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INFINITESIMAL RIGIDITY OF PRODUCTS OF
SYMMETRIC SPACES

BY
JACQUES GASQUI AND HUBERT GOLDSCHMIDT

Let (X, g) be a compact symmetric space. We say that a 1-form or a
symmetric 2-form on X satisfies the zero-energy condition if all its integrals
over the closed geodesics of X vanish; an exact 1-form and the Lie derivative
of the metric g along a vector field on X always satisfy the zero-energy
condition. The space (X, g) is infinitesimally rigid if the only symmetric
2-forms on X satisfying the zero-energy condition are the Lie derivatives of
the metric g.

In this paper, which is a sequel to [6], we investigate the infinitesimal rigidity
of a product X = Y X Z of compact symmetric spaces ¥ and Z and general-
ize the results of [6] concerning the product S* X RP". We give a criterion for
the infinitesimal rigidity of Y X Z mainly in terms of properties of Y and Z
(Theorem 2.1) from which we deduce the infinitesimal rigidity of an arbitrary
product Xj X --- XX, where each X; is either a projective space, different
from a sphere, or a flat torus, or a complex quadric of dimension > 5. This
englobes all the previously known infinitesimal rigidity results (see [8]) and
gives the first known examples of non-flat infinitesimally rigid symmetric
spaces of arbitrary rank.

One of the main ingredients of our proofs is the characterization of exact
1-forms on these spaces in terms of closed geodesics. In [14] and [7], it is
shown that the 1-forms on a projective space, which is not a sphere, satisfying
the zero-energy condition are exact (see also [8]); the corresponding fact for
flat tori is given by [13], and for complex quadrics of dimension > 4 by [3].

We consider the product X =Y X Z and assume that Y and Z are
infinitesimally rigid. We also suppose that the 1-forms on Y and Z which
satisfy the zero-energy condition are exact. Let 4 be a symmetric 2-form on X
satisfying the zero-energy condition. To prove that h is a Lie derivative of the
metric, most of the methods and computations introduced in [6] to treat the
case of S X RP”", with n > 2, are used here. Several important new features
occur, especially because the dimensions of Y and Z may both be greater than
one. We first wish to show that 4 is locally a Lie derivative of the metric by
proving that it lies in the kernel of the differential operator Q ¢ Of order 3 of
[4], which is the compatibility condition for the Killing operator. The in-
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finitesimal rigidity of ¥ and Z implies that we may assume that
h(g‘l’ § 2) =0,

whenever the vectors {,, {, are tangent to the same factor. We require a crucial
additional assumption on A, which always holds if Y is either a projective
space, a flat torus or a complex quadric (Lemma 1.9), namely: “averaging h
along the closed geodesics of Y ” is a C®-process which gives rise to another
2-form of the same type. This condition on 4 is used in verifying the identity
(1.15) when Y and Z are both of dimension greater than one. In our proof
that Q h = 0 and our computation of L"R (see Proposition 1.1), we do not
require as in [6] exact formulas for the curvatures of Y and Z.

If the universal covering space of Y or of Z does not admit a Euclidean
factor, we give a Kiinneth type decomposition for the harmonic space of
symmetric 2-forms on the product X = Y X Z (Proposition 2.1), which en-
ables us to conclude that a harmonic 2-form on X satisfying the zero-energy
condition vanishes. Standard Hodge theory now gives us the infinitesimal
rigidity of X (Theorem 2.1). The infinitesimal rigidity of the flat 2-torus
S! x S is used in several instances during the course of our proof.

1. The zero-energy condition and local results

Let (X, g) be a Riemannian manifold of dimension n. We shall denote by
T = T, the tangent bundle of X and by T* = T,* the cotangent bundle of X.
By ®*T*, S*T* we shall mean the k-th tensor product and the k-th
symmetric product of T*, respectively. Let v = v* be the Levi-Civita connec-
tion of g. Throughout this paper, we shall use the results and notations of §1
of [6]. In particular, we denote by g, = g the symbol of the Killing equation
of (X, g); it is the sub-bundle of T* ® T whose fiber at x € X is the Lie
algebra of the orthogonal group of the Euclidean vector space (T, g(x)) (cf.
[4, §3]). If X is locally symmetric, the space of Killing vector fields on a
connected and simply connected open subset U of X is isomorphic to the
space R; , = R{ . of jets of order 3 of Killing vector fields at x € U (see
[4, Theorem 7.1]); moreover, we say that X does not admit a Euclidean factor
at x € X if there exists a neighborhood of x isometric to an open subset of a
product M, X M _, where M, and M_ are Riemannian globally symmetric
spaces of the compact and non-compact type, respectively. If X is a compact
symmetric space and x € X, the set Cy , of vectors { € T, — {0}, for which
Exp, R¢{ is a closed geodesic of X, is a dense subset of T, (see [10, Chapter
IX, §5D.

