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METACYCLIC p-GROUPS AND CHERN CLASSES

BY
KAHTAN ALZUBAIDY

1. Introduction

C. B. Thomas [9] shows that the even-dimensional subring H*"**(G, Z) of the
integral cohomology ring H*(G, Z) of some split metacyclic p-group G is gen-
erated by Chern classes, and hence this group satisfies Atiyah’s conjecture [1].
This result is generalized here, to a non-split metacyclic p-group by using the
computational method of G. Lewis [7] together with the property of free action
of G on product of two spheres. H****(G, Z) is expressed in terms of Chern
classes of certain representations of G.

The author is greatly indebted to Dr. C. B. Thomas, who, as his research

supervisor, gave invaluable assistance in preparation of this work at University
College London.

2. Preliminaries
A metacyclic p-group

G={A,B: A" =1, B”= A", B 'AB=A*; >0,
k=10 pk—1)=0
splits when a = ¢ [6]. The center of G and the commutator subgroup G are

generated by 47 and A”*~‘ respectively, where d = minimum (b, c). G can be
given in terms of either of the following two extensions:

1—»Z,,,.<A>—>G—”>Zp,,<§>—> 1, (1)
15 Z,LA7") >G> Zpe-iA) + Zy<BY > 1., @)

Let A: A—e?™? = ¢ and n')': B— e*™/"" 4 -1 be two 1-dimensional rep-
resentations of the subgroup Z,.{A4) and the group G respectively. G acts on
the product of two spheres $27°~! x $2P°~1 by i,A @ p®(n'l’) where i,A is
induced representation of A and p?(rn'A’) is the direct sum of p® copies of n'A’. We
know 1®1, B®1, ..., B~ 1 ® 1 form a basis for the induced module asso-
ciated with i, A. Then, by [3, p. 75],

& 0 00 - 0
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The characteristic value of i, A(B) never equals 1. Thus we have:

PrOPOSITION 1. The group G acts freely on the product of two spheres
g2ty g2

G acts on the sphere S?7~1 by i, A, with A acting freely. We have
§2P°~1 =gl s ... x §' (p®fold join).
Consider the complex
C(Szpb_ Y ={Co+C, —Cppog e —Copp 1)

By [7, 6.2], C; is a free G-module except for C,, Cy, Cpo—y and C,p,_,, where
Co=Z2G,C,=2ZGOF,

Cpoy ZZGKB* > @F and C,p,- = ZG/KB* )@F
for some free G-module F. Consider the sequence
0‘_Z<_'C04—"'4_C2pb_1<-z<—0.

By applying Tate cohomology to the exact sequences of the image-kernels X,
Y, V, W, U at Cq, Cy, Cpo_y, Cpo—y, Cyp— respectively, the following seq-
uences are exact for odd i:

0- HY(G, V)> H*Y(G, W) > H*'(KB* "), Z)
- H*YG, V)> H**(G, W) -0,
0- H(G, U)-> H*Y(G, Z) > H'*'({B" ), Z)
- H*YG, V)-> H'**(G, W)—0,
and
H*YG,Z)=~ H'* (G, X), H*(G, Z)
~ H'*%(G, X), H(G, X)
~ H*Y(G, Y), H*(G, X)
~ H'*?(G, Y) for odd i
By dimension shifting,
H(G, Y)~ H*?~ 3G, V) and
H{(G, W)~ H'*?~Y(G, U) for alli.
Similarly, there are exact sequences for even i. Then,
|H*%(G, 2)| < |H"*'(G, )]
= |[H=P+2(G, W)
< |HPIG, V)|
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- pd|Hi-2pb+4(G’ Y)I
< deHi_2ph+3(G, X)I
< plei—Zpb+2(G’ Z)I

Thus the following lemma holds:
LemMA 2. |HI*2P(G, Z)| < p*|H(G, Z)| for all j. 1

PrOPOSITION 3. H¥(Z,,-4 X Z s, Z) = P[a, f] ® E[0] where
dega=deg =2,
deg 6 = 3 and p® “a = p°B = p® 6 = 0 with the relation 6> = 0.

