SPACES OF H-STRUCTURES
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Here we initiate the study of the homotopy groups in all dimenions of the
space of H-structures on a given CW-complex Y. Calculations are offered
for some of these groups in case Y is a finite Postnikov system or a sphere, and
a representation of these groups is introduced into

Hom (T*Y@TF*Y—')W*Y)

which in several senses generalizes the Samelson product.

In §1, we examine three sets of functions which are candidates for “the” set
of H-structures on a complex Y, each of which may be endowed with the c-o
or the k topology; it is shown that these six function spaces are all weakly
homotopy equivalent. Four of these spaces are nonempty even when Y is
not an H-space, yet weak equivalences persist among these four in that case.

In §2, a lemma is established which describes the set of components of the
mapping space {X A Y — Z} for certain complexes X, Y, Z. This lemma is
immediately used to count the number of H-structures on ¥ when n; ¥ = 0
unless 1 < n < 7 < 2n for some interger n: there is an isomorphism

:afY NY>YI=Hom (7Y ® m Y > mn Y).
In §3 we argue that this function ® may be considered as a homomorphism
S:af{Y NY—>Y} >Hom (m Y ® 7Y > 7440t Y),

defined for all spaces Y and all integers ¢, r and s, which includes Samelson
products. A generalization of James’ separation element is defined in order
to express ® in terms of the space of functions

(YXYLY:fIYVY =1V1};

in this setting ® includes a homotopy precursor of the binary homology opera-
rions over H,-spaces of W. Browder. Calculations are made for ® when Y is
a sphere; if ¥ has a finite Postnikov system then {¥ A Y — Y} is shown also
to have bounded homotopy and its highest-dimensional nontrivial homotopy
group is given. We conclude with a comment on the additional structure
carried by &.

It is a pleasure to acknowledge my fruitful conversations with R. F. Brown
and H. B. Haslam during the course of this work.

1. The function spaces

We shall work in the category of pointed CW-complexes, with the obvious
exceptions of functions spaces. All direct products and function spaces will
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be given the “‘convenient’’ &k topology of R. Brown and Steenrod; this means
that, in forming X X Y or {X — Y}(= Y¥), the direct product or compact-
open topology is enlarged to its compactly-generated topology [4], [11]. This
change of topology does not change the class of compact subsets of a space,
and therefore does not affect its weak homotopy type. However, with the
compactly-generated topology,

XXY and XANY=XXY/XVY

are always CW-complexes, without further assumptions about X or Y. Simi-
larly, the k topology on a function space always renders the evaluation map
continuous, and the exponential law always holds; for our purposes this is
merely an expository convenience, since our constructions can be shown to
result in continuous functions even if the ¢-o topology is used.

Let Y be a space (i.e., CW-complex) ; the “folding” mape : Y VY — Y is
defined by ¢(x, *) = & = ¢(*, z), where * is the distinguished point of Y; let
x denote the constant map ¥ \/ Y — Y. We shall interrelate three function
spaces:

F(Y)or§ ={Y AY LT},
GY)org={Y XY SLY:g|YVY =4,
(Y or®e ={Y XY LY :h|YVY =g

here the base points for § and G are constant maps; the base point for 3¢ is
arbitrary. Thus 3¢ is the space of H-structures on ¥ (which have an exact
identity); 3¢ may be empty, of course, but & and g can hold interest even when
Y is not an H-space (e.g., m F(S*) = mi1.i(8%)).

The quotient map ¢ : (Y X ¥, Y \V ¥) — (Y, %) inducesamap ¢* : § > g
which is a 1-1 correspondence. Conveniently, ¢* is a homeomorphism be-
tween the k-topologicalized spaces ¥ and G [11, Lemma 5.10]. (This implies,
of course, that ¢* is a weak homotopy equivalence between those spaces en-
dowed with their c-o-topologies; in fact, it is not difficult to show that ¢* is a
homotopy equivalence in this case.)