Let (Y, gy) and (Z, g;) be two Riemannian manifolds and suppose that
(X,g) is the Riemannian product of (Y, gy) and (Z, g,); we shall use the
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notations and conventions, introduced in §2 of [6], concerning the product
Y X Z. We shall identify a tensor on Y or Z with the one it determines on X.
The musical isomorphisms T — T*, T* — T, sending £ € T onto £ and
a € T* onto a¥, associated to the metric g, induce isomorphisms

Ty — Ty, Ty —Ty,

T, —Tf, T} —Ty,
which are in fact the musical isomorphisms associated to g, and g,. We also
denote by gY and gZ the sub-bundles pry'gy and pr;'gZ of T* ® T. We
consider the isomorphism 4: T* ® T — T* ® T of vector bundles defined as
follows: if u =B ® £ with B € T*, £ T, then u' = £ ® B#. The sub-
bundle

glZ={u-uueTyeT,}

of T* ® T is isomorphic to Ty* ® T,; moreover, it is clear that g* C g; and
that:

LEMMA 1.1. We have the direct sum
g=8 ®g’ogh?

We now suppose that (Y, gy) and (Z, g,) are connected and locally
symmetric. If G¥ (resp. G?) is the infinitesimal orbit of the curvature R, of
(Y, gY) (resp. R, of (Z, gz)) of type (0,4), we 1dent1fy pry GY (resp
prz Gz) with a sub-bundle of G which we also denote by GY (resp. Gz) The

curvature R of type (0,4) of X is given by the relation R = R, + R,. If we
set

GY z _ p(gY Z)R,
we have the surjective mapping
(1.1) T3 ® T, > G"Z,

sending u into p(u — u")R. Let G, denote the sub-bundle of G consisting of
the elements w of G for which w({y, 5, &5, 8,) =0, with §,{,, 8,8, € T,
whenever all the vectors {; are tangent to the same factor or whenever two of
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the §, are tangent to Y and the other two to Z. It is easily verified that

there exists u € Ty* ® T, such that
w(gla T’ly 7’2’ 7’3) = RZ(“(&l)& ﬂ1, 7’2a 173)’

w(nl, £l’ gz, £3) = —RY(uh(nl)’ £19 £2’ §3)’ '
for all El, $2, £3, € TY’ N1, N2> M35 € TZ

12) *?={weq,

LEMMA 1.2. Suppose that Y and Z are connected and locally symmetric. Then
we have the direct sum

(1.3) G=G"®e G?o G2

Let x = (y, z) € X; if Y (or Z) does not admit a Euclidean factor at y (or z),
the mapping (1.1) is an isomorphism at x.

Proof. Since
p(gf)R =p(g)Ry = Gy,
p(gZ)R = p(87)R; = Gz,

from Lemma 1.1 we obtain (1.3). If Y or Z satisfies the additional hypothesis
at y or at z, by [10, Chapters V and VII] we see that

dim R, , = dim R}  + dim R% .
From the exactness of the sequence (5.4) of [4], it follows that
dimG, = dimG) + dimGZ + dimY - dim Z;
we now deduce from this relation that (1.1) is an isomorphism at x.

We identify Ty ® T;* with its image by the monomorphism of vector
bundles «: Ty* ® T — ST * over X defined by

(10)($1: §) = o (31 ¢F) + 0(87.47),

forveTyeTHr, $HeT.

Assume that Y and Z are compact, connected locally symmetric spaces.
Since the sequence (1.3) of [6] is the initial part of an elliptic complex, if Y (or
Z) is infinitesimally rigid, then this property holds with parameters.
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LeEMMA 1.3.  Assume that Y and Z are infinitesimally rigid, and that Y or Z
is a compact symmetric space. Let k be a symmetric 2-form on X satisfying the
zero-energy condition and x, € X. Then there exist a section h of Ty¥ ® T} over
X, with h(x,) = 0, and a vector field { on X such that

k=h+%gs.

