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METACYCLIC p-GROUPS AND CHERN CLASSES

BY

KAHTAN ALZUBAIDY

1. Introduction

C. B. Thomas [9] shows that the even-dimensional subring Heven(G, Z) ofthe
integral cohomology ring H*(G, Z) of some split metacyclic p-group G is gen-
erated by Chern classes, and hence this group satisfies Atiyah’s conjecture [1].
This result is generalized here, to a non-split metacyclic p-group by using the
computational method of G. Lewis [7] together with the property of free action
of G on product of two spheres. HeVe"(G, Z) is expressed in terms of Chern
classes of certain representations of G.
The author is greatly indebted to Dr. C. B. Thomas, who, as his research

supervisor, gave invaluable assistance in preparation of this work at University
College London.

A metacyclic p-group

G=(A,B. AP’=I,

2. Preliminaries

Ba" As, B-lAB Ak’, c _> 0,

k’b=-I (p"), pC(k-1)--O
splits when a c [6]. The center of G and the commutator subgroup G are
generated by Apd and Apa-d respectively, where d minimum (b, c). G can be
given in terms of either of the following two extensions"

1 Zw(A> G -5 Z(B> 1, (1)
(2)

Let 2" A e2ni/pa and 2’" B e2ni/pb, A 1 be two 1-dimensional rep-
resentations of the subgroup Zp,(A) and the group G respectively. G acts on
the product of two spheres S2p"-a x S2p-x by i2)pb(n2’) where i,2 is
induced representation of 2 and p(n2’) is the direct sum ofpb copies of n2’. We
know 1 (R) 1, B (R) 1, Bpb- (R) 1 form a basis for the induced module asso-
ciated with i, 2. Then, by [3, p. 75],

i,v(A)
".

and i2(B)
0 kb-
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The characteristic value of i 2(B) never equals 1. Thus we have"

PROPOSITION 1. The #roup G acts freely on the product of two spheres

G acts on the sphere S’- , by i 2, with A acting freely. We have

S’- S S (p-fold join).

Consider the complex

CS-) =-{CoC C_ ...C_}.
By [7, 6.2], Ci is a free G-module except for Co, C, C_ and C2,-, where
Co ZG, C ZG F,

C_ ZG/(B-) F and C2- ZG/(B-> F

for some free G-module F. Consider the sequence

0Z Co ... C2_ Z0.

By applying Tate cohomology to the exact sequences of the image-kernels X,
Y, V, W, U at Co, C, C,-2, C,_ , C2,- respectively, the following seq-
uences are exact for odd i"

0 H’(G, V) H+ (G, W) H+ l((Bpa-a), Z)
H+’(G, v) H’+(G, W) 0,

0 H’(G, U) H’+ a(G, Z) H+ X((Bva-), Z)
n*+’(G, v) H+ (G, W) 0,

and

Hi+ X(G, Z) Hi+ ’(G, X), Hi+ X(G, Z)
H’+ 2(G, X), Hi(G, X)- Hi+ ’(G, Y), Hi+ ’(G, X)

--Hi+2(G, Y) for odd

By dimension shifting,

Hi(G, Y)- Hi+v- 3(G, V)and
Hi(G, W)-Hi/’- (G, U) for all i.

Similarly, there are exact sequences for even i. Then,

IH’+2(G, Z)l In’+’(G, U)I
IH,-,+2(G, W)l
pl H‘-’+ (, V)I
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Thus the following lemma holds"

LEMMA 2.

palH,- 2,+#(G, Y)
<_ palH,- 2,+ 3(G X)
< palH’-2,+2(G Z)l.

IW+z(G, Z)l < palW(G, Z)l for allj. I
PROPOSITION 3. H*(Zpa-d Zp,, Z)-- P[a, fl] (R) E[cS] where

deg o deg fl 2,

deg c5 3 and pa-a pbfl pa-ac5 0 with the relation c52 O.

Proof. The spectral sequence

= u’(z, w(z._, z))
of the split group extension 1 Z

_- Zo_ Zp Z, 1 is convergent to

H /(Z_ Z, Z).
We have

E2’*= n*(zp._a, Z)= P[g] where deg 0 2, pa-da 0;

E’ H*(Zp, Z)= P[fl] where deg fl 2, pfl 0;

e, n’(z, H(Zo_, Z))= HI(Z, Z._)= Z 6

where deg fi 3. Since deg fi is odd, fi2 0. Thus

E’ E zfl’, F,* Z Z’, F, Z, (Zfl’ +

and

fl:E’iEz+2’’i (i,j_>0), 0:E-i-*E +2 (i_>0, j>0)
are isomorphisms by periodicity [2.XII, 6]. Since the extension is split,
E2 Eo and , fl, 6 survive to Eo [10]. Therefore

H*(Zt,,_ x Z, Z)= P[a, fl] e[di].

