \l/n(x; 1) =VYn (2’ 3) = (0’ 3),']’”({”) 2) = (¢n(x)7 2)°
It is easy to see that forevery f : X — Y, H (f) is a homomorphism with respect
to the operations described. Now,letg : H (X) — H (Y') be a homomorphism.
Since (0, 3) is the only fixed point of ¥, , we have g (0, 3) = (0, 3), similarly,
using Y1, we obtain g(1, 3) = (1, 3). If zeG(X), we have Yog(x, 2) =
oz, 2) = (1, 3), so that g(z, 2) e G(Y) X {2} and we can define
h:GX)—>GX)byg(z,2) = (h(x),2). ForneN wehave (ho,(z),2) =
M (2,2) =Yg (z,2) = (¢ah(x),2), s0 that, by definition of (¢n)~, h = G (f)
forsomef: X — Y. LetzeG (X). Since ¢ is onto, we have

9@, 1) =g W), 1) = gh(y, 2) =@ @), 2) = ("G() (@), 1)
= (¢'(f) (=), 1).
Let z e F(X). We have

%g(@,0) = (W @), 1) = (@ (N’ @), 1) = WF ) (@), 1) =% (F () (),0).

Thus, since Yo g (z, 0) = (y,1),9(x,0)isin F(Y') X {0}. Since yy is one-to-
one on F (YY) X {0}, we have g(z, 0) = (F(f)(z),0).

Let 7 : C; — F be a transformation. Define transformations « : F — H
and 8: H— Fbya"(x) = (x,0),6 (@, 0) ==z, 8 (1) = 70) forz = 0.
Obviously Ba = 1p.

2.7" THEOREM. Let J be a set, A; (teJ) types, F; (ieJ) TB-functors,
A a type with ZA > 2. Let (R, U) be a concrete subcategory (see N1) of
A((Fi,A;)s). Then there exists a strong embedding of (R, U) into A(A).

Proof. By 1.7, (&, U) is realizable in an A (F) with a covariant pointed
TB-functor F. By 2.5 and 2.6, F is a retract of an algebraically selective G,
so that, by 1.8, (®, U) is realizable in A (@) and, by 1.10, there is a strong
embedding of (R, U) into A(A).

2.8 DErFINITION. A concrete category (R®, U) is said to be strongly
algebraic if there is a strong embedding of (R, U) into some % (A).
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Remark. A strongly algebraic category can be strongly embedded into any
A(A) with =A > 0. By [6], [7], it can be strongly embedded into the category
of semigroups.

In view of the previous definition, we may reformulate 2.7 as follows:

2.9 THEOREM. Kvery concrete subcategory of A((F;, A:);) with TB-
Sfunctors F; is strongly algebraic.

3. Consequences and remarks

3.1 ProrosiTiON. The category of complete lattices and all their complete
homomorphisms and the category of complete Boolean algebras and all their
complete homomorphisms are strongly algebraic.

Proof. The first category is obviously a concrete subcategory of
A, 2,2)), (P, @, 1)),

4(U, 0,0,1,2)), (P*, (1, 1))).

the second one of

3.2 ProrosITiON. The category of all topological spaces and thesr continuous
closed mappings, the category of compact Hausdorff spaces and their continuous
mappings and the category of all topological spaces and their continuous open
mappings are strongly algebraic.

Proof. The first one is realizable in A (P1), since f is continuous closed
iff P*(f) o Cl = Clo P*(f) (where Cl is the closure operator). The second
one is a concrete subcategory of the first one. The third one is realizable in
A (P7), since f is continuous open iff P~ (f) o Int = Int o P~ (f) (where Int is
the interior operator).

3.3 ProrosITION. The category of pointed compact Hausdorff spaces s
strongly algebraic.

Proof. Tt is obviously realizable in 4 ((P*, 1), (I, 0)).

3.4 ProrosiTiON. The category of all sets and all one-to-one mappings
and the category of all sets and all mappings onto are strongly algebraic.