Proof. The spectral sequence
Ey) = H(Zp, H(Z po-s, Z))
of the split group extension 1 = Z o4 = Z po-4 X Z = Z , — 1 is convergent to
H"Zpa-s X Ly, 7).
We have
E} "= H*(Z,u-4, Z) = P[a] where deg o =2, p"~%a = 0;
E%° = H*(Z,, Z)= P[f] where deg f =2, p’f=0;
Ey?=H'Zp, HZp-s, L)) = H'(Zpp, Lpo-a) = L
where deg 6 = 3. Since deg § is odd, 6% = 0. Thus

E%° = z Zp, EY*= Z Zo', E¥?*= Z (ZB"cx + Zﬂié);
1 1 1
and
B: E5J — E5t 2 (1,7 =0), a: E5 - E4J+2 (1=0,j>0)

are isomorphisms by periodicity [2.XII, §6]. Since the extension is split,
E,=E, and a, B, § survive to E, [10]. Therefore

H*(Z,o s X Z, Z) = Plo, f] @ E[5). 1

3. Integral cohomology rings
Consider the spectral sequence of extension (1):
Ey) = H(Z,, H(Z,., Z)).

We have H*(Z,., Z) = P[a] where deg o =2 and p%x =0. « is a maximal
generator corresponding to A — 1/p®. The action of Z,<t) on H¥Z,., Z)
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induced by B is given by ta = ka. We have
E<2), * — H*(ZWU Z)zpb<t>’
E%° = H*(Z,, Z)= P[f] wheredeg f=2,p’B=0
and
E} 2" = HY(Z 5, H**'(Z o, Z)) = Z, where deg n=2p®+ 1, p’n =0.
PROPOSITION 4. H*(G,Z)=Zp s+ Z, and H**YG,Z)=0 for
1<i<ph
Proof. We have
H*(G, Z) =~ Hom (G/G*, Q/Z) = Z .- K0,y > + Z,<p)

where a; and § are maximal generators of H*(G, Z) corresponding to a;: 4 —
1/p* 4 B—0and B: A— 0, B— 1/p® respectively. Also a, and f correspond to
p’a and B in E, term. We have

Res Cor (@)= N(a)=(1+t+ -+ " Ya=K"")(k - 1), a=pla=a,
[2,XII, §8].
Then o, = Cor a and Cor (Res - a)= f Cor a = 0. Thus, a; f = 0. By the
Res-Cor sequence [7, §2] the following sequence is exact:
0— H*H,Z), % T35 H3H, Z) -0
where H=<A) is a normal subgroup of G. Since H3(H,Z)=0,
T3 = H*(H, Z),. We have
|T*| = |H*(H, Z),| = |H*(H, Z)/(t — 1)H*(H, Z)| = p*~*.

The sequence

0- H3G, 2)5 T3 5 HX(G, 2) 2 H*(G, Z)'
is exact and Cor, = ¢, Res, = ¢p [7]. Since a; =0, |Ker U | = p*~% We
have |I,t|= |Keru B| =p* *=|T3|. Therefore |H*G, Z)|=1, and
hence H3(G, Z) = 0.
Since ¢ is an isomorphism and Res f=0, we have |I,Res|=
|I,,t| = p°~* The following two sequences are exact [7, proposition 2.1]:

Cor

H*(H,Z)> H*(G, Z)-> H*(G, X) -0,

0 H3G, X)— H*G, Z) S H*(H, Z),
where X = Ker {Z{B) »Z}. Thus, |H*G, X)| =p® and |H*G, Z)| =

a—d

p*~¢ x p’. Therefore
HYG, Z) = Z,.- Ko + Z KB



METACYCLIC p-GROUPS AND CHERN CLASSES 427

Similarly, a, = Cor «? = p%a? and «, B = 0. Then, by induction,
HY(G, Z) = Z o 0> + Zp(f> and H?*Y(G, Z)=0
for 1 <i < p® where a; - Cor o = p%’ and o; f = 0. Moreover a;a; = 0 for all
i,j because if o;a; = ef**/ then fo;a;=ef'*/*!' =0and e=0. |
Now, consider the spectral sequence of extension (2):
Bl = H(Z oy x Z 0, H(Zp, H(Z s, Z)).