Suppose that Y is an H-space with multiplication m which we take as base
point for 3¢. Then there is a map m* : g— 3¢,

m*(g) (y, 2) = m(mly, 2], gly, 2]).

If (Y, m) were a topological group, with m™ : ¥ — Y the exact inversion for

m, then an inverse map m, to m* would be given by

m, (k) (y, 2) = m(mlm™(2), m™'(y)), ly, 2)],

and m* would be a homeomorphism. It is still possible to define a map
my : 3¢ — G when m is merely an H-structure: James [7] has shown that m has
a left homotopy inverse m ™, and in the above definition of m, , its values
m,(h) are, when restricted to ¥ \/ Y, all equal and homotopic, via H,, , to the
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constant map. The AHEPof Y VV Yin Y X Y is equivalent to the existence
of a retraction

rrYXYXI->YXYX0U(YVY)XI

and we have a map on the range of r; let
my(h) = (Imy(h) X 0] U Hy) oro (lpxy X 1).

We conjecture that ms is a homotopy inverse to m*; an attack on this problem
might proceed by strengthening James’ theorem, that two mapsg, g : K —» Y
into an H-space, Y, which are homotopic and which agree on a retractile
subcomplex L are homotopic rel L [7], to assert that the homotopies rel L
may be chosen continuously as ¢’ varies in {K — Y}. However, we content
ourselves with a weaker result (compare [1], [2], [9]) ; our proof uses a weak
trick with the theorem of James which is quoted above.

ProposiTioN 1. If (Y, m) is an H-space then mt G — 3C is a weak homo-
topy equivalence.

Proof. Let L be a retractile subcomplex of K and let L %> K %> (K, L) be
the inclusions; then the induced sequence of loops

0K LY, «]>[K—->Y]>[L-Y]

is exact (our bracket notation [K — Y] means m{K — Y} as usual):
at [K, L — Y, %], exactness is just the property which motivated James’
definition of retractile subcomplexes; at [K — Y], exactness is the homotopy
extension property. Furthermore, it is a standard fact about loops that if
¢ : K — Y then left multiplication by ¢ in [K — Y] defines a bijection between
Im (j*) = Ker (¢*) and (¢ | L); hence * (¢ | L) is in bijective corre-
spondence with [K, L — Y, «].

Now notice that the inclusion
E:[K5Y:0|L=y|Ll—-&(y|L)

is 1-1 since L is retractile in K, and is onto by the AHEP. Our proposition fol-
lows, then, if we take K to be 8* X ¥ X Y, let

L=+XYXYUS" X*xXYUS" XY X =,

and define ¢ : K — Y by y¥(z, y,2) = m(y,2).00

We remark that (in either the & or the c-o topology) the homotopy type of
¥ and G is a homotopy invariant of Y for standard reasons; thus the weak type
of 3C is an invariant of the type of Y.

2. Multiplications on short Postnikov systems

D. W. Kahn [8] has given necessary and sufficient conditions that Y be an
H-space, atleast for countable and 1-connected complexes, in terms of H-struc-
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tures on the stages in a Postnikov decomposition of Y and its k-invariants.
And it is a folk theorem that the multiplication on an Eilenberg-MacLane
space is unique, mo 3¢(K[r, n]) = 0. Copeland [5] has extended this to show,
for associative and inversive H-spaces Y which have two nontrivial homotopy
groups in dimensions » and m, 1 < n < m, that m 3¢Y isin 1-1 correspondence
with H*(Y A\ Y, 7,Y). This latter group is, in general, difficult to calculate,
although Curjel [6] computes m 3¢(S8* X K[Z, 2]) to be the integers Z; our next
theorem agrees with his result.

TaEOREM 2. Let Y be a space with m;¥Y = Ounless1 < n < ¢ < 2n for some
integer n; then there exists a bijection

®:mFY >Hom (m Y ® mn Y > 1 V).
This correspondence is homomorphic if Y is an H-space.

(Here and throughout this note, m; refers to the fundamental group made
abelian.) The proof of this theorem is immediate to the following lemma.