3. Integral cohomology rings

Consider the spectral sequence of extension (1):

E= H’(Z, H(Z,,, Z)).
We have H*(Zp., Z)= P[a] where deg a 2 and pa 0. a is a maximal
generator corresponding to A-, lipa. The action of Z,(t) on H*(Z,., Z)
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induced by B is given by t k. We have

E’ * H*(Z., Z)z<’>,

E’ H*(Z, Z)= P[fl] where deg fl 2, pfl 0

and

E2
, 2= H(Z, H2(Zpa Z))= Z, where deg r/= 2pb + 1, pr/= 0.

PROPOSITION 4. H2(G, Z) Z_ + Z and H2+ (G, Z) - 0 for
l<i<pb.

Proof We have

H2(G, Z) Hom (GIG’, Q/Z) Z._a<> +
where a and fl are maximal generators of H2(G, Z) corresponding to a " $ -lipa-d, - 0 and fl: ft. - 0,/ lipb respectively. Also a and fl correspond to
pUa and fl in E2 term. We have

Res Cor (cz)= N(a)= (1 + +...+ tP-)a (k-)/(k 1), a pda
[2,XII, {}8].

Then a Cor cz and Cor (Res ft. a)= fl Cor a 0. Thus, afl 0. By the
Res-Cor sequence [7, {}2] the following sequence is exact"

0--, H2(H, Z), T3 H(H, Z)’ 0

where H=<A> is a normal subgroup of G. Since H3(H,Z)-0,
T3= HE(H, Z). We have

H(H, Z), H(H, Z)/(t 1)H(H, Z)I p,-a.
The sequence

0 /-/(a, Z) - n(a, z) H(a, Z)"
is exact and Cor vb, Res p [7]. Since x//= 0, IKer w//I P"-n. We
have II1 IKerwfll =p"-n= TI. Therefore IH(G, Z)I 1, and
hence H(G, Z) 0.

Since 4) is an isomorphism and Res fl=0, we have I,,Resl
Ira Z I= p"-n. The following two sequences are exact [7, proposition 2.1]"

HZ(H
Cor

H2 H3Z) (G, Z) (G,X)O,

0 H3(G, X) H4(G, z)Re-- H4(H, Z),
where X Ker {Z(/>--, Z}. Thus, H3(G, X)I pb and H4(G, Z)l
pa-d pb. Therefore

H4(G, Z)"-- Zpa-d<(2> "3I- Zlgb<]2>.
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Similarly, 02 Cor 02 pdo2 and 02 0. Then, by induction,

H2i(G, Z) Zpa-d(Oi) + Zpb(fli) and H2i+ l(G, Z) 0

for 1 pb where Cor i pdi and ifl 0. Moreoveri 0 for all
i,j because ifi efti+ then fli efti++ 0 and e 0.

Now, consider the spectral sequence of extension (2)"
EJ= H’(Z_ x Zpo, W(Zp, W(Z, Z)).

The action of Zpa- x Zpo on H(Zp, Z) is trivial since A generates the centre
of G. Then, by Proposition 3,

E’ H*(Zp._ x Z, Z)= P[, fl] @ Elf]
where deg deg fl 2, deg fi 3 and p-a pfl pa-d8 0; and

E’ *= U*(Za, Z)= P[T]
where deg 2 and pd 0. By comparing the two spectral sequences,
and

H’(, Z) Z._(’) +
with the relation fl 0 for 1 < p. By Kneth’s formula,

e’ aJ= H*(Z,_a x Z, Z) H*(Zp_a, Z)@ H*(Z, Zpa), j > 0.

This induces a horizontal multiplication

:, j > 0 [7, 6.3].o:E:xE: E’
For 7eE’ 2, . E E+ 2 is a monomorphism forj 0, and an isomorphism
for j > 0, by periodicity [2]. By the double cosets formula of generalization of
corestriction [4, Theorem 3], Res<a)(7) yP. Then survives to E
[7, corollary II] and

" E E+
is an isomorphism for j > 0. If , 0 e E’ 2 are two independent generators then
Z v e El’ 2 is a new generator, We have E2 E3 since the odd rows are
zero. Then the additive structure of E2 is given as follows:

LEMMA 5.

where 0 < m < pb and E’ 2pb_. Zt.

E"’ Z" + Zfl",

E"’ 2 Z(Xn-1 + Zfln-1 ._ Z,))(zn ._ zn,
E,,+ , 0 Z,"- + Ziff’- ,

E22.+ , 2 Z/t" + Zoff’, E’’ 2m+l 0,

!
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The other terms are given by periodicity" E’ 2 E’ 4 =.... Furthermore,

s.. u’(zo_ z, w(z, z))-. u’(z._ z, W(Z.,, z))
is induced by the projection J" Z Zt,. J, is a monomorphism forj >_ 0, and
an isomorphism for j even and greater than zero. We. have

n*(zp.- x Zp, Z)= E[U1, U2] (R) P[VI, V2] with AU, V, i= 1, 2,

where A is the Bockstein homomorphism. Also, J,()= V, J,(fl)= V2,
J,() Vl 02 V2 O1, J,(fl)- J,()O2, J,()-- J,(’)Ol, J,(z)= J,()Ol 02
and J, preserves the product. We have

J,(,) (v u v u)J,()u v: u uJ,() -J,(x);
i.e, di/ -fix. Similarly we have the following:

LEMMA 6.