The action of Z,.-s x Z,, on H¥(Z 4, Z) is trivial since A" generates the centre
of G. Then, by Proposition 3,

E%° = H*(Z oo X Z, Z) = Plo, f] ® E[4]
where deg o = deg B =2, deg & = 3 and p* ‘o = p®B = p* % =0, and
ES* = H¥(Z,, Z) = P[y]

where deg y = 2 and p“y = 0. By comparing the two spectral sequences, o’ <> a;
and

H*(G,2) = Z,,- Loy + Z B>
with the relation o' = 0 for 1 < i < pb. By Kiineth’s formula,
B3 = HMZpy s X Ly, L) = H*(Zyy 0, Z,s) @ HXZ, Z,,0), j> 0.
This induces a horizontal multiplication
0: B3 x E5% 5 B2 j>0[7, 63].

For yeEY 2, y: E5J — E%J*2 is a monomorphism for j > 0, and an isomorphism
for j > 0, by periodicity [2]. By the double cosets formula of generalization of
corestriction [4, Theorem 3], Res 4, A'(y)=y?”. Then y? survives to E,
[7, corollary II] and

yP: E5J — E5t2P
is an isomorphism for j > 0. If u, v € E}- 2 are two independent generators then

x=pove E2?is a new generator, We have E, = E, since the odd rows are
zero. Then the additive structure of E, is given as follows:

LEmMMA 5.
E3"° = Zo" + 29,
E}m2=Zya" ' + Zyp" ! + Zya" + Zyp",
EZ+10 = Zoy=t 4 2,
E2" L2 = Zugh 4 Zopr, EX-2mHi—,
where 0 <m < p® and E}Y " =Zn. |
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Y Y
The other terms are given by periodicity: E¥'? = E¥ * = ---. Furthermore,
J*: Hi(Zpa..d X Zpb, Hj(Zpb, Z))-’ Hi(Zpa.-d X Z H‘I(Zpd, Zpd))

is induced by the projectionJ: Z — Z,.. J, is amonomorphism for j > 0, and
an isomorphism for j even and greater than zero. We have

H*(Zyo-s X Zy, Zw) = E[Uy, U] @ P[V4, V3] with AU, =V, i=1,2,

where A is the Bockstein homomorphism. Also, J(a)=Vy, J(B)= Vs,
J0)=V1U, =V, Uy, J (1) = Jo(0)U2, Jo(v) = T (0)U 1, J (1) = T (»)U U
and J, preserves the product. We have

Jo(0p) = (MU, = VUMW, (U, = =V,U Uy J,(n) = —J 4(Bx);

ie., ou = — PBx. Similarly we have the following:

pbs

LEMMA 6.
op=—Py, ov=—ay;
ox=0, uy=vy=0, pP=v=y"=0. |

Since H*(G, Z) = Z, + Zg, d5(«) = d3() = 0 and d; = & (That is, d5(y) = s6
for s # 0 (p°~%)). We have

da(u) = o + p* = dy(v)
since H3(G, Z) = 0;
dy(x) = o> + B> for H(G, Z) = Z,, + Zps;
EP°=Zu+Z

because Ker d; = {«", p"}; and I,,d3 = 0 since a;o;= 0 and o; = 0. Further-
more, E}?™"=0 for m#1(pP®), m>1 because Kerd;=0 for
E}?" =Z,m-1 + Z,m-. Similarly, by Lemmas 5 and 6, the additive structure
of E, is given as follows:

