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LYAPOUNOV NUMBERS FOR THE
ALMOST PERIODIC SCHRODINGER EQUATION

BY
RUSSELL A. JOHNSON

1. Introduction

We consider the almost periodic Schrédinger operator

_a2
(1.1 L= s + q(t).

where ¢(t) is continuous and Bohr almost periodic. Associated to (1.1) is a
rotation number a(J) (A € R), where
.00 .
(i) = —lim ==, 6() = arg ($(0) + i¢'()
t— o0
and ¢ # 0 satisfies L¢ = A¢p. It is known that «(d) is independent of the
solution ¢, that « is continuous and monotone increasing in 4, and that o
increases exactly on the essential spectrum F of L [7]. In addition,
o(A) = lim w(A + ie),
e—0
where w(z) is holomorphic in the upper half plane H* = {z| Im z > 0}, and
Im w(z) measures the “complex rotation” of certain solutions of L¢$ = z¢.
Moreover, w(z) provides information about the higher-order K dV equations
with almost-periodic initial data [7].
In this paper, we consider the real part —Re w(z), and its boundary value
B(2) (A € R). It will be easy to see that
1
Re w(z) = lim > In [Y(t)* + ¥'(t)*]
t— o0

where Ly = ziy and ¢ € [0, o) (z € H*). Thus Re w(z) measures the expo-
nential decay of solutions which are in I?(0, o). We will see that the bound-

ary value of Re w also measures exponential decay of solutions. In fact, we
define

(12) B = sup {Fn - In [90° + ¢'(t>2]},

¢+0
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398 RUSSEL . A. JOHNSON

where L¢ = A¢; actually the sup is ta.cen no just over solutions of L¢ = A¢,
but over solutions to all equations

2
(13 L,¢ = ( o’ w(t))¢ - 14,

where w(t) is in the hull of g (see Section 2). In 1.2, we allow A to take on real
and complex values. It then turns out that B(1) >0 everywhere, that
Re w(d) = —B(4) if Im A > 0, and that

lim (—Re w(d + ig)) = B(A) for all A e R.

e=0

Moreover, if 4 is real and () = 0, then all solutions of all equations L, ¢ =
A satisfy

tim - In [0 +|$01] = 0;

t— o0

if B(4) >0, then for almost all w, (1.3) admits a unique (up to constant
multiple) solution y with

lim = In [ + (071 = — B0
t—= o0
In particular, Y € I2(0, ).

The function f has several other properties; we prove two. First, it is har-
monic on the resolvent set C\F of the operator L (we give a simple proof
based on [7]). This fact is used to prove that, if I is an open interval such
that F n I # 0, then F n I has positive logarithmic capacity. Second, it is
one-sided continuous at an endpoint A of a spectral gap: if 4, € R\F and
A,— 4, then B(4,)— B(A).

To throw more light on the function B(4) (A € R), we consider a class of
examples, modeled on the example of [6] (in that example, f(1,) > O for at
least one point 1, in F, namely the leftmost point in F). We assume

(1.4) q(t) = lim q,(1), q,t+ T,) = q,(t)

n— o

where the limit is uniform and the period T,,, of g,., is an integer multiple
of T,(n = 1); we also put various other conditions on the g, .

We prove that B(4,) > O for the left endpoint i, € F, and that § is discon-
tinuous at 4,: in fact, f(4,)— 0 for a sequence 4, 4,. Now,

Lim w(d + ig) = — B(A) + ia(A),

e—0

hence g is the Hilbert transform of the continuous function —o(A). Hence B
has the mean value property [14]. So f must oscillate wildly near 4.
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2. Preliminaries

We first introduce the hull Q of ¢g. For 7 € R, the translate g is given by
q?) = q(t + 7) (t € R); then Q = cl {g.|7 € R}, where the closure is taken in
the uniform topology. Thus g is a point in Q; we denote g also by w,. A flow
(©, R) is defined by translation:

(w - t)s) =t +5) (weQ).

We give Q the structure of a compact, abelian topological group, as
follows. If

wy, = llm @y * tn, Wy = lim Wo * Sy,
n— o n—oo

then

w0, = lim wqy - (¢, +5,) and ;! = lim o, (-t,) [11].

n— oo n—oo

Note that w, is the identity of Q. We may view R as a dense subgroup of Q
via the map t— w, - t.

We “extend g to Q” in the natural way: define Q(w) = w(0) (w € Q); then Q
is continuous, and Q(w, * t) = q(0) = g(t). Thus q is regained from Q by
evaluation along the orbit through g = w,. We will consider the equations

_AJ2
e, Lo =(GE+00 0)o=ib e,

and the associated two-dimensional systems

(0 1 _(®
22), u_</1+Q(w't) O)u, u—<¢,) (€ Q).

When it is necessary to avoid confusion, we will write (2.1),, and (2.2), ,
instead of (2.1),, and (2.2),,.

2.3 DermNITION. Fix A € C. Define

B(A) = sup {i?n —1— In u(t)||: u(t) is a non-zero

t—

solution of some equation (2)0,}.

The sup is taken over all u(t) and all w € Q.
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Fix A € C. It is convenient to introduce the projective flow defined by equa-
tions (2),,. Call a complex 1-dimensional subspace of C? a complex line. For
each w € Q, equation (2),, is linear, so the fundamental matrix solution ®(z)
(with ®@,(0) = I) maps complex lines to complex lines. If [ is a complex line in
C?, let I(t) = @,(t) - | denote its image after time t. Letting P!(C) be the usual
space of all complex lines in C2, we define a flow on X =Q x PY(C) as
follows:

@1 t=(-t1It) (e, ePC)).