Proof. Define a unary operationd” on V@ (X) = X X X X {0} u2 X {1}
by é(x, z,0) = (0,1),6(z,y,0) = (1,1) forz = y,8(,1) = (,1). Ob-
viously f is one-to-one iff V3 Q2 (f) 06 = 60 V2 @a(f). Thus, the first category
isrealizablein 4 (V2Q,). Thesecond oneisevidently realizablein 4 ((P*,0)).
X being the nullary operation on P*(X).

3.5 Remark. Combining the previous considerations we see easily that the
category of all topological spaces and their closed (open) homeomorphisms
into is strongly algebraic ete.

3.6 ProrosiTtioN. The category of topological spaces and their quotient
mappings onto 18 strongly algebraic.
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Proof. If (X, 1) is a space, define a unary operation ¢ (X, 7) on Vo P7(X)
bye(M,0) = (0,1)if M isopen,o (M,0) = (1, 1) otherwise,a (¢, 1) = (¢, 1).
We see easily that a mapping onto is a quotient mapping iff Vo P~ (f) oo =
o0 Vo P~ (f). Thus, the category is realizable in 4 ((P*,0), (V, P, 1)).

3.7 DeriniTION. Let F be a set functor. Define a concrete category
S(F) (8 (F) respectively) as follows: The objects are couples (X, ) where
X is a set and r C F (X)), the morphisms from (X, r) into (Y, s) are triples
(X, r), f, (Y, s)) where f : X — Y is a mapping such that

F(fry € s and FHHFX) — r) € F(Y) — s(F(f)(r) = s resp.;

in the case of contravariant F interchange r and s, X and V). The forgetful
functors in S(F) and §(F) are defined by

UX,r) =X, U(X,n),f, (Y,s)) =f.

Remark. Compare the definition with the definitions of S (F), S ((F:, A:)s)
in [1], [4]. In a way analogous to the one above we can, of course, define more
generally concrete categories S((F;, A:)s), S((F:, Ad)s).

3.8 Prorosttion. If F 4s a TB-functor, S(F) and S(F) are strongly al-
gebrazic.

Proof. If (X, r) is an object of S(F'), define a unary operation ¢®” on
VeF(z)byoe(z,0) = (0,1)ifzer,a(x,0) = (1,1)ifzer,o( 1) = (4, 1).
We see easily that F (f) r) Csand F(f) F X) —r) C F (Y) — s iff
VoF(f)ooc = oo VoF(f). Thus, S(F) is realizable in A (V,F). S(F) is
obviously realizable in 4 ((P'F, 0)).

Remark. Analogous statements about S((F:, A:),) and S((F:, A:),)
are valid.

The choices of morphisms used in the following definition are particular
cases of the choices introduced by Wyler in [8].

3.9 DeriNITION. Let F, G be covariant set functors. Define concrete
category W,(F, G) (W*(F, Q) resp.) as follows. The objects are couples
(X, r) where Xisasetandr: F(X)— G(X)amapping r € G(X) X F(X)
a subset, respectively). The morphisms from (X, r) into (Y, s) are triples
((X,r),f, (Y,s)) wheref: X — Y is a mapping such that G(f) er = so F (f)
(in the case of W*(F, @), o is the usual composition of relations). The for-
getful functors are defined by U(X, ) = X, U((X, ), f, (Y, 8)) = f.
W.(F, @) and W*(F, G) for contravariant F, G are defined quite analogously.

Remark. Of course, we can define W,((F;, G:)s), W*((F:, G:);) is an
obvious way.

3.10 Lemma. W*(F, G) is realizable in W, (F, Q).
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Proof® Forr C G(X) X F(X) define7: F(X) — P*G(X) by

F@) = {y| g, ) er}.

It suffices to prove that, forf: X — Y and s € G(Y) X F(Y), the following
two statements are equivalent:

@) G(f)er =soF(f);
(A1) PYG(f)oF = 50 F ().