Proof. We write k = k, + k, + k,, where k,, k,, k, are sections of S?T¥,
Ty ® T and ST respectively. For all y € Y and z € Z, the restrictions
of k; to Y X {z} and of k, to {y} X Z satisfy the zero-energy condition.
Since Y and Z are infinitesimally rigid, there exist sections £ of T, and 7, of
T, over X such that ;g — k, and &, g — k; are sections of Ty* ® T;*. Then
§y = § + my is a vector field on X and h; = k — Z g is asection of Ty ® T*.
We may assume without loss of generality that Z is a compact globally
symmetric space. Let g, denote the Lie algebra of Killing vector fields of Z
and C*(Y, g,) the space of g -valued functions on Y. We may also consider
an element n of C*(Y, g ) as a section of T, over X; it is easily verified that
Z,g is the section of Ty ® T equal to the exterior derivative dyn® of the
function n° on Y. Since Z is globally symmetric, for z € Z the mapping
gz = T, ,, sending 7 into 1(z), is surjective. Therefore, there exists a section
1, of C*(Y, g) such that

(.S’,,zg)(xo) = (dy’ﬂg)(xo) = hy(x,).

Then { = §; — m, and h = h; — &, g satisfy the desired conditions.

Let & be a section of Ty* ® T*. If { € T, we denote by &, the element of
T* defined by the relation h ({") = (¢, "), for {’ € T; if §{ € Ty (resp. Ty),
then h, belongs to T (resp. Ty*).

For the remainder of this section, we consider a section h of T3 ® T*. We
have

V(h)(gl’ £, &5, §4) = ”(h)(np N2 M3 714) =0,
”(h)(gv M5 §1 §2) =0,
for &, &5, &3, 64 € Ty, M1, M0y M3 Ms € T, §1, &, € T. We take this opportu-

nity to point out that equation (3.1) of [6] is not correct and should be
replaced by

V(h)(gl, £21 §3, ‘54) = "(h)(ao, §1, g, gz) = ”(h)(‘?o, . &, ‘53) =0,

(1.4)

for all &, &,, &;, &, € T,, and that one must add the term — 3»(h) to the
right-hand side of equation (3.2) of [6] and replace 1/(n + 1) by 1/(n — 1)
there. By formulas (1.5) and (1.4) of [6], a computation similar to the one
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resulting in equation (3.2) of [6] yields the relations

(1.5) (Dgh) (&1 €25 &5, £4) = (Dgh)(m1, M2, 13, m4) = O,
(16)  (Dh)(&,ms &35 my) = = 3{(V?R) (&m0, &30 my)
+(Vh) (&m0, 8m) ),
(Dgh) (¢, M1, M2, m5)
Hw) (nsms, £m5) = (V2R) (01, mp, 1) }
= (V) (n3, 10, & m2) = (92)(m, My €, m3)

+Rz(h§’ 1> M25 "13)}>

(1.7)

for §, &, £,, &5, &4, € Ty and 14, 1,, M3, N4 € T; similarly, we have

(D,h)(n, &1, &5, &3)
(1.8) = (V) (& &1, 6om) — (V20) (&3, &1, &5,1)
+Ry (K, £, 65, 65)),
for §,,£,, 6, € Ty, n € T,

For the remainder of this paper, we assume that ¥ and Z are compact
symmetric spaces.

LEMMA 1.4. Let k be a symmetric 2-form on X satisfying the zero-energy
condition. Then we have

(ng)(ﬁ, n, €, mp) + (ng)('f, M2, €,m1) =0,
(Dgk)(é1, 7, £2,m) + (Dgk)(&5,m, 61,m) =0,
for §,§,6, € Ty, 0,3, M, € T
Proof. Let x =(y,z) € Xand § € Cy, ,, n € C; ,. Then
I' = Exp,(R¢ ® Rn)
is a flat 2-torus totally geodesic in X. If iz I’ — X is the natural imbedding,

then i*k satisfies the zero-energy condition on I'. According to [13], there is a
vector field { on T such that i*k = %, (i*g). Since the sequence (1.7) of [6] is a
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complex, we see that D, (i*k) = 0; from formula (1.8) of [6], we deduce that
(1.9) (Dk)(¢,m,€,m) =0.

Since Cy, , is dense in Ty, , and C;, is dense in T ,, (1.9) holds for all
§ € Ty ,, n € T, and we thus obtain the desired result.

