SEQUENCE MIXING AND a-MIXING

BY
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1. Introduction

Let (2, @, m) be a probability space and let 7 be a bimeasurable, invertible
transformation mapping Q@ onto Q. All sets discussed throughout will be
assumed to be elements of G. 7 is measure-preserving if m(r4) = m(4)
for all A, it is ergodic if

lim (1/n) 2 =0 m(r’A n B) = m(A)m(B) for all A and B,
it is weak mixing if
lim (1/n) 2= | m(r’A n B) — m(A)m(B) | = 0 for all A and B,
and strong mixing if
limm("A nB) = m(A)m(B) for all A and B.

Since weak mixing already implies that lim m(r"A n B) = m(4)m(B),
except possibly along a sequence of asymptotic density zero (which may de-
pend on A and B), it might be supposed that there is no room between weak
mixing and strong mixing. At a symposium on ergodic theory held at Tulane
University in October 1961, one of the authors proposed the notion of sequence
mixing. 7 is sequence mixing if for every 4 with m(4) > 0 and every in-
finite sequence of integers {k,} we have m (Ur*"4) = 1. Tt is trivial to verify
that strong mixing implies sequence mixing but for a number of years it re-
mained an open question whether the converse holds. Recently Friedman
and Ornstein, [2] showed that this is not the case. They define a transfor-
mation 7 to be a-mixing for « € (0, 1) if

liminf, m(7"A n B) > am(A)m(B) for all A and B,

and show that for every o € (0, 1) there exist transformations which are
a-mixing but not (e + ¢)-mixing for any ¢ > 0. Thus we may suppose
that for every a € (0, 1) there exists an a-mixing transformation and sets
4 and B withm (4) > 0, m(B) > 0 and liminf, m ("4 n B) = am(4)m(B).

In this paper we construct a transformation which is sequence mixing but
not a-mixing for any « € (0, 1). It follows from the lemma below that
a-mixing implies sequence mixing and it follows from [1] that sequence mixing
implies weak mixing. Therefore o-mixing is strictly between weak and
strong mixing. Also Friedman [3] gives an example of a weak mixing trans-
formation T such that for some set A with 0 < m(4) < 1 we have
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limsup, m(T"4A n A) = m(4). It is easy to see that such a transformation
cannot be sequence mixing. Thus sequence mixing is strictly between weak
mixing and a-mixing.
2. A sequence mixing transformation
We begin with a

LEMMA. 7 18 sequence mizing if and only if for m(A) > 0, m(B) > 0 we
have
liminf, m(+"4A n B) > 0.

Note that the lemma shows at once that a-mixing implies sequence mixing.
To prove the lemma, suppose there exists A with m(4) > 0, and an infinite
sequence of integers ky, ks, ---such that m(U,7"4) < 1. Let
B = (Ur*»4)° to obtain

liminf, m{r"4 n B} = 0.

Conversely pick a sequence {k,} so that D w=y m{7"A n B} < m(B). Then
clearly m{U7*"4} < 1. This proves the lemma.

Now let I be the unit interval, ® the Borel sets of 7, and let m be the Le-
besgue measure. Let (2, &, u) be the measure space obtained by taking
infinitely many copies of I and endowing it with the usual product field and
product measure. We shall call A € @ a cylinder of dimension N if

A=A XA X - XAy XTI XIX:--

for some integer N > 0, where A; € ® for 7 = 1,.--, N. Let @ be the
algebra of sets consisting of finite unions of eylinders, so that @ is the smallest
a-algebra of sets containing @, . Then for A € @ and ¢ > 0 it is possible
to find Ay € @ with u(4 A Ao) < &, where A A A, is the symmetric differ-
ence of A and 4,.

To define our transformation we begin by choosing e € (0, 1) and 7 to be
a-mixing on I, with the property that there exist A € I, B C I withm (4) > 0,
m(B) > 0 and

liminf, m (+"A n B) = am(4)m(B).

Nowifx = (1,22, - -) € @ wedefine T'(x) = (v (1), 7(x2), - -+). Clearly
T maps cylinders onto cylinder and since 7 preserves m it follows that T
preserves u on cylinders, and from this it follows easily that T’ is measure
preserving for u.
Now let A and B be subsets of I with the above property that
liminf, m{r"4A n B} = am(4)m(B).
For integers k > 1 define A (similarly B®) by

AP = A X - X AXIX - (kfactorsof 4).
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Then

T"A® AB® = (+"AnB) X -+ X ("AnB) XI X +-

(k factors of 7"A n B)
and it is easily verified that

w(T"A® a B®) = [m(+"A n B)J".
Hence
liminf, u(T"A® n B®) = [am(4)m (B)}.