The point of introducing (Z, R) is the following. Write

0 1
Aj(w) = <_,1 + 0 0) (w € Q).
Define
(2.4) fi:Z>R: (0, )— Re (_A_,l(a))%_,uo}’

{ug, Uo)

where 0 # u, is any vector in I Then if u(t) satisfies equation (2),, with u(0) =
Uy, one has

1 t
2.5 % [n flu@l —In u@)] = - Lfa((w, D) - s)ds.

Thus the exponential growth of u(t) is determined by a time average of f;.
We will use the ergodic theory of the flow (X, R) to study these time aver-
ages.

We remark that a flow (Z, R) is defined for each 4 € C. When confusion
can arise, we write (Z, R), for the flow defined by equations (2.2),, ;.

If A is real, we obtain also a flow on Iz, = Q x P!(R), where P!(R) is the
space of (real) one-dimensional subspaces of R2. We will call such subspaces
lines (as opposed to complex lines). It is convenient to view P!(R) as a subset
of P}(C), and hence I, as a subset of . To do this, we use the usual
identification of the Riemann number sphere S? with PY(C): if [a, b] denotes
the complex line on which the non-zero complex vector (a, b) lies, then we
define Ident: S2— P!(C) by

z—[1, z],if z #+ c0; Ident (c0) =[O0, 1].

Then P!(R) is identified with R U {00} = S2.
We also need to consider the singular boundary value problems

2

(26), L,¢= ( s Qw - t)) ¢ =2p, p(0) =0, ¢ € (0, 0) (w € Q).
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Fix w € Q. Since equation (2.6),, is of limit point type [3], there is a func-
tion M (4), defined and holomorphic for Im A # 0, satisfying

Im M (4)
Im A

such that if ¢(f) # 0 satisfies L,¢ = A¢p, then ¢ e I}(0, o0) iff ¢'(0) =
M (A)¢(0). For fixed A with Im 4 # 0, let  *(¢) satisfy

Ly* =" and ¢7(0)= M, *(0).

>0,

It is not hard to show that

27) y*@®) =y exp (L M, (%) dS>,

(2.8) M(A) is jointly continuous in w and A (Im A # 0).

Problem (2.6),, admits a monotone increasing spectral function p,(t) [3]; the
points in the spectrum of the singular problem (2.6), are the points of
increase of p,. The function p, is unique if it is chosen to be right-
continuous with p,(0) = 0. We have

_L(®dp)
Ime(l)—nf Im —~=

-

(Im A > 0).

We note that the essential spectrum of (2.6),, is independent of w, and equals
the spectrum F on I*(— o0, o) of each and every operator

_d2
Lw=7+Q(a) 1)

(see [14]; viewed on I*(— 0, ©), the L,’s all have the same spectrum F, and
it is always essential).

2.9 DerINITION [7]. For Im 4 # 0, define w(4) = fa M (4) dw, where dw
is normalized Haar measure on the compact topological group Q.

Using 2.8, one shows that w(4) is holomorphic for Im A # 0. Since dw is
the only measure on ( invariant with respect to the flow (2, R), we have for
fixed w, 4

t
Re w(d) = lim % JMW(A) ds,
0

t— o

so using 2.7,

Re w(4) = lim %ln Y OF + 1O

t— o0
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Thus Re w(4) is the exponential rate of decay of solutions

ut) = W (), y*'(e)
of (2.2),, for which y* e I*(0, o). Note Re w(/) < 0, and since it is harmonic,
Re w(A) < 0if Im A # 0.
For each w € Q, there is also a holomorphic function M_(4) (Im A # 0),
satisfying
Im M, (%)
T Imi

such that Y~ (1) = exp ([5 M,.(4) ds) is in I*(— o0, 0); M (4) is also jointly
continuous in w and A. It is proved in [7] that

<0,

w(l) = — f M;(A) dw (Im A # 0).
Q

Using these facts, one can show that
(2.10) B(A) = —Re w(d) (Im A #0),

where f is as defined in 2.3.

Now introduce polar coordinates (r, 8) in equations (2.2),, where A is real
and fixed. Then 0 satisfies

(2.11), 6 =sin? 0 + (=1 + Q(w - 1)) cos? 6.
In [7], the rotation number a(4) is defined as follows:
(2.12) a(A) = —lim —(L)

t— o0

where a choice of w € Q and 6(0) = 6, is made.

2.13 THEOREM [7]. The rotation number o(A) is independent of w and 0,
and the convergence in (2.12) is uniform in t, w, 0,. Also a is continuous and

monotone increasing in A € R. One has that o increases exactly on the spectrum
F of the L, and

(2.14) lim Im w(A + ie) = «(4) (A € R).

e—~0+

Next we recall some results from the theory of almost periodic linear
systems, as applied to equations (2.2),,.

2.15. Let A€ R, and let f; be defined in 2.4. If f(1) = 0, then 5 f; du =0
for every invariant measure [10] x4 on X. Every time average,

1
lim —— fl(a 5)ds (o€ X),
|b— al—'oob_
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is 0 and the convergence is uniform in a, b, ¢ (this uses the proof of Lemma
3.5 in [7]). On the other hand, if () > O, then there are exactly two ergodic
measures on X; one has u.(Zg,) = 1, and

(2.16) Lf). du, = >0, sz du- = —p.