Since H2(G, Z)- Z + Za, da()= da(fl)= 0 and d3 6 (That is, d3(7)= s6
for s . 0 (p,-d)). We have

d3(/) 2 + f12 d3(v)
since H3 (G, Z) 0;

d3(z) 3 + f13 for H4(G, Z) Z,: + Za;
E,]"’ 0 Z. + Zt.

because Ker d3 {", fl"}; and Imd3 0 since i 0 and ifl 0. Further-
more, E4, 2m 0 for m 4:1 (pb), m > 1, because Ker d3 0 for
E’ 2m Z/m- -" Zv,m-1. Similarly, by Lemmas 5 and 6, the additive structure
of E is given as follows:

LEMMA 7.

E,]"’ o= Z,. + Zt.;
E’zm=0 forml(pb),m>l;
E4", 2m 0, m>O,m.O(pb);

EZ4"+’Zm=0, m-I (pb),m4: 1, n>0;

E"+,=0; E,"+,(-=0; ,"=Z,. I
The other terms are given by periodicity"

E,’ ’--p E,’ j-I- 2pb j>0.
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Thus, E4 Eo in dimensions less than or equal to 2pb d- 1.

LEMMA 8. [H2pb(G, Z)[ pa+b.

Proof. By Proposition 4, H2t’b- I(G, Z)-- 0. By Lemma 1, G acts freely on
the product of the two spheres S2- x S2p- 1. Then, by [8, Corollary 2.7] the
following sequence is exact:

0-+ m(, Z)-+ Zo+ Zo+ + U(, Z)-+ O.

Therefore, H2"(G, Z)I =/+b. |

Fi [)re

E2

By Res-Cor sequences, the following two sequences are exact:
Cot rr2pbl,0-+ H2p(G, X)-+ H2p(H, Z)-+ n it,, Z)-+ H2’+ I(G, X)-+ O,

0--) H2p- I(G, X)--) H2@(G, Z)--) H2pb(H, Z)-) H2’O(G,, X)--)O.
We have Jim Res] =/-a. Then

0--) Z,_--) H2pO(H, Z)-+ H2’’(G, Z)--)0
is exact. Thus, ]H2’O(G, X)] pd. If Cot is zero then H2’b(H, Z) Z,o which is
a contradiction. Therefore Cot ()4: 0. Let 4/(). ResA (r(o)= ’ [4,
Theorem 3] and Cot Res ff()= pb,A/()= Cot ()4: 0. Then ,M(o) has
additive order p and (r() H2,O(G Z). We have ’ 4:0 in H*(G, Z) because
if 0 then Cot (P) 0. Then must be given in terms of powers of ft. We
have ,c= pb-aflpc; i.e., pcc pb+c-aflp. By Lemmas 2 and 8,

[H=+(G, Z)l < PaIH’-(G, Z)[ p"+.
Then,

Z)I IH’’(G, z)l p+O.
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THEOREM 9. We have the integral cohomology ring

H*(G, Z)= Z[fl; x, ,_ , /]

where deg fl 2, deg 0 2i, deg 2pb, deg r/ 2pb + 1 and pbfl pa-ClOi
pa pbrl O, with the relations ifl O, ij O, irl O, 12 Ofor all i, j and
pCopc__ pC+b-aflpc. Furthermore, is a maximal generator in H2((A, Z),
0i Cor (0i), 1 _< < pb, and d min (b, c). |

Now, it is possible to deduce the integral cohomology ring of a split metacy-
clic p-group as a special case when a c. The relation pC0d’ pC+b-aflp will be
satisfied. This provides an explanation of the fact that not all the terms on the
base of the spectral sequence of extension (2) survive to Ego.

Heven(G, Z) is generated by fl; 01, 02p/,_ 1; . C1() is the first Chern
class of the i-dimensional representation given by (B) lipb. [ corresponds
to the maximal generator of H2((B), Z). We have

Res (c,(i,&))= c,(pb&)= ’
where cl(&) and &(A)= 1/pa; & corresponds to the maximal generator of
H2((A>, Z). The binomial coefficient

is divisible by p, but by no higher power of pb. So c(i()) generates the same
summand as e, 1 _< < p. By [5, Theorem 4], c(i&). By [1, Appendix],
we have:

THEOREM 10. Heven(G, Z) is generated by Chern classes and hence G satisfies
Atiyah’s conjecture.
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