LemMA 3. Let X be (p-1)-connected and Y be (g-1)-connected, and let Z be a
space such that miZ = 0 fori > p + q. Then there exists a bijection

P XANY—>ZI=Hom (7 X ®@ 7, Y = mp40 Z)

which i8 a homomorphism if its domain has the natural group structure defined
by a suspension structure for X or by an H-structure on Z.

Proof. We shall define a function ® taking each map
a: XANY—>2Z

to an appropriate homomorphism; our notation will confuse a map with its
homotopy class:if b: S* — X and ¢ : 8? — Y, we define ®(a) (b ® ¢) to be
ao (b A ¢). Clearly ®a is bilinear since the smash product is bilinear and
composition is linear on the right; its domain is 87, via a fixed homeomor-
phism from 8" to 8* A 8% Furthermore, if Z hasan H-structure then point-
wise operations in the domain of & correspond to the group operation among its
values. Thus @ is also linear in @ when X = SX’ is a suspension because

SX' NY > Z|=[X ANY —aZ]
and QZ has an H-structure.

Let « € Hom (73 X ® m, Y = mpiq Z) ; we wish to construct a function 0,
an inverse to ®, so that @a = a € [X A Y — Z]. For each of the spaces
X, Y and Z we choose a cell structure using E. Brown’s representation of the
functors 7, ¥ and =7, so that, for example, the (p-1)-skeleton X¥™ = *,
X is the wedge of p-spheres ef corresponding to generators b € , X, the
(p + 1)-cells are either spheres ef ™ corresponding to generators d € mpi1 X
or else cells of the form e?*', attached by maps on their boundaries which
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realize generating relationships r in the kernel of i : m,[X®] — =, X, where
i: X® < X, and so on (see [10, pp. 406-410] for details). These cell struc-
tures on X and Y in turn visit a cell structure on X X Y, X VV Y, and so
X A\ Y; the cells of least positive dimension in X A Y are those of X X Y
which are not in X \/ Y. That is, a cell of smallest positive dimension in
X A Y must be of the form e A ef, whereb € =, X and ¢ € =, Y;its dimen-
sionis p + ¢. Wedefine ®a = ainductively: eachcell éf A e2of (X A ¥V)**?
is attached by a constant map, and so is a (p + ¢) sphere; our map a is chosen
to be a map of degree 1 from ef A ¢! to eX(sg.) , wherea(b ® ¢) € mpi Z (here
we may assume that a(b ® c¢) is in the generating set for 7,.q Z which was
used to build Z).

The map a isnow extended to the (p + ¢+ 1) cells of X A Y:let a be con-
stant on each such cell of the form ef ™ A €2, d € mp1 X, or the form ef A e3™
d € mg41 Y (these cells have constant attaching maps). The map a may now
be extended to a (p + ¢ + 1) cell of the form e?*" A 2 iff the previously de-
fined map a on the (p + ¢) skeleton has a composition with the attaching map

a(e’z.a+1 /\eg) N (X/\ Y)(p"’«)

which is nul-homotopic. Express r as . r;b;, a linear combination in the
kernel of

ix T XP] > 1, X;

since m,[XP] = H,[X®] is a free group on the generating set for =,X, we may
assume that each b; is in that generating set (of course, additional argument is
needed if p = 1), and so 2, r; b; is an element of r,X, namely zero. Now

Aer™ N ed) = (3er™) AU A x= (3™ Ael,

and the smash product is bilinear. The attaching map, composed with a, is
thus

ao ([ ribl Ac) =ao (2 ribiAcl) = 2 riao (b; Ac)
=2 riabi®c) =a([X2rb]®c) =0,

and a has an extension to e?™ A ¢?. An identical argument extends a to cells
of the form e A 2t where s is a relation in = [V ?]; hence a may be extended
to the (p + g + 1) skeleton of X A Y. An extension to all of X A Y is now
guaranteed, since cells of higher dimension have attaching maps which com-
pose inessentially with an inductively defined map a for dimensional reasons:
mZ =0if ¢ > p + ¢.

