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A theorem of Brauer and Suzuki states"

Let G be a group with a generalized quaternion Sylow 2-subgroup S. Then
the center of G/O,(G) is of order 2.

The case in which SI > 8 has been proved by the theory of ordinary
characters (e.g., in Chapter 12 of [2]). The published proofs of the case in
which S[ 8 require the theory of blocks of characters (e.g. [1, pages 321-
324]). In this paper, we prove the latter case without using blocks.

This paper was written during a year’s visit to the University of Oxford
on a National Science Foundation Senior Postdoctoral Fellowship and a
grant from the Science Research Council. We are very grateful to these in-
stitutions for making this visit possible. We also thank P. Martineau and
J. McLaughlin for correcting a number of errors in the original manuscript.
We shall adapt the proof for the case in which S > 8, as given in Chapter

12 of [2]. Hence we adopt some of the notation of [2] and add some further
notation.
Assume that G is a counterexample to the theorem of minimal order.

Since we assume the case in which S > 8, we will suppose that S 8.
Let x be an element of order four in S. Let X (x), T (x), C* Ca(X),
N* hto(X), and H* 0r(C*).

Let A* be the subset C* TH* of C*. Let B be the set of all conjugates of
elements of A* in G.
Denote the principal characters of C* and G by 1, and 1 a.

(1) (a) N* SH*andC* XH* X X H*;
(b) A* is disjoint from its conjugates in G and N* Na(A*).

Proof. These results are analogues of Lemmas 12.1.2 and 12.1.3 of [2].
Note that XH* X H* because H* centralizes X and intersects it in the
identity group.
By (la), TH* < C* and C*/TH* 2.

Let be the unique linear character of C* with kernel TH*. Let c. and
be the characters of N* induced by lc. and , and let i c.

,. Let be
the generalized character of G induced by i’.

(2) (a) (’,)N--4;
N* *(b) *(1) O and (y) O for every y e A

(c) there exist distinct nonprincipal irreducible characters xl, , x,
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of G and signs e :t:l (i 1, 2, 3) such that

Proof. These results are analogues of Lemmas 12.1.4 and 12.1.5 of [2].
Note that , is not an irreducible character of N*, but is the sum of two distinct
linear characters of N*.

(3) (a) v(y) 1 -b ’ e,x(Y) 0 ifye G B;
(b) (y) 4, if yeA*;
(c) (y) 1 -b ,x,(y) 4 ifyeB;
(d) for every involution u of G,

1 - e,(X,(u))/X(1) O.

Note. Here and in later results, in a summation invoicing an index i, we
will take i to run over the values 1, 2, 3.

Proof. (a) This is obvious from (2b), since is induced by .
(b) By the definition of an induced character,

(y) ic.(y) (y) 2(le.(y) h(y)) 4.

(c) We can assume that y e A*. By (b) and (lb), y(y) (y) 4.
(d) By the definitions of A* and B, every element of B is of even order.

Hence no element of B is the product of two involutions of G. (This is
Lemma 12.1.7 of [2], and its proof does not require any restriction on the
order of S.) This yields (d), which is the analogue of Lemma 12.1.8 of [2].

(4) (a) For i 1, 2, 3, x does not lie in the kernel of x
(b) all the elements of order four in G are conjugate.

Proof. Let K 02,(e). Since G is a minimal counterexample to the
theorem for the case in which S 8, Z G/K) 2.
Now, O2,(G/K) K/K 1, and S is isomorphic to a Sylow 2-subgroup

of G/K. If K 1, then[G/KI < G and, consequently,

2 Z(G/K)/0,(G/K) Z(G/K) [.

Hence K 1, that is, G is "core-free" in the sense of Brauer [1]. So,
Z(G) Z(G/K)! 2. Therefore, G satisfies the hypothesis for Brauer’s

proof, and, as Brauer shows (pages 321-322 of [1]), (a) and (b) are easy to
obtain. (If (b) fails, then Na(P)/C(P) is a 2-group for every P of S. So
then G has a normal 2-complement and Z(G)I Z(G/K)I Z(S)I
2, by a theorem of Frobenius [2, page 253]. If (a) fails, for some i, let G* be
the kernel of x. Then

G* c G and 02,(G*)
_

O,,(G) 1.

By (b), either (x2) or S is a Sylow 2-subgroup of G*.
that (x) Z(G*) and then that (x) Z(G)).

In either case, we find
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We introduce some further notation. Let

x x(1), Y x(x), z z-y, fori= 1,2,3.

Since x" has order two, the numbers x, y, z are rational integers.

(5) (a) z > 0 fori 1,2,3;

Proof. (a) This follows from (4a).
(b) From the definitions of A* and B, we note that neither of them con-

tains the identity element or an involution. Hence, by (3a),
: + Z: ,, + ,x,(:) o : + ,x,(’) : + ,,.
Therefore, e z O.
For each i,

y/x (z )/x 2z(z,/,) +
Thus (3d) yields

0 1+,(y,/x,) 1 -[- ,(z,/,)

e,(z,/x,).