Let (I) hold and let ze F(X). If ye P*G(f) (F(x)), there is a z with
y = @(f)(2) and (2, z) er. Thus, (y, ) e G(f) or = so F(f) and hence
0, F(f)@))es,ie.yed((f)(z)). Ifye3F(f)(2)), wehave (y,F(f)(z))es,
hence (y, z) eso F(f) = G(f) o r so that there is a z such that y = G(f) (2)
and (z, z)er. Thus, y e P'G(f)(#(x)). Let (II) hold. If (y,z) e G(f)or,
wehave y = G(f)(z) and (¢, z) er for some z. Thus,

zeF(z) and yePYG()F()) = 3(F () (x))
and hence (y, z) eso F(f). If (y, x) esoF(f), we have ye3(F (f) (x)) =
PYG(f) (#(z)). Thus, there is a zeF(z) with y = G(f)(2) and we have
(y, ) eG(f) o

3.11 Prorosition. If F, G are T B-functors, W, (F, Q) is strongly algebraic.
It is easy to see that W,(F, G) is realizable in A(F X G)—define, for
0 F(X) —» G(X), a unary operation @ on F(X) X G(X) by ¢(z, y) =
(@, ¢ (2)).

3.12 ProposiTioN. The category 8 of graphs and their strong homomor-
phisms (if R, S are binary relations on X, Y respectively, we say that a mapping
f: X — Y is a strong homomorphism from (X, R) into (Y, 8S)#f foeR = So f)
s strongly algebraic.

Proof. 1In fact, ®* = W*(I, I).

3.13 Remark. By [6], [7], the categories mentioned in 3.1-3.12 are strongly
embeddable into the category of semigroups.

3.14 ProrosrrioN. Let (R, U) be strongly algebraic.

(1) If a:a — ¢ and B : b — care morphisms in &, UB one-to-one and
Ua = UBof, thereisay : a —bin & such that Uy = f.

2) Ifa:c—aandB: c— baremorphismsin®, UBonto and Ua = fo UB,
there isa v : b — a in & such that Uy = f.

Proof. U (2) has obviously the properties (1) and (2). Now, let (&, U)
be strongly algebraic, let ® :  — H(2) be a strong embedding of (R, U)
into A(2),let U o ® = Fo U. We see easily that F is faithful. We shall
prove statement (1); the proof of (2) is analogous. We have FU (a) =
FU(B) o F(f) and hence U (®a) = U (®B) o F(f). Thus, there is a homo-

3 This proof is a modification of a proof proposed by Hedrlin.
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morphism % : ®(a) —» @) with F(f) = U(h). Since ® is full, h = ®(vy)
for some v : h—b. Wehave F(f) = U®(y) = F(Uy) and hence f = Uy.

3.15 ProposiTION. The category of compact spaces and their open mappings
s not strongly algebraic.

Proof. Let C be the subspace of the real line consisting of 0 and the
numbers of the form 1/n where » is a natural number. Let 4, B be two non-
homeomorphic countable compact spaces, let a (8 resp.) be a one-to-one
mapping of A (B resp.) onto C — {0}. Obviously, « and 8 are open and
determine a unique f: A — B such that of = a. Thus f is a one-to-one
mapping of A onto B. Thus, if it were open, it would be a homeomorphism.

3.16 Problem. Is the category of Banach spaces and their linear (con-
tinuous) mappings strongly algebraic?

Notation

N1. (R, U) is said to be a concrete subcategory of a concrete category
(R, U’) if R is a subcategory of & and U = U’ | f. Two concrete categories
(R, U) and (R’, U’) are said to be concretely isomorphic if there is an iso-
functor ®: R > R with U’ o ® = U.

N2. An ordinal « is taken, as usual, as the set of all ordinals less than a.
A type A = (ag)s<y is a sequence of ordinals indexed by ordinals. The sum
of a type A, written ZA, is the usual ordinal sum of the sequence. The notions
of an algebra of the type A and of a homomorphism is used in the standard way.
We denote by A (A) the concrete category of all algebras of the type A and their
homomorphisms, endowed with the natural forgetful functor.