It is clear from the construction of a that #a = «; that is, ® is onto. But if
®a = ®a’ then the restrictions of a and a’ to (X A ¥)®*® must be homotopic,
say via H, since they are homotopic on each (p + ¢) cell. This defines a map

aXO0UHUd X1
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omn(XAY)XO0UXAY? XTU(XAY) Xl into Z, and this map
has an extension to all of (X A Y) X I for dimensional reasons. Therefore,
& is 1-1; the proof of the lemma is complete. 1

We remark that the above proof is a thinly disguised computation of the
cohomology group H* (X A Y, Tp1q Z) ; to see this, replace Z in Lemma 3 by
the penultimate stage Z,,—1 in a Postnikov system for Z : each of our maps
a: X A\ Y — Z has an inessential composition with 7,94 : Z — Zp14-1, 80
each map a is homotopic to a map into the fiber K(7p4q Z, p + q) of Tpig -
This suggests a common generalization of our Theorem 2 and Copeland’s re-
sult, cited above; we omit details.

J. F. Adams has pointed out to us a proof that

H* X ANY, 1p4eZ) = Hom (H, X ® Hy Y — 754 X)

based on the universal coefficient theorem and the Kiinneth formula. When
used in the proof of Lemma 3, this isomorphism becomes the function & for
which we have given an explicit construction.

CoROLLARY 4 For each abelian group G there exists an abelian topological
group Y for which moFY = = Y = G.

Proof. Apply Theorem2to Y = 8' X K(@G,2).0

3. The homomorphism &

The values of the homomorphism & of Theorem 2 may look somewhat
familiar. If Y is, for example, a topological group with product m (which we
indicate by juxtaposition, etc.), 7% is the converse of m (so m(y, 2) = m(z,y)),
and m, : 3¢ — G is the map defined above Proposition 1 let f = (¢*)~'m,(m).
This defines f o ¢(y, 2) = yzy 2z, a commutator map which & carries to a ho-
momorphism whose value at b ® ¢ € m, Y ® m, Y is the Samelson product
(b, ¢). Our definition of &f, (f) (b ® ¢) = fo (b A c¢), readily extends to ele-
ments b, ¢ of every dimension in m Y, and with this extension, the values of
& include all Samelson products. Likewise, our definition of ® need not be re-
stricted to finite Posnikov systems Y'; if it is applied to ¥ = §° it is easy to see
that

(8 = (SN S — 8
and thus the domain of ® is mF(8%) = me(S*) = Zy ; if 4 is a generator of
73(S*) and a € ms(S*) then ®(a) (i3 ® %) = a, so P is onto

Hom (m5[S%] ® ms[S*] = we[S*]) = Zso .

However, James has shown [7] that the Samelson products given by the set of
H-structures on S* (or §7) have values at % ® 4 (or 4 ® %) which are the odd
members only of Zy; or (Z120). Hence the values of ® give a proper generaliza-
tion of the Samelson products as geometrically defined homomorphisms

7Y @ mY > m. Y.
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Phrased in terms of elements h of m 3¢, the picture is that of nul-homotopies
defined by % for the Whitehead products [b, ¢] over Y : the Samelson product
compares these nul-homotopies for a given h and its converse, & while & offers
a comparison of these nul-homotopies for any two elements h and A’ of mo3C.
Furthermore, m & may have a (pointwise) group structure which & respects, a
concept impossible to phrase in terms of Samelson products.

To continue, we recall that the space Y of Theorem 2 was not required to be
an H-space; obviously our function ® works just as well if 3¢ is empty. If, for
instance, Y is the n-sphere S”, the argument sketched above for S* shows that
7o F(S™) = m.(8S"), and that & is faithful, since ®(a) (¢» ® ») = a. Thusto
each element of [Y A Y — Y] we associate a bilinear multiplication on m Y,
just as the Samelson product does for H-spaces Y. There are more of these
products even for S* and 87, and they are nontrivial for other spheres.