Thus we see that T cannot be a-mixing for any o € (0, 1).
Next we show that T is sequence mixing. Choose A and B with u(4)
and u(B) positive. From the lemma it will be sufficient to show that

Lminf, u(T"4 n B) > 0.
Let {8:;,7 = 1,2, - - -} be a sequence such that 0 < 8; < 1, all 7 and such that
I-I?-1 Bi=1v> 4.

Let Cy € @ be such u(Cy A A) < (1 — B1)u(4), and suppose that C; is a
cylinder set of dimension Ny. Then u(CinA) 2 fiu(4). Let Ay =CinAd
and find C; € @, with

p(Cy A A1) < (1 — B2)u(4y)

and so that C;  C;. Again note that u(Cen 4;) > Bau(d1) 2 B1Bu(4).

Proceeding inductively we define Cy and Ay so that C» € Ci_1, with
Cx a cylinder set of dimension N, and such that u(Cp A 4;a) <
(1 — Bi)u(Ax-1), which in turn implies that

p(Crn Ape) = JTi-0Bin(4).

Then define
Ak = Ck, n Ak_l .
Let
Cw = ﬂi°=1 Ck and Aw = ﬂ;?_l Ak .
Now

liminf, x(Cx) = liminf, u(4x1) > yu(4).
Hence p(Co) = u(ds) > vu(4d). Clearly C, € A except for a null set.
We shall now describe a specific possible construction of the C) which we
shall use. For each k, let C;, = U; Ci,; where ¢ is in a finite index set and
such that
Cii = B X Ef*® X -+ X Eg® XIXIX---.
Then Ck,.' = Gk,i n Hk,i where
Gu=Ef X oo XEF?PXIXIX ---,
and
Hii=IX - XIXEFIX - XEFPXIXIX:--
(N, initial factors of I).
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In this construction we can choose the Gi,; so that for fixed k and arbitrary ¢
and j we have Gxs = Gi,j or Gy; n Gy = @. This can always be accom-
plished by breaking up each Cj into several pieces when necessary. Since
Ci < C for all k we have U; Gx; € C;. Now define

Je=1[ | ﬂ{UG».f-Gb.t Hyd 2 2v — 1].
Then

u(C1) < u(Cx) = p(U; Cri) = p(Ui Gie n Hy)
= p(Usies, Hri)) + u(Uies, (Gri n Hy))
< pUses, Gri) + @y — Du(Uies, Gri).
Thus
u(Ch) < p(Uies, Gri) + 2y — 1) (u(Ch) — u(Uies, Gri)).
By a simple rearrangement we have
1u(C1) < p(Uies, Gue).

Now we can make precisely the same constructions for the set B as we have
done for A and we shall denote all sets constructed by superscripts A and B
respectively. Moreover we can arrange matters so that the cylinders com-
prising Ci and Cg have the same dimensions for each k.

Now
(Uiest T"C#:) n (Ujes2 Ciy) € T"Cié n Ck .
Fixi € Jiandj € J¢ . Then
Bl (Uo moit; T"Citw) 0 (UaB =aZ; Ciow)]
= plU, T*(Gi:s n Hiw) n U, (Gie n Hiw)]
= u[T"Gi; n GElul (U, T"Hi,) n (U, Hi,)).
Since 7 € Ji and j € Ji we have
wlU. T"Hi,) o (UHR,)] 2 wl(U, T"Hi,)] + wl(Us Hi)] — 1
2 -+ Q-1 —-1=4-3>0.

Hence
liminf, u[ (U, T"Cite) n (Us Cio)] > (4y — 3) liminf, u(T"Gis n GF.]
= 4y — 3) liminf, [J2 mr B4 5 0 EP57)

Recalling that m is a-mixing with respect to  we have that the last expression
exceeds

a4y — 3) [Tt m BHA* ) )ym (BLP*P) = o (4y — 3)ulGh ).

Now recall that for distinct ¢ € J4 the Gi; are disjoint. Similarly for dis-
tinct j in Jx. Hence we obtain
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liminf,. p,[ (Ueelf T”Cl‘o‘n‘) n (UfGJf C:-i)]

> M4y — 3)3(CHHu(C) =p > 0
or

liminf, u[(T"C#) n CF] > p.
Now Ci and Cf decreases in k to C% and Ca respectively so that
liminf, u[T"C% n CZ] = p > O.
As noted above C4 C A and C2 C B except for null gets, so that
liminf, x(T"4 n B) > 0.

Since A and B were arbitrary sets of positive measure, we have that 7' is

sequence mixing.
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