If h satlsﬁes the zero-energy condition, according to (1.6) and Lemma 1.4,
we see that

(110) (Dgh)(g, 7’17‘5’ "72) = (Dgh)(gl’ "I,ﬁz, "7) = Oa

for all § £, &, € Ty, n,m, m, € T
If ye Y and £ € Cy, |, we define a 1-form w; on Z by

ae(n) = T ["B(3(0),m) e,

for n € T,, where y(#) = Exp,t£ and 7(7) is the tangent vector to the closed
geodesic v of period L. We have w,; = Aw;, for A € R, with A # 0.
The proof of Lemma 3.2 of [6] gives us the following:

LEMMA 1.5. Assume that h satisfies the zero-energy condition. If y € Y and
§ € Cy,,, the 1-form w; on Z satisfies the zero-energy condition.

The following lemma is a consequence of Lemma 1.5; its proof is similar to
that of identity (3.9) of [6] and shall be omitted.

LEMMA 1.6. Assume that h satisfies the zero-energy condition, and that the
1-forms on Z which satisfy the zero-energy condition are closed. Then we have

(1.11) (VR (ny, £,1,) + (VR)(ny, £,m0) ) = (9 %) (my, 1),

forallye Y, £€ Cy ), n,m, € Ty
Under the hypotheses of Lemma 1.6, if there is a section h; of Ty* ® T}

such that h,(§,1) = wi(n) for all y € Y, £ € Cy ,, 1 € Ty, then, for 1y, 1,
€ T,, y € Y, by Lemma 1.6 we have

(1.12)  3{(vh)(n, &, m2) + (Vh)(ny, &, m1) )} = (Why) (1, €, m0),

forall £ € Cy, » since Cy, y is dense in Ty, » this identity is then valid for all
§€ Ty,
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Similarly, if z € Z and 5 € C, ,, we define a 1-form B, on Y by

Bi(&) = T [ 1(&4(0) .

for £ € Ty, where y(t) = Exp,tn and y(¢) is the tangent vector to the closed
geodesic y of period L. We have f,, = AB,, for A € R, with A # 0.

LeEMMA 1.7. Suppose that h satisfies the zero-energy condition. If y € Y,
z€Zand § € Cy ,, 1 € C5,, we have

we(n) + B,(§) = h(&,m).

Proof. We may assume without loss of generality that ||£|| = ||9|| = 1. Set
11(#) = Exp,t§, v,(¢) = Exp,tn and let L;, L, be the lengths of the closed
geodesics y, and v,, respectively. Consider the flat 2-torus ' = S* X S, where
the first factor has length L, and the second has length L,, and the totally
geodesic imbedding i: I' = X sending (6,, 8,) into (v,(8,), v,(6,)). We iden-
tify a tensor on I' with the corresponding doubly periodic tensor on the
(6, 6,)-plane. According to Michel [13], there exists a vector field

d d
§= 4,00, 02)@; + A4,(6,, 02)'3‘0;

on T such that

04, (04, 94, 04, o,
?F;dol + (‘552- + —a‘al— d01~d02+ ——d02 = j*h.

Thus we see that 4, = A4,(8,), 4, = A,(6,) and that

. . dA dA
h(1(8), 1:(6,) = 75 + Zg. >

where ¥,(8,), v,(0,) are the tangent vectors to the geodesics v,, v,. Therefore
. . dA dA
h(Em) = h(1(0), 1(0)) = ‘Tg-©) + ‘g2 ©).

On the other hand, we have
1 (o, . .
wi(n) = - ["h(1(8:), 1:(0)) d8,

1 prfd4, dA,
= _L_lfo (;j@(o)+ 20, (61)] 46,

4, .
= 29, ©);
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similarly, we obtain

dA
Bn(‘s) = d—012(0),
and the desired equality.

LEmMMA 1.8. Suppose that h satisfies the zero-energy condition. Let y € Y,
z€Zand §,§,€Cy . If § + §, € Cy,,, for n € T, , we have

we (1) + wp (1) = g 4o (n).

Proof. Since C; , is dense in T, ,, we may assume that n € C, ,. Then by
Lemma 1.7, we have

wg,(m) + wg(n) = h(&,m) — B,(&) + h(&,,m) — B,(£,)
=h(& +&,m) — B,(& + &) = wg i, (n).

LeMMA 1.9. Suppose that h satisfies the zero-energy condition and that there
exists a C*®-section hy of Ty ® T;* such that

(1.13) hy(§,m) = @ (n),

forally € Y, § € Cy , and 0 € T,. Then there exists a unique C*-section h,
of Ty* ® T;* such that

(1.14) hy(€,1) = B,(£),

forall § € Ty, z € Z and n € C, ,; moreover, h = h; + h,.