See [5]; f is in fact the right end-point of the Sacker-Sell spectrum [12] of
equations (2.2),. (Note that (1) = 0 because a fundamental matrix solution
of (2.2), has constant determinant; so there are no other possibilities for

B(4).)

2.17 ProposITION. If A € R and B(A) > O, then B(A) = p. (It follows directly
from 2.3, 2.5, and 2.15 that, if f(A) = 0, then f = 0.)

Proof. Let ¢ > 0. Since f(A) > 0, we can find w € Q, a sequence (t,)— oo,
and a line ! € PY(R) such that, if u(t) # 0 is a solution of (2), with (u(0),
4'(0)) € I, then (0 = (w, ]) € 2)

lim tlln Ju(t,)] = lim < I " (-5 ds> B) —e.
0

n—+o “n n— o tn

Using the classical Krylov—Bogoliubov argument as in the proof of [7,
Lemma 3.57, we can find an invariant measure # on Z so that

J;fz dn > B(2) — e.

From 2.15, there are non-negative numbers a, b such that
a+b=1 and n=au, +bu_.
From (2.16), we see that § > B(4) — ¢, and hence f > B(4). On the other hand,

2.15 and the Birkhoff ergodic theorem give us a point ¢ =(w, ) € X for
which

t
limlj‘fl(a - s)ds = p.
t— oo t 0

Let u(t) be a solution of (2.2),, with u(0) # 0 on the line I. Then
.1

lim " In (@) = B,

t— o0

and hence B(A) = B. So B(A) = .
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3. Facts about

We show that
lim — Re w(A +ig)=p(A) forallAeR

e—0+

(a more precise statement will be proved), and derive some properties of S.

3.1. THEOREM. (a) If A € R and z— ) non-tangentially (n.t.) for z € H™, the
upper half-plane, then —Re w(z)— B(A). If B(A) =0, then B is continuous at 2,
and —Re w(z)— B(A) whenever z— A, non-tangentially or not.

(b) B is upper semi-continuous on R.

(c) On R, B is non-negative, of first Baire class, and has the mean value
property.

Proof. First consider (c). We noted in Section 2 that f(1) > 0 for all A.
That g is of first Baire class follows from (a) or (b). Also, f has the mean
value property because it is the Hilbert transform of the continuous function
—o (part (a), 2.14, and [15]). So we need only prove (a) and (b).

Let us prove the first statement in (a). Consider the functions M (z) dis-
cussed in Section 2 (z € H*). For fixed z € H, define a measure u, on X as
follows:

Lg du, = Lg(w, M (2)) do

whenever g: £ — R is continuous. Using 2.7, we see that
(0, M(2)) " t = (- t, M,,.(2)),

where the dot on the left-hand side refers to the flow (Z, R),. It follows that
U, is invariant under this flow. In fact, u, is ergodic, because the set 4, = {(w,
M (z))|w € Q} = X is an invariant set which is flow isomorphic to (Q, R) via
the projection n: T — Q: (o, )— w.

Let Y* be a non-zero solution of (2.1), with y*'(0) = M _(z)¢ *(0). Writing
u(t) = (W * (), ¥ T'(t), recalling that

Re w(z) = lim 2— In ([y*OF + ¥ 0P,

and using (2.5) and (2.10), we get

—B(z) = lim -}ln llu(@)

t—+ o0

= lim ~ sz((w, M (2)) - s) ds

= lim - sz((w s, M,,.{(2)) ds,
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and by the Birkhoff ergodic theorem the last limit equals

j fdw, My(2)) do.
Q

Hence we have

(3.2) B(z) = —ffz du, (ze HY).
z
Now fix A € R, and suppose first that f(1) = 0. Let z,e H*, z,— A, and
suppose f(z) = —Re w(z,) does not tend to zero. We may assume
B(z,)— 6 > 0.

Write u, = p,, f, =/., and note that f,— f; uniformly on X. The sequence
{n,} of measures has a weakly convergent subsequence {yx,}. Suppose p,— 7.
Then 7 is invariant with respect to (Z, R),, and hence [ f; dn =0 (2.15).
However, it is clear that this contradicts 3.2. Hence f(z,)— 0 = B(4).

Suppose next that f(4) > 0. Let u_ be the measure on Xz, given by 2.15.
For u_-a.a. (w, l) € Zg,, any solution u(t) # 0 of (2.2),, ; with u(0) e [ satisfies

.1
lim = 1In lu))ll = —B(A).

Given w € Q, there can be at most one line I, in R? with this property. We
conclude that, for dw-a.a. w € Q, there is a unique I, € P{(R) such that, if ¢
is a solution of (2.1),, ; such that

(), ¥'(0)
lies on I, then ¥ € I(0, 0). Let
Q, = {w € Q| there exists I, as above}.

We now claim that if w € Q,, then M_(z)— [, in P!(C) whenever z— A n.t.
To see this, let

90) € (—1'(/2, 7'5/2)
be the angle [, makes with the positive ¢-axis in (¢, ¢')-space R, and con-
sider the singular boundary-value problem
2

63, Lo = (G + 0w 0)o =9

¢(0) = cos 0,, ¢'(0)=sin0,, ¢ e I*0, ).

This problem admits a spectral function p?, which has a jump discontinuity
at v € R if and only if (3.3), has eigenvalue v [3]. There is also a function



406 RUSSELL A. JOHNSON

M?®(z), holomorphic for Im z # 0, such that:
(i) the solution y* of L, ¢ = z¢ satisfying
¢*(0) = sin 6, + M%(z) cos 6,, ¥*'(0) = cos 6, + M’(z) sin 6,
is in I2(0, o0);
© 0
(i) Im M°() = i J Im % for Im z > 0.