(6) For every geralized character x of G,

(x, ,)o (1/ H* i) ... x(zu).

Proof. By (3b), (y) 4 for every y
the Frobenius Reciprocity Theorem and (2b) eld

(1/I N*

Now, [N*I 8 H*]. Take yes (x). Then y normalizes H* and
xu . Hence y maps the set xH* onto the set x-H* by conjugation.
Thus

Z..,, x(’u) Z..,, x((u)) Z..,, x(zu);

(7) For i 1, 2, 3,
(a) the values of x are rational integers;
(b) x() x(xx) for every u e H*.

Proof. Recall that the values of the characters of G are algebraic integers
in the cyclotomic field, K, of the G [-th roots of uty.

(a) Suppose that 1 i 3 and the values of x are not rational integers.
We may assume that i 1. Then some value of x is irrational. Sce K
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is a nodal extension of the rational field, there ests an automorpsm of
K that moves some value of . Since permutes the irreducible characters
of by the deflation

x() (x())". G.
x is an irreducible character of G distinct from x As is rational-valued,

(x, ,) (x, ,) .
By (2c), x is x for some j such that ei e. We may and will assume
that j 2.

Since x(x) is rational,
y x() (x())" x() y,.

Similarly, x== x. Thusz=z. By(5b),

Hence za --2e e z and so

o 2 ,(z/x) +
By (5a), z, 0, so 0 (2e,/x,) + (4ea/xa) and

But, by (Sb), 1 W 2e x T ex 0, a contradiction.
(b) By (la) ux for every u e Let be an automorphism of K

that fixes a prtive foh root of unity and takes every root of uty of
odd order into its verse. Then, by (a),

x,() (x,()

(8) Suppose1 i 3. Then x(x) a(x,,)aareodd.

Proof. Let x x. By (6),

Let I be a subset of H* {1} that contains precely one element from each
pair {u, u-} of elements of H* {1}. By (7), x is integer-valued and

x(x) + 2 ., x(u) x() + .. (x(u) + x(zu-)),,, x(u) H*l ,.
Since H* and e are odd, x(x) is odd.
Applyg () and (7) again, we have

(modo 2).
So (x, ) a odd.

(9) Suppose1 i 3. Then x(x)
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Proof. Suppose x(x) e. Let x x. By (7a), the values of x are
rational integers. By (8), x(x) is odd. Hence x(x) > 1 or x(x) e
In either case, x(x) > ex(x). Similarly, x(y) >_ ex(y) for all y G.
Hence, by (6),

(x, ,)a (1/I H* I) ,,H. x(xu)

> (1/I H* ,,. e, x(xu)

e(x, 7) a 1.
By (8), (x, )a >_ 3.
Now by (4a), x is not in the kernel of x; since x is in the derived group of

S,x(1) > 1. By (3),(y) 4ifyeBand(y) 0ifyeG- B. As
(x, i a) a 0, an argument like that of the previous paragraph yields

Z:,.- x() > ,.- (-,)x() . ,x()

(i) ,. ,x(),(-’) (lal/4)(,x. ,) (I al/4).
Hence

el ,.-, x(u)’ + 5:,., x(u) > (I a !/4)

(I G I/4) + (I G l/4)(x*, ,/) a _> G I,
a contradiction.

(10) Suppose1 <_ i

_
3. Then

(a) z is divisible by 4;
(b) x is odd;
(c) if z is divisible by 8, then x is divisible by 4.

Proof. Let x x. Let 1 be the principal character of S and let b be
the unique irreducible character of S of degree two. Then

(1) 2, (x) =-2, and (y)=0 for ally e S-

By (4b) and (9), x(y) efor all y e S (x). Since (x Is, b) sis aninteger,

0 8(X is, b) s ------ .s X(Y)b(Y-) ------ 2X(1) 2X(X)
=-- 2x,- 2y =-- 2z (modulo 8).

This proves (a). Similarly,

0 8(x I, ls) s ,,s x(y) - x, d-

2x-z- 2e=- 2(x- e) -z (modulo 8).

By (a), 4 divides z, and therefore divides 2(x, e,). So x e is even, and
x is odd. Finally, suppose 8 divides z. Then 8 divides 2(x e), which
yields (c).

(11) There exists i such that 1 <_ i
is divisible by 4.
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k>2.
(bb),

SO

Let 2 be the highest power of 2 that divides every z. By (10),
Let w z/2 for i 1, 2, 3. Then some w is odd, say, ws. By

o

By (10), each x is odd. As 0 is not a sum of three odd numbers, w is even
for some i, say, for i 1. It follows that w is odd. Since zl 2wl and
k >_ 2, zl is divisible by 8.
From the above equation,

e ea x(ea xa -t- e. x) (modulo 4).

Therefore 4 divides ea xa -}- e2 x. By (5), 1 "t- e x 0. Hence

0 e xa-}- e. x. -(1 -}- e x) - -el(X1-{- el) (modulo 4),

which yields that 4 divides
Since (10) and (11) contradict one another, this completes the proof of the

theorem for the case in which S 8.
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