Proof. Weseth, =h — h;;thenbyLemmal7,ify€ Y,z€ Z,n€ C,,,
we have (1.14) for all £ € Cy, and, since Cy , is dense in Ty ,, for all
§€ Ty,

We aiways consider the projective spaces endowed with their canonical
metrics as in [1]. In particular, the metric on the complex projective space CP”
is the Fubini-Study metric with constant holomorphic curvature 4. We also
consider the complex quadric Q,, which is the hypersurface of CP"*!, with
n = 3, defined by the equation

G+ 8+ 8, =0

in terms of the homogeneous coordinates §, {;, ..., §,,; the metric on Q,, is
that induced by the Fubini-Study metric of CP"*1. If Y = Q,, a field » of
unit tangent vectors of the hypersurface Y of CP"*!, normal to Y and defined
on an open subset U of Y, determines an involution K of Ty, and a
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decomposition
Tyy=T'® T,

where T*, T~ are the sub-bundles of Ty, consisting of the eigenvectors of K
corresponding to the eigenvalues +1 and —1, respectively (see [8]). According
to [3], if y € U and F is the subspace of Ty, , generated by an orthonormal
set {£,m) of vectors of T, or of 7, then Exp,F is a closed totally geodesic
surface of Y isometric to the sphere S? of constant curvature 2. It follows
that, if £ is a non-zero vector of Ty+ or of 7,7, then Exp R¢ is a closed
geodesic of Y of length my2.

LEMMA 1.10. Assume that Y is either a projective space, different from a
sphere, or a flat torus, or a complex quadric Q,, with n > 3. If h satisfies the
zero-energy condition, there exists a unique C®-section h, of Ty ® T satisfy-
ing the relation (1.13).

Proof. If Y is a projective space, different from a sphere, the geodesic flow
@, of Y is periodic of period #. In this case, we define a C*-function A, on
(Ty = {0}) X T by

m(&n) = 7 [h(otm) ds

for § € Ty — {0}, n € Ty; clearly (1.13) holds, since Cy, , = Ty , — {0}, for
yeY. We set hi(§,7) =0, for £ € Ty, n € T,, whenever £ vanishes. If
y€Yand §,§, €Ty, — {0}, with § + §, # 0, by Lemma 1.8 we have

hi(&,m) + hy(§5,m) = hi(§ + &5, 1),

for all n € T,. Therefore, since h (A&, n) = Ahy(§, ), for all AER, 9 €
T, ,, we see that h; is a C®-section of T* ® T*. If Y is a flat torus RY/T,
where I' is a lattice of maximal rank in RY, choose a basis ej,..., e, of R?
generating I' and let {#6,,...,8,} be the corresponding coordinate system.
Then the vector fields d, = d/d6; and the 1-forms d6, on R? induce tensors on
Y which we denote in the same way. We define a C*®-section h, of Ty* ® T*
over X by

hy(§,m) = i ai“’a,.("'l),

i=1

where § = X7_,a,9; is an element of Ty and 7 of T; since {d;,...,d,} is a
global frame for Y, we see that A, is differentiable. If y € Y and § = ¥¢_, p;d,,
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where p,,..., p, € Z, then §{ € Cy , and by Lemma 1.8 we see that

or(n) = X prcn (n),

i=1

for all n € T,. From this relation, we deduce that (1.13) holds. Finally,
suppose that Y is the complex quadric Q,, with n > 3. Let y € Y and » be a
field of unit tangent vectors on the hypersurface ¥ of CP”*1, normal to Y and
defined on a neighborhood U of y. Consider the sub-bundles 7% and T~ of
Ty, determined by ». If ¢ is the geodesic flow of Y, we define C*-functions
h{ on (T*—{0}) X T, and h; on (T~—{0}) X T, by