Now, (3.3),, has, for each w € Q,, an eigenvalue at the point 4 under con-
sideration. Hence M%(z)— oo if z— A n.t. and z € H* [15]. But, using (i), 2.7,
and uniqueness of ¥ * up to constant multiple, we seen that M (z)— tan 0,;
ie. M,(z)— I, in P}(C). This is what we wanted to show.

Next let {z,} be any sequence in H* such that z,— 4 and M(z,)— I, for
all w € Q,. Clearly if w € Q, then w -t € Q, for all te R, and M (z,)— 1, ...
Also

—B(z,) = szn(w, M, (w)) do— L filw, 1,) do

by bounded convergence. However, it is easily seen that the map
w—(w1,): Q> Z
defines a dw-measurable, invariant section of the sphere bundle X; i.e.,
(0, 1) t=(w-tl,-t) forallteR and weQ,.

Hence we can define an ergodic measure u, on X by

jg dpo = J g(@, 1,) do
Iz Q

when g: £— R is continuous; y, is ergodic because the projection n: £ — Q
restricts to a measurable bijection from {(w, I,,)| @ € Q} to Q. So, by 2.15,

sz duo = % B(A),

and since 0 > —B(z,)— 5 f; duo, we must have [; f, duo = —B(4). So
Biz)— B(A) if z,— A nt.

We have proved the first statement in part (a) of the theorem.

There remains to prove that f(A) = 0 implies # is continuous at 4, and that
B is upper semi-continuous on R. Since f > 0 everywhere, it suffices to prove
that f is upper semi-continuous on R.
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Suppose for contradiction that there is a sequence 4,— 4 € R such that
lim,_, , B(4,) > B(A). Then we can assume that f(4,) > 6 > 0. By 2.15, the flow
(X, R);, admits an ergodic measure u, with

sz,l du, > 6 for all n.
)

We can assume that u,— u weakly; one checks that p is invariant with
respect to (Z, R);. Since f, — f; uniformly,

B — sz dp.

By 2.15, |5 f, du < B(A). This is a contradiction; we have proved that f is
upper semi-continuous. This completes the proof of 3.1.

Next we use the results of [7] to prove that f is harmonic on the resolvent
set of L = —d?/dt? + q(t) acting on I*(— oo, o). The result is also a special
case of a more general proposition proved in [4].

3.4 PROPOSITION. Let F be the spectrum of L = —d?/dt* + q(t) acting on
[?(— o0, o). Then B is harmonic on the resolvent set C\F.

Proof. Consider the function w(i) = [o M,(4) do introduced in Section 2;
then

B(A) = —Re w(A) (Im A+ 0).

Recall that M (1) = M_(2), hence w(i) = w(4). Now if I is an interval in R\F,
then
—B() + ia(A) = lim w(A + ie),

=0+
and o(A) is constant for 1 € I, say «; [7]. We also have
lim w(d + ig) = fA) — oy (Ael).
e—0-
So if we define
w(4), Im 4 >0,

w¥(A) = {BA) + ia;, A€l
w(A) + 2ia;, Im A <O,

then w* is holomorphic on {Im A # 0} U I by the reflection principle. It
follows that f§ is harmonic on the resolvent set.
As a corollary, we prove that F cannot be too small.

3.5 CorOLLARY. Let I = R be an open interval such that I N F # Q. Then
F n I has positive logarithmic capacity [11].
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Proof. Suppose F n I # 0 but the logarithmic capacity is zero. By 3.4, §
extends harmonically to the entire open disc D with diameter I (since f is
clearly bounded on D). Let h be that harmonic conjugate of f on D such that
h=Imw on {Ae D|Im A > 0}. By 2.10 and 2.13, « is the restriction of h to
I; hence « is continuously differentiable on I. Now by 2.13, /(1) = 0 except
when A € F. Since F n I has capacity zero, it has Lebesgue measure zero. So
o is identically zero on I, and « is constant on I. So by 2.13, F n I = ¢. This
is a contradiction, so F n I has positive logarithmic capacity.

Finally, we consider the behaviour of § at endpoints of spectral gaps.

3.6 PROPOSITION. Let A, € R be an endpoint of a spectral gap I (i.e. I is a
maximal interval in R\F). If A,— Ay and A, € I, then B(4,)— B(Ao).

Proof. Recall the functions M (z), M (z) discussed in Section 2; for each
w € Q, these are defined and holomorphic for Im z + 0. Since the spectrum F
of L, is independent of w, each M (z) extends meromorphically through I
(w € Q), and so does each M_(z) [3]. In addition, either Im M (4) =0 or
M_(A) = o (4 € I), and the same holds for each M (4).

Now, the vector (1, M (4)) € C? defines a line I} (4) in P}(R) for each 4 € I;
if M,(4) = oo, then I}(4) is the line containing the vector (0, 1). Similarly,
(1, M (A)) defines a line I;(4) (4 € I). We coordinatize the circle P*(R) with
the usual polar coordinate 6, —n/2 < 6 < n/2, where 6 = —n/2 and 6 = /2
are identified. Orient P!(R) in the direction of increasing 6.

Fix w € Q. It is remarked in [6] that, if A increases through I, then M (4)
and M (A) move in opposite directions on P(R) (the remark is just [2,
Problem 9, p. 257]. It can also be shown that M (1) and M_(4) can never
coincide if A € I [6].