‘We now point out that our definition of ®, ®(f) (b ® ¢) = fe (b A\ ¢), can be
restated as

()b ®c) =wo(fADAC,

where w : y"** A Y A Y — Y is the evaluation map. But, in thisform, the
definition of ® is seen to extend to all of md{ Y A Y — Y}:if

a:8">{Y NY->Y}
then ®(a) (b ® ¢) = wo (a A b Ac). This yields a function ® which is linear

in @ and whose values are bilinear in b and ¢, since this smash product is tri-
linear. If b € =,(Y) and ¢ € 7,(Y) then

®(a) (b ® ¢) € mopra(Y):

we shall say that ®(a) is a product on m(Y) of degree g. To formally de-
scribe the range of ®, let us define the graded group A(G) of products on a
graded group G by

Ay = Do Hom (Gr ® Gy — Gypra).

Then & is a homomorphism from mFY to AmY. It is nontrivial: ourprevious
argument generalizes to show that if

@ € mna(8") = m{S" A\ 8" — 8"

then ®(a) (in ® 2.) = @, s0®ismonicif ¥ = 8". It is not difficult to prove,
more generally, that ®(a)(b ® ¢) = (—1)%""a0 8%b A ¢) when ¥ = 8"
and S denotes the suspension functor. We can also calculate ® partially for
finite Postnikov systems.

TaEOREM 5. Let Y have only a finite number of nonzero homotopy groups,
say ;Y = Ounless1 < n <1 < 2n + k for some integers n, k. Then

CP:W]'EFYE’QI,'W*Y
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for every integer § > k. That s,
b:mFY =XHom (7Y @ 1 ¥ — mnr Y)
and m;§Y = 04fj > k.
Proof. Apply Lemma3to X = §YandZ =Y. O

These products of positive degree on m Y remind one of the binary opera-
tions of degree n which Browder described [3] for the homology graded groups
of the H,-spaces of Araki-Kudo: it can be shown that the Hurewicz homo-
morphism carries our homotopy product defined by an H,-structure (by use
of our Proposition 1) to Browder’s homology product via a commutative dia-
gram, giving them a relationship like that of the Samelson and Pontrjagin
products in degree zero. In fact, our homomorphism ® can easily be seen to
work for cubical homology as well as for homotopy; it may thus be used to
generalize Browder’s binary operations to non-H,-spaces (although we have
failed to obtain the Araki-Kudo operations of one variable for such spaces).

Let Y be an H-space and consider ® to be defined on 7, 3¢ as in the preceding
paragraph; it is natural to ask for a geometric picture relating ® to James’
definition of the Samelson product in terms of his separation elements [7].
We view the separation element of two maps f, g : I", I" — X which agree on
I™ as a construction applied to a 0-sphere of nul-homotopies of f | I"* = ¢ | I"
means the boundary of the n-cube I". (In the case of the Samelson product,
f| I" is the Whitehead product, with f and g the extensions to I"™ given by an
H-structure m and its converse 7% on X.) In general, let 6 : I” — X be given
along with

Y L LI SPIY L
our g-dimensional separation elemerit is the element of 7, X given by
Iq+n — I‘q+'n+l o~ I’q+1 X In U Iq+1 X j—n N X;

here the first two maps are the usual (relative) homeomorphisms of degree one
and the third map is @ U 6 o p,, where 4 is the associate of a and p. is projec-
tion on the second factor. Clearly this specializes to the separation element if
g = 0, and it describes the translation of & to 3¢ in higher degrees; it may be
useful elsewhere.

The function § is a functor on an appropriate category, and it has a rich
structure: a covering map p : ¥ — Y induces a map §Y — §¥, and there are
homomorphisms 7;FY — 7,15 Q@ Y, 71,15Y — 7;68Y, and ;Y — m;5Y
with good algebraic properties.
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