W (&) = I [ (e ),
hy (§,m) = %fOLh(%{,n)ds,

for ¢ € T*—{0}, { € T"—{0} and n € T,, where L = /2. According to
the remarks preceding the lemma, for all a € U, the non-zero vectors of T,
and 7 belong to Cy , and

hi(6,m) = w(n), Ay (§m) = wp(m),

for all £€ T*—{0}, { € T"—{0} and n € T,. We set h{(£71) =0 and
hi(¢,m)=0,for €T, { € T~ and n € T,, whenever { and { vanish. By
Lemma 1.8, we have

h1+(£1, "l) + h1+(£2, "7) = hi'-(‘s] + £2, "l),

hl_(gl’ "7) 'l' hl_(§29 "T) = h1_(§1 + gz, n)’

for all £, ¢, € T*—{0}, §,,$, € T~—{0}, whenever £ + £, # O and {;, + ¢,
# 0. Therefore, since

hi (A&, m) = Ak (&,m), hr (AL, m) = Ak (§,m),

forall A€ R, ¢ T { €T and n € T,, the function h; on Ty X Ty,
defined by

hi(&,m) = hi (§%,m) + by (€7, m),

for £ € Ty, m € T,, where § = £+ £~ is the decomposition of £, with
¢*e Tt and ¢~ € T, is a C™®-section of T3* ® T* over U X Z. Now let £ be
an element of Cy ,, with a € U; we write £ = £*+ £7, where {*€ T* and
§ € T . If £¢* or ¢~ vanishes, then we know that (1.13) holds for all n € T,.
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If £¢* and ¢~ are both non-zero, by Lemma 1.8, we see that

hy(&,m) = hi (5, m) + A7 (67, m)
= wg+(n) + wg-(n)

= "’e(ﬂ),

for all n € T,. As Cy , is dense in Ty ,, these relations give us the uniqueness
of h; on U X Z, and thus there exists a global section h; of Ty* ® T* over X
satisfying (1.13).

ProroSITION 1.1. Assume that the 1-forms on Y and Z satisfying the
zero-energy condition are closed. Suppose that h satisfies the zero-energy condi-
tion and that there exists a C®-section h, of Ty ® T satisfying the relation
(1.13). Then we have

(115) (Dgh)(gb "h, 527 "12) = 0,
(1'16) (Dgh)(g’ s M2 "'3) = RZ(hg,ea N> M2s 773)’
(1.17) (Dh)(n, 1, &5, 83) = Ry(hE . &1, &5, &),

for a” g? gl: £2, §3 € TYa "1, 7’1, 7’2’ '"3 € T27 and
D,h = 0.
Moreover, if h vanishes at x,, then

(Dih)(xo) = 0.

Proof. Because of (1.13) and our hypothesis on Z, by Lemma 1.6 we know
that (1.12) holds. Hence by (1.10) and (1.6), we have

0 (Dgh)(ga > g} "2)

—3{(v2h) (& my, £, my) + (92R)(E,mp, 6,m) )
—(v2hy) (&, 11, & m2),

I

for £ € Ty, ny, n, € T,. By our hypothesis on Y, by Lemma 1.6 the analogue
of (1.12) holds for k,; namely, we have

(1.18)  3{(vh)(4, &.m) + (Vh)(&,, 4, 1)} = (Vhy)(é, £2,m),
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for &, &, € Ty, n € T,,. Therefore by (1.10) and (1.6), we also have
(V) (&, m, £5,m) =0,

for &, ¢, € Ty, 1 € T,. Thus by (1.12), (1.18) and the above relations, for
‘ED £2 € TY9 N, My € Tz, we see that

(vzhl)(gl’ M5 €25 M)
is symmetric in 7,, 7, and skew-symmetric in §,, £,, while
(V2h,) (¢, m0s €55 m,)

is symmetric in §;, £, and skew-symmetric in 7,, n,. Hence since & = h; + h,,
by (1.6) we have

(Dgh)(gl’ s €2, "72) = - %{(Vzhl)(gl, s €25 "12) + (V2h2)($1’ s €25 712)

+ (V2hl)(£27 LPY 51, 7’1) + (Vzhz)(gz, N2> 51, 7’1)}
= 0.

By (1.7) and (1.12), we obtain
(Dh) (& 1,135 m3) = 3{(V ) (mg, mas 1) = (V2R) (13,1, &, m1)
+ R (hE, my, ma, my))
+(v ) (3, M0, £ m2) = (V2h0) (mz, M €, 75)
= Rz(hg - hjlt,i’ M1> N2> "13)
= Rz(hg,e, M1> N2> 113)’
for all ¢ € Ty, my, My, 13 € Ty; similarly, from (1.8) and (1.18), we deduce

(1.17). We now compute L*R. Let ny, n,, 15 € T; we set 1 = R(n,, 13)7;-
For { € T, £ € Ty, by formula (4.8) of [4], we have

(L"R)(%, &, M, 1, m3) = —R(LEE, my, 15, 713)
H(wh)(§, &) +(VR) (& E )= (Vh)(n, §,8) )

If ¢ € T, then by (1.18) we see that

I

(L"R)($, &, oo m3) = 3{(VA)(S, &, m) + (Vh)(£,8,m))
(vhy)(§, & m);
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on the other hand, if { € T, then by (1.12) we have

(L"R)(S, £, mp,m,m3) = 3{(VR)(&, & m) — (Vh)(n, £,8))
(vh)(£, &, 1) — (Vh)(§, €, 1)
= (Vhy)($, & m).