It is clear from these two remarks that, as 1,— 4, in I, the limits

lim 1£(4,)

exist in PY(R). Call these limits IX. The sets
§* = {(w, I3)|w € Q} = i,

are measurable sections of £ = Q x P!(R). Hence they define ergodic mea-
sures u* on I via the formulas

jg du* = J g(w, 13) do
T Q

for continuous g: Z— R. We have
_B(A'n) = Jfl,(w’ Ma)()'n)) dO)“’ J;fﬁ.o(a)’ lot) dﬁ) = Jflo d#+
z z

Using 2.15, we have (5 fi, du*™ = — B(4o). This completes the proof of 3.6.
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4. Discontinuity of f

We construct a.p. Schrodinger operators for which f is discontinuous.
Note that such examples cannot be periodic, for f is always continuous for a
periodic Schrodinger operator, and in fact the essential spectrum is deter-
mined by the condition § = 0.

We begin with some general remarks. Let {g,} be a sequence of almost
periodic function such that g,(t)— g(t) uniformly on R. Then ¢(t) is almost
periodic. Consider the operators

__dz __d2
L(g,) = 2 T a.t), L@ = 2 T q().

From [7, see Section 2 above], we obtain corresponding functions w(g,, 4),
w(q, A), holomorphic for Im 4 > 0, such that

lim w(g,, 4 + ie) = — B(qn, 4) + ic(qn, A),

e=0+

lim w(g, 4 + ie) = —fB(q, 4) + ia(q, ) (41 € R).

e—0+

Here f is defined in 2.3, and « is the rotation number. From now on, it will
be convenient to indicate the potential g in the arguments of § and a.

From now on, we use the term “resolvent of L(g)” to mean the operator-
theoretic resolvent of L(g), viewed as a self-adjoint operator on I*(— oo, oo).

4.1 ProrosSITION. If gq,— q uniformly on R, then

(g, A)— g, A),

uniformly on compact subsets of R. If I = (a, b) = R is a subset of the resolvent
of L(q), then B(q,, 1)— B(q, A) for all A € I.

Proof. The first statement is proved in [7, Theorem 6.2]. To prove the
second statement, we use 6.3 and 6.4 of [7] to conclude that w(q, z) is contin-
uous as a function of g for fixed z, Im z > 0 (in fact, it is differentiable).
Hence w(g,, z)— w(q, z) if Im z > 0. Now, if 4 € I, then some interval I, con-
taining A is in the resolvent of L(g,) for sufficiently large n, say n > N. Since
the rotation number is constant on intervals in the resolvent [7, Theorem
4.7], we can extend w(q,, A) and w(g, 4) holomorphically through I, if n > N,
and it follows easily that f(q,, 1)— B(q, A).

We remark that, if A is in the resolvent of L(g), then a(g,, 4) is eventually
equal to a(g, A) if g,— g uniformly. This uses [7, Theorem 4.7].

Now we borrow two facts from [6]. First, we fix a constant ¢:

4.2) 8 =271°=1/1024.
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(I) There is a periodic function q(t), of period T, > 10, with
4.3) 1=qy(t)= -3 (teR),
such that the Hill equation

(0 N, (¢
Hidol: t ‘<qo(t> 0)“’ “ <¢>)

admits two solutions, u., (t), with the following properties. First,

1
(4.4) T In Juy (Tl = £Bo, Bo>2/3.

If we introduce polar coordinates

r=(¢>+ ¢'*)'% 0 =arg (¢ +id),
then H(q,) becomes

R(qo): ¥'/r = (1 + qo(t)) cos 6 sin 6,

O(qo): 6 = —sin? 0 + qot) cos? 6.

Writing u . (t) = r.(t) exp i0.(t), we have
4.5) —7n/4 <0_(0)=0_(T) < 0,.00) =0,.(Ty) < —n/4 + 26;
(4.6) 0<0.(0)—0_(0) <272 = 1/4096.

Using Floquet theory, it is trivial to see that S, = B(q,, 0). Observe also the
rotation number a(q,, 4) satisfies

(47) 0‘(‘10, 0) = Oa a(q03 2) = 1,
since go(f) < 1 for all ¢.

(II) Suppose a Ty-periodic function gu(t) is given (N > 0), with the follow-
ing properties.

(i) The Hill equation H(qy) admits two solutions, u .(gqy, t), with

(44)y TiNln lu+(gn, TWll > 2/3, ‘,IITNIH lu_(an, THI < —2/3.
(i) Ifuy(qy, 1) = ri(qn, t) exp i0:(qy, t), then
(4.5)n —n/4 < 6_(qy, 0) = 0_(qn, Ty)
< 0.(qn, 0)
= 0.(qn, Ty)
< —m/4 + 26;

(4.6)y 0<6.(qn, 0) — 0_(qy, 0) <27V712
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Then, there is an integer Iy, which may be chosen as large as desired, and a
non-negative function #y(t), periodic of period Ty, , = Iy Ty, satisfying

(4.8)y+1 0<nyt)<3/227% 2 <27
Support (1y) N [0, Ty+1] < [Ty+1 — 6 Tyerls
such that, if py,, = gy — 1y, then the Hill equation H(py ;) admits solutions

Us(Pn+1> ) =T1(Pn+15 1) €XP 04 (Dy 41, 0)

for which (4.4)y. ;, (4.5)y+ 1, and (4.6)y+, hold. In addition,

(4.9 +1 0-(an, 0) < 0_(Pn+1, 0) < 0.(Py+1, 0) < 0.(qn, 0).