If M is a set, M is the category whose objects are systems (X, (@m)men)
where X is a set and ¢, : X — X mappings, the morphisms from A = (X, (¢n)x)
into A" = (X', (¢m)x) are triples (4, f, A’) where f: X — X’ is a mapping
such that f o o = Om o fforeveryme M. M istaken as a concrete category
endowed by the obvious forgetful functor. Of course, MY is a concretely
isomorphic with some A (1, 1,1, ---).

N3. The category of sets is denoted by Set, the functors F : Set — Set
are called set functors. We use the following notation for some particular set
functors (M is a set, (X, Y) is the set of all mappings from X into Y'). Iis
the identity functor,

PrX)=P (X)={Y|YCX}, P()(Y)=5T), P (HT)=F"(),
P =P oP,
Qu(x) = (M, X), Qu(f)(e) =foq,
Py(X) = (X, M), Pu(f)(e) = o,
VaX) =X X {0buM X {1}, Vu()( 0) = (f(=),0),
Vi (f)(m, 1) = (m, 1),
Cyx is the constant functor, Cx (f) = 1.
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A functor F is said to be a retract of G if there are transformationsa : F — G
and B: G — F with fa = 1.

N4. For the product (coproduct) of functors F,. (meM) the symbol
X Fu(VuFn) is used. Thus, (XyFn)(X) = XuFn(X) (where X on
the right hand side designates the cartesian product), (VuFa)(X) =
Uy Fn(X) X {m}. The product (coproduct) of two functors is denoted by
F X GF \/ @). Similarly, we use the symbol F \/ G \/ H ete. If F is
covariant and G contravariant, (F, G) is the contravariant functor defined by

F, HX) = FX),FX), F,OH)) =G(f)oecF(f).
Similarly, the covariant (F, @) for contravariant F and covariant @ is defined.

N5. A monotransformation (epitransformation) 7 : F — G'is a transforma-
tion such that every 7° is one-to-one (onto). We write F < @ if there is
a functor H, a monotransformation u: F — H and an epitransformation
e : G — H (thus, F < @ means that F is a subfunctor of a factorfunctor of G).
< is transitive (see [3,3.2]. In the text, we use the following properties of <:

F<F,G<@=FoG<Fo@ (see [4, 3.7], 3, 2.7]),
Fu <Gun(meM)=\Fn <V Gn (see[3,3.5]),
Pr<P oP =P (see [4, 4.5]),

P <F

where F is defined by
FX)=(XXM2,F(f)le) =9 (f X 1y) forcard M > 1
(see [4, 4.7, 4.4]).
N6. Constructive functors are defined recursively as follows.

(1) I, Py, Qu, Cy are constructive.

(2) If F, @ are constructive then F o G is constructive.

() If M is a set, F, (m e M) constructive, all F, covariant or all F,,
contravariant, then \/x F.» and X u F are constructive.

F is said to be a T'B-functor if there is a constructive G with F < G. The
definition of constructive functors differs from that given in [3]. By the
theorems from [3], however, the resulting 7'B-functors coincide.

The family of T'B-functors is closed with respect to composition, the opera-
tion (F, G) (see N4) and all limits and colimits over small diagrams. P*isa
TB-functor (see N5). In text, we use the following theorem from [3]:
For every covariant 7B-functor F there is an ordinal « and a set 4 such that
F < P®o Vy (for P, Vi see N3). The powers P* are defined by induction,
P*™ = Po P% P”for a limit ordinal is a colimit of P* with 8 < a. (The
precise description is given in [3]; here we need only the fact that P* < \/g<q P?
for a limit ordinal «.)
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N7. If (R, U), (R, U’) are concrete categories, a full embedding
® : R — R’ is called a realization of (R, U)in (R, U’)if U' o ® = U. If there
is a realization of (R, U)in (R’, U’) we say that (R, U) isrealizablein (&', U’).
Thus (1) a realization is a particular case of a strong embedding (F = I);
(2) (R, U) is realizable in (&, U’) iff it is concretely isomorphic with some
full concrete subcategory of (R, U’).
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