LemMA 7.
Ei"° =Zy+ Ly
Ey?m=0 form#1 (p°), m>1;
E™m=0, m>0,m#0 (p°);
Eth2m=0 m# —1(p°),m+#1,n>0;
Ein+1'2 =O, Ein+1,2(pb—l)=0; Ei’2pb=Z". I
The other terms are given by periodicity:

.‘yp N b .
E:,J=Ez,1+2p =, > 0.
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Thus, E, = E,, in dimensions less than or equal to 2p® + 1.
Lemma 8. |H?*”(G, Z)| = p**.

Proof. By Proposition 4, H***~1(G, Z) = 0. By Lemma 1, G acts freely on
the product of the two spheres S>”’~! x §27~1. Then, by [8, Corollary 2.7] the
following sequence is exact:

0- Hzl’b(G, Z) - Zpa+b X Zpa+b - HZPb(G’ Z) -0.
Therefore, | H*?"(G, Z)| = p***. |

Fibre
Ey
Y M,U X
base
a8 & ?,82 o3, g3

By Res-Cor sequences, the following two sequences are exact:

Cor

0 H2(G, X) > H2P(H, )5 H**(G, Z) - H***1(G, X) -0,

Res

0— H**~1(G, X) - H*(G, Z)*S H*"(H, Z) - H*™(G, X) — 0.
We have |Im Res| = p*~% Then
0->Z,._.— H*”H,Z)> H*(G,Z)-0

is exact. Thus, | H*?(G, X )| = p”. If Cor is zero then H*?"(H, Z) = Z ,, which is
a contradiction. Therefore Cor (o”’) # 0. Let ¢ = A (x). Res, A (x) = o’ [4,
Theorem 3] and Cor Res A"(a) = p°4"() = Cor («**) # 0. Then A4"(x) has
additive order p® and A («) € H**"(G, Z). We have o # 0 in H*(G, Z) because
if a7 = 0 then Cor («°) = 0. Then o must be given in terms of powers of . We
have o = p®~9B*; ie., p‘aP* = p®+<~ 9P, By Lemmas 2 and 8,

|H2p"+2(G’ Z)' < pd|H2(G, Z)l — pa+b.
Then,
[H2P*2(G, Z)| = | H*(G, Z)| = p**"
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THEOREM 9. We have the integral cohomology ring
H*G,Z)=Z[B; a1, ..., ap_q; & 1]

where deg B = 2, deg «; = 2i, deg & = 2p®, deg n = 2p® + 1 and p*B = p* a; =
p°E = p’n = 0, with the relations «;f = 0,0;0;= 0, ;7 = 0, n* = 0 for all i, j and
plo¥* = p**P~ 2B, Furthermore, o is a maximal generator in H?*((A), Z),
;= Cor (¢), 1 <i<p’ and d=min (b, c). |}

Now, it is possible to deduce the integral cohomology ring of a split metacy-
clic p-group as a special case when a = c. The relation p‘a?* = p°*~ 287 will be
satisfied. This provides an explanation of the fact that not all the terms on the
base of the spectral sequence of extension (2) survive to E.

H®**"(G, Z) is generated by B;ay, ..., azp_y; & B = cy(p) is the first Chern
class of the 1-dimensional representation given by B(B) = 1/p®. B corresponds
to the maximal generator of H?((B), Z). We have

Res (ci(i,&)) = c,(p8) = (”:)af

where a = ¢,(&) and a(4) = 1/p*; & corresponds to the maximal generator of
H?*({A), Z). The binomial coefficient

pb
(")
is divisible by p®, but by no higher power of p’. So c(i,(&)) generates the same
summand as a;, 1 <i < p®. By [5, Theorem 4], ¢ = c,(i,&). By [1, Appendix],
we have:

THEOREM 10. H®*"(G, Z) is generated by Chern classes and hence G satisfies
Atiyah’s conjecture. ||
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