We remark that (I) and (II) can be achieved by replacing the integer n in
(6, Section 5]by N=n—12,n > 12.

We now construct, by induction, a sequence {gy} of periodic functions
such that gy converges uniformly to an almost periodic function q. We will
show that g has the following properties: A = 0 is the left endpoint of the
spectrum of L(g); also

B(g, 0) = 2/3; lim inf (g, 4) = 0.
A-0+

Let us begin by letting go(¢) be a T,-periodic function satisfying the condi-
tions of (I). Let T, = my Ty, no(t), and p; = go — 1o be as in (II). By a theorem
of Moser (10, Proposition 1; note ®, > 0], we can find a non-negative, con-
tinuous, T;-periodic function o(t), such that

0<no+0,<22=1/4 and Support (6o) N [0, T)) = [T, — 6, T,],

with the following additional property. If ¢, = p; — g4, then, corresponding
to each such integer k > 1, there is a non-empty open interval I,(k) in the
resolvent of

_dz
L(g,) = _d't?‘ + q4(8)

such that the rotation number a(q,, A) equals kn/T; on I,(k). We take I,(k) to
be the maximal open interval with this property. Since we can choose g, as
small as we please, we can also ensure that conditions (4.4),, (4.5),, (4.6),, and
(4.9), hold.

Consider an interval I,(k) = (a, b) (1 < k < T;/=). Using (4.3) and the fact
that g, < qo, we see that (a, b) = (0, 2). For each A € (a, b), consider the Hill

equation
(0 1 (¢
H(—2+4q,):u —<-—l+q1(t) 0>u, u—<¢,>.
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This equation has solutions

Us(—A+ a5 ) =ra(—A+q5, 1) expifs(—1+ 4, )

for which

1
',i.,‘ In luy(=4+q,, )| = £B(q,, 1) #0,
1

and for which
0:(—4+ ¢y, 2T}) = 04(—4 + g, 0) (mod 2m).

Note that, by [2, probs. 8 and 9, p. 257] 6, may be chosen to be differentia-
ble in 4, and when this is done,

a0, a0 _
) <0, Y >0

for each fixed t. This fact, and analysis of the discriminant [8] A(4) of

_d2
L(g,) = a2 + q4(1),

show that one can further assume

HmO,(—A+qy, ) —0_(—A+qy, ) =m,

A—va*t

lim 0,(—A4 + gy, ) — 0_(—A +qy, ) =0

A=b-
for all t € R. Hence we can choose a closed subinterval J,(k) = I,(k), with
int J,(k) # ¢, such that if A € J,(k), then
>0,(—A+q,0—0_(—4+4q,0>n/2—-1/2

Now suppose that we have constructed functions q; > g, = -+ = gy such
that ¢; has period T,=m;_;T,_; for some even integer m;_, > 6
(i=0,1, N —1). Suppose that (4.4)~4.6); hold for all i, 1 <i < N. Suppose
moreover that the following conditions hold.

(410)N OSq,—qu _<.2_i_1(1 SISN—' 1),
411y 1>¢,=2-3- Y271 <i<N);
I=1
(4.12)y for each 1 <i < N, there is a non-empty open interval I (k) (1 <

k < o0) such that I(k) is in the resolvent of L(q;), and a(q;, A) = kn/T; for all
A e I(k).
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Using (4.7) and the fact that g; decreases with i, we see that I(k) < (0, 2)
for 1 <k < Ty/m i <i< N.We assume that I;(k) is the maximal interval with
the property stated in (4.12)y, and call it a spectral gap.

Now, in each spectral gap I(k) = (a, b), we can choose differentiable fam-
ilies 6.(—A + g;, t) of 2T-periodic solutions (mod 27) of @(—A + q;) such
that 06./0A <0, 60_/0A > 0, and

lim 0+(‘/1 + qi, t) - B—(—l + q;, t) =T,

A-a

im0, (—A+q,t)—0_(—2—q;,t)=0 (Aelfk),teR).

A=b

We assume the following three conditions.

(4.13)y In each spectral gap I(k) (1 < k < T}/=), there is a closed subinter-
val J(k), with int J(k) # ¢, such that, if A € J(k), then

i
t>0,(—2+¢,0)—0_(—A+q,0)>n2— Y27,
I=r
where r is the smallest integer such that kn/T; = hn/T, for some integer h
(1 <i<N).

(4.14)y If k/T; = h/T, for some r < i and some integer h, then J,(h) = J(k),
and a(q,, A) = a(q;, 4) for all A € J,(h) (1 <i < N).

(415)y If1 <r<i< N and A€ J,(4), then
B(qn '1) <27" and ﬂ(qi, /1) < 22_,.
l=r

We will construct a Ty, , = my Ty-periodic function gy,, with my>6
such that (4.2)y . ,—(4.4)y . hold, and so that (4.10)y , ;—(4.15)y,, hold.

Begin by choosing a number 7, > Ty such that, if u(t) is any solution of
H(—2 + qy) (0 < 4 < 2) satisfying ||u(0)|| = 1, then

1
4.16) " In [lu(®)| < Blgn, A) + 27V 72t = o).