Since VR, = 0, from the above relations we deduce that

(L"R)(S, &, mysmp5m3) = —Rz((vhz)g,e, M M2s "13),
for all { € T, § € Ty, where (Vh,), , is the element of T;* defined by
(Vhy) g () = (Vh)($, &, 1),
for " € T,. If {, {, € T,, by formula (4.8) of [4], we have

R(LESy my 0 m3) = —3{(FH) (G S0 m) + (VRS2 m, §1)
—(vh)(n, 4, 8)),

and so we obtain

(L*R) (&1, §55 My, a5 m3) = 0.

Similarly, we have

(L'R)(§,m, &1, &3, &) = = Ry((Vh)E 0 &1, 62 &),
(LhR)(gl’ 521 ‘sla 52, £3) =0,

forall { € T, &, §,, 3,81, §, € Ty, n € T, where (Vhy), , is the element of
Ty defined by

(Vh)¢, () = (Vh)(§, £, 1),

for £ € Ty. Moreover, since R=R,+ R, for { €T, £,§, € Ty, y,m, €
T,, we easily see that

(LhR)(g’ 51’ M1s gz, "72) = 0.

Since VR = 0, from (1.16) and (1.17), we deduce that

(VDgh)(ga g’ M1 N2> "13) = RZ((VhZ)g,f’ N1 N2> "13),

(VDgh)(g’ . é1, €5, 3) = RY((Vhl)‘Kt,'t]’ 15 62, 53),
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for all { € T, &, ¢, §,,& € Ty and n, 1y, My, n3 € T,. From all these rela-
tions involving vD,h and L"R and from (1.4), (1.5) and (1.15), by formula
(1.9) of [6] we obtain
(D,h) (£, &1, &2, &3, £4) = (Dy2)(m, 14,12, m5,m4) = 0,
(Dzh)(ga §1, M &5, 17,) =0
(DZh)(g’ g’ T’l’ "12, 1'3) = (Dzh)(g, 'q, 51, 52, £3) = 0
for all g’ £1> £2> £3’ £4 (= TY, M M1 M2 M35 Na (=3 TZ and § eT. Since Dzh iS a

section of H, these relations imply that D,h = 0. If h(x,) = 0, we define
elements u € (Ty* ® T,),,, v € (T ® Ty),, by

u(§) =hh,,  o(n) =H,,
for§ € Ty ,, n € T, ,; then by (1.16) and (1.17), we have

(Dgh)(g’ N1 M2s "73) = Rz(“('f), s M2» "13),
(Dgh)("'l’ & &, gs) = RY(U(T’)’ & &2, 53)’

for all ga gl’ §2’ £3 € TY xo® M M1 M2s M3 € TZ Xxq - As h(xO) = O we k.nOW that
(Dyh)(x,) € G, and that (Dh)(x,) = 0 if and only if (D,h)(x,) € G. Ac-
cordmg to Lemma 1.2, (1.2), (1.5) and (1.15), this last condmon holds if
v = —u"% this equality is true, since

g(u(8),n) + g(&,0(n)) = g( ¢, m) + g(&, 1t ,)
=hy(&,m) + hy(£,m)
=h(&, )
=0,

for§ €Ty ., n € T, Thus (D;h)(x,) = 0

PROPOSITION 1.2. Assume that Y and Z are infinitesimally rigid and that the
1-forms on Y and Z satisfying the zero-energy condition are closed. Suppose
moreover that the conclusion of Lemma 1.10 holds for every section h of
Ty ® T} satisfying the zero-energy condition. If k is a symmetric 2-form on X
satisfying the zero-energy condition, then

0,k = 0.

Proof. Let k be a symmetric 2-form on X satisfying the zero-energy
condition and x, € X. By Lemma 1.3, we may write k = %;g + h, where § is
a vector field on X and h is a section of T3* ® T*, with h(x,) = 0, satisfying
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the zero-energy condition. By Proposition 1.1, we see that

(D1k)(x9) = (Dyh)(x) =0 and D,k = D,h = 0.

PROPOSITION 1.3.  Assume that Y is either a projective space, different from
a sphere, or a flat torus or a complex quadric Q,, with n > 5. Assume that Z is
infinitesimally rigid and that the 1-forms on Z satisfying the zero-energy condition
are closed. If k is a symmetric 2-form on X satisfying the zero-energy condition,
then

0,k =0.

Proof. The 1-forms on Y satisfying the zero-energy condition are exact and
Y is infinitesimally rigid, according to [14], [7], [12] and [15] (see also [1], [5],
[8] and [9]) in the case of a projective space, or to [13] in the case of a torus, or
to [3] and [9] in the case of a complex quadric. The conclusion follows from
Lemma 1.10 and Proposition 1.2.

2. Harmonic infinitesimal deformations

We continue to assume that ¥ and Z are compact symmetric spaces and
that X = Y X Z. We denote by Y and Z the universal covering spaces of Y
and Z. We say that ¥ (resp. Z) does not admit a Euclidean factor if it is
isometric to a product M X M _, where M, and M_ are symmetric spaces
of compact and non-compact type, respectively.

LeMMA 2.1. If Y does not admit a Euclidean factor, then every parallel
vector field on Y vanishes.

Proof. According to a result of H.C. Wang (see [11, Theorem 4.6, Chapter
VI]), a parallel vector field £ on Y is invariant under the identity component
of the group of isometries of Y. Thus by passing to the universal covering
space of Y if necessary, we easily see that it suffices to consider the case of an
irreducible symmetric space (of compact or non-compact type) and a vector
field which is invariant under the identity component of the group of isome-
tries; such a vector field must necessarily vanish.

Let ©, ©®, and O, be the sheaves of Killing vector fields on X, Y and Z,
respectively. We consider the harmonic spaces

H' = {h e C=(S*T*)|D¢th = 0, O, h = 0}
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on X and the analogous harmonic spaces H), and H), on Y and Z, respec-
tively. According to Theorem 1.1 of [6], we have isomorphisms

(1) H(X,8)=H!, H(Y,8,)=H,, H(Z0,)~H).

We denote by HY, ; (resp. HY, ;) the subspace of C*(S2T*) generated by the
elements « - £b, where a is a harmonic 1-form on Z (resp. Y) and ¢ is a
Killing vector field on Y (resp. Z).

_PrOPOSITION 2.1.  Assume that Y, Z are compact symmetric spaces. If Y or
Z does not admit a Euclidean factor, then

(2.2) H!'=H} e H, ® H} ; ® H} ,.

Proof. If h is an element of HY, then clearly Dgh = 0 on X; since & can
be written locally as a Lie derivative of the metric g, on Y, we see that
Q.h = 0. Thus H} and H, are subspaces of H'. Next, let { be a Killing
vector field on Y and a be a harmonic 1-form on Z. If U is a simply
connected open subset of Z, we may write a = df, for some real-valued
function f on U, and then we have

Lug=df £+ fGg =g

on Y X U. On the other hand, if & is the formal adjoint of d and if Trh
denotes the trace of symmetric 2-form 4 on X, we have

Di(a-¢b) = —8a- £ +2Tr(Zg) - a = 0.

Thus H}, , and HY , are also subspaces of H'. If ¥ or Z does not admit a
Euclidean factor, we now show that H}, , N H} , = 0. Let a;,..., a, (resp.
Bis---, B,) be a basis of the space of harmonic 1-forms on Y (resp. Z).
Suppose that there are Killing vector fields &;,..., & qonYy and m,,..., 7, on
Z such that

P q
(2.3) Yo b+ Y& B =0.
k=1

Jj=1

For 1 <j < p, since ; is a Killing vector field on Z, 8n'} = 0; hence there
exist a 2-form @; on Z and constants b, such that

q
"[I; = S‘Pj + kE—:lbjkBk.
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Similarly, for 1 < k < g, there exist a 2-form «, on Y and constants a,; such
that

4
& =8w, + Y, a,a;.
j=1

From (2.3), it follows that

P q
(2.4) Za - 8, + Eka B, + g ;(akj k)aj'ﬁk=0

Jj=1

We denote by ( , ) the L%scalar product on C®(S™T*) induced by the
metric g. As (8¢;, B;) = 0, we see that

(aj : 8‘Pj> a; - Bk) =0,
for1 <j, I <p,1 <k < g; similarly, we have
(8w - Bys @ B,) = (aj -89, 0w, - B)=0

for1