For completeness, we include a proof that 1, can be so chosen in an appen-
dix.
Next, fix a number y € (0, 1), which will be more precisely determined later.
Choose some interval Jy(k), 1 < k < Ty/n. Let A € Jp(k). Let
0;=0_(—A+4qy,0<0,(—4+4,0=0,<60, +m

Here 0, are given by the discussion preceding (4.13)y. Let t, = c¢Ty, where ¢
is a positive even integer to be determined. Define

‘H;: [6,,60,]-[6,, 6,)
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by

- k
H,(0) = 6(c,) — 6(0) + 0, + 7, - “;

(recall a(gy, A) = nk/Ty). Here 6(t) is the solution of ®(—A + gy) satisfying
0(0) = 6. We see that H, measures the rotation of 6(t) with respect to 6_(—A4

+ qn, t)- NOtC that H;_(el) = 01, HA(GZ) = 02.
Since B(gy; A) > 0, one has

im62m - Ty) = 0,(—A +qy, 0) =0, forall 6,6, <6< 6,.
Since the families 6, are continuous in A, and since the right-hand side in
equation ®(— A + qy) depends continuously on A, we can find 7, so that

A
(4.17) H)0)>60,—y if 6, +y<6<86, and Ae ) Jyk),
k=1
where A is the greatest integer less than Ty/w.
Now fix y < 27¥72, Choose my > 6 such that my is even and

Ty+1 = my - Ty > max (7o, 7).

Choose a Ty, -periodic function #n,(t), for which (4.7)y,, holds, in such a
way that (4.4)y.,~(4.6)y., hold for py,; = qy — ny. Then, use the Moser
theorem [10, Proposition 1] to find a non-negative function oy(t), with
period Ty, such that

Support (ay) N [0, Ty+;] = [Tysy — 6, Ty+y] and 0<ny+oy<27V71,
so that the following conditions hold.

(i) Conditions (4.4)y.;—(4.6)y., hold with gy, = py+, — oy in place of
PN +1-

(i) The operator L(qy.,) admits a spectral gap Iy, (k) such that, if 1 e
Iy 4(k), then

kn
gy +15 A Tyes
Observe now that (4.10y .4, (4.11)y,, and (4.12)y,, hold. We show that
(4.13)y+ 1, (4.14)y 4, and (4.15)y ., hold with our choices of my and gy, ;.
First, fix k, 1 <k < n/Ty,,. If k is not a multiple of my, ie., if k/Ty,, #
h/T, for all integers h and all r < N + 1, then let Jy . (k) be any closed sub-
interval of Iy, (k) with non-empty interior on which

0(=24+qns1,0) = 0_(=A+dysy, 0)> /2 — 4.

Here we shoose 0. as in the discussion preceding (4.13),.

(1 <k < o).
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Next, suppose k/Ty., = h/Ty for some integer h. We examine Jy(h). Let
A € Jy(h), and consider again the interval [0,, 6,], where

01 = 0_(—/1+qN, 0), 92 =0+(_A+qN’ 0)'
Define the map
H,;: [0y, 0,1—[6,, 6,]

as above, with Ty, replacing Ty. Let € [, 6,]. Let 0x(t), resp. Oy, 4(t), be
the solution of @(— 4 + g,), resp. O(—A + gy+1), With

On0) = Oy, 4(0) = 6.

Then Oy(t) = Oy, 4(t) on [0, Ty,,; — 6]. By Gronwall’s inequality applied to
the f-equation, and using | —1 + gqy| <6, | —4 + gy +1| < 6 (this uses (4.7)),
we have

(4.18) O < BN(TN+ 1) - 0N+ 1(TN+1) < 62—N_1e66 < 2_N_2-
Let us now define
R(é) = 0MTy+1) — Oy+1(Ty4) for fe [0y, 6,].

Compare the graphs of H, and R. Using y < 27V~2, we see that these graphs
have exactly two points of intersection, defined by points . in [0,, 0,];
moreover

0<9+—|//+ <2_N_2, 0<‘//_.0_<2—N_1.

There are no more than two points of intersection, because: (i) any point

Oe@; +y 0, —27N"1) satisfies H,(0) > R(0); (ii) if there were three points

of intersection, then that fundamental matrix solution ®(t) of H(—A1 + qy+{)

satisfying ®(0) = I would preserve three driections in R? at t = Ty, ,; hence

®(Ty . ;) would be the identity since det ®(t) = 1; this would contradict (i).
Let 0.(—2 + gy+1, t) be the solutions of @(— A + gy . ) satisfying

O:(—A+qn+1,0) =1 ,.

Then exp if, are Ty, ,-periodic, and 6, + n are (mod 27) the only other
solutions of @(— A + gy, ;) with this property. It follows from Floquet theory
that A is in the resolvent of L(gy, ;). Clearly

@y +1, 4) = gy, A).

Now set Jy, (k) = Jy(h) (recall k/Ty,, = h/Ty). From all that we have
said, (4.13)y .+, and (4.14)y,, hold.

We must still consider (4.15)y,,. First, let 1y be the left endpoint of the
spectrum of L(gqy). Note a(gy, Ay) = 0. We claim that a(gy4 1, An) < /Ty 1.
To see this, note @(— Ay + gy) has a Ty-periodic solution Y (t). Let ¥y . (t)
satisfy

O(—Ay + qy+1) With Yy, 1(0) = Yx(0).



416 RUSSELL A. JOHNSON

From (4.7), 0 < Ay < 2; hence we can apply Gronwall’s inequality to the ®-
equation and obtain

0 <YMTy+y) = Unsr(Tysr) <627V 1% < 27N,
Since gy = qy+1 On [Ty4q, 2Ty — ], We see that
YN — 7 <Yns(0) <Ypnt) fort € [Tyey, 2Tysy — 015
hence applying Gronwall again, we get
=1 = 2"" + YM0) < Yn+ 12Ty +1) < YMO) = YN2Ty+1)-
Applying a similar argument to all succeeding periods, we obtain
O0<yYnO) — YUyl Tys)<(U—=Dm+27V forl=1,23,...,

Hence a(gy + 1, Ax) < 7/Ty .+, (by Theorem 2.13).
Now, on the other hand, if A € Jy(k), then
Uqn+1s A) =g, 1) (1 <k <n/Ty).

In particular, if A € Jy(1), then a(qy 44, 4) = 7/Ty. Combining this fact with
the preceding paragraph, and recalling that my,, > 6, we see that, if 1€

In+1(4) (ie. if d(gn+1, 4) = 4n/Ty ), then B(gy, 4) = 0.
Let us fix 4 € Jy,,(4), and let

Eni1(®) =0.(=A+qnsys B).

Let ry.(¢) be obtained by solving equation Z(— A + qy.+,) With &y, replac-
ing 6, with initial condition r(0) = 1. If

Uy 4 1(D) = ry 4 1(t) €xp i€y, 4(t),
then

T. In fluy+ ((Ty+ )l = B@n+15 A)-
N+1

Let &5(t) be the solution of @(— 4 + gy) satisfying £4(0) = &y, ((0). Let
un(t) = ry(t) exp iCn(t),

where ry is obtained as above from %£(—A1 + qy). Applying Gronwall’s
inequality to estimate &y(t) — &y ,(t), then comparing #(— 4 + qy) and Z(—4
+ gy +1), We obtain

T IIn ry(Ty s 1) = Inryy (Tye )| <27V72
N+1

Using 4.16, we get B(qy+1, A) < 27V Y(recall Ty, > 1,).
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By a similar argument, we get

N+1

Ban+ A< Y270 ifdeJ @), r<N+L
l=r

Hence (4.15)y 4 is finally verified.

By induction, construct a sequence {qy} satisfying (4.2)y~(4.4)y and
(4.10)y—(4.15)y for each N > 1. Then gy— g uniformly on R, where q is
almost periodic. Let p,(t), resp. p(t), be the spectral function of the singular
boundary value problem

Ligw¢ = A¢, resp. L(g)¢ = A9,
with boundary conditions

$(0) = 0, ¢ € I3(0, o).

Using the Helly theorem, one can show that py— p at all continuity points
of p.

The arguments of [6, Section 5] show that A =0 is the left-most point in
the spectrum of L(q), and also that f(g, 0) > 2/3. Now, py is constant on each
Juk) (1 < k < Ty/m), except perhaps for a single isolated jump discontinuity
(a discontinuity occurs if and only if 8 _(—A + gy, 0) = 7/2 or 3n/2 mod 2n).
By (4.14)y, p is also constant on int Jy(k), except perhaps for an isolated
jump discontinuity. Hence int Jy(k) is in the resolvent of L(g) [3]. From 4.1
and (4.15)y, we see that (g, 1) <2 V*! on J\(4). Since a(gy, A)— a(g, 4), and
since ogy, A) = 4n/Ty for A € Jy(4), we conclude from (4.14)y that a(q, 1) =
47/ Ty for A € Jy(4). Since afg, A) is continuous and a(g, A) > 0 for 4 > 0 (see
Theorem 2.13), we see that

lim inf B(g, 4) = 0.

A0+

We have proved everything that we set out to prove.

Appendix

We prove statement 4.16. Let g be any continuous periodic function, and
consider the equations

,_( O 1
H(—A+4+9q):u = (—A + ) O)u,

where A ranges over some compact interval I = R. Introduce the hull Q of g;
since q is periodic, Q is a circle. We denote the element g of Q by w,. Let Zg,
be the projective bundle Ty, = Q x P!(R). As in Section 2, each Hill equation
H(— 2 + q) defines a flow (Zg., R); (4 € I).
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Suppose for contradiction that there exist y >0 and sequences A, € I,
t, € R, &1, € R?, with t,— o0 and ||&,| = 1, so that

1
_t— In "un(tn)” = B(q’ ;l'n) +7;
here u,(t) satisfies H(— A + q) with u,(0) = ,. Let I, be the line in R? contain-
ing #,. Let f,: £— R be the function defined in 2.4 (1 € I).

Using the Cantor diagonal process as in [11, Theorem 9.05], we can find
measures y, on X such that |u,|| = 1, and

jfz.,, du, = ‘1‘ J"fzn((wo, L) - s) ds,
) o

t"

where (@, 1,) - s is computed using the flow (Z, R), .
Then

[ = 10 b B 2+

We can assume that 1,— A,, and that u,— u in the weak topology on mea-
sures. Since t,— oo, u is invariant with respect to (Z, R),.
Now, f;,— f; uniformly on X. Hence

j fudp = lim | f,, dp, = Tim B(g, A,) + .
z

n—ow JI n— oo
Since p(g, A,) =0 and P(g, 1) >[5 fidu (this uses (2.16)), we see that
B(g, ) > 0. But then, by Floquet theory, 4 is in the resolvent of
2

dt?

L(g) = + 4q(0);

see [8]. By Proposition 4.1,
B(g, A)— Bg, ) = Tim B(q, 4,) + 7.

n—oo

This is a contradiction; (4.16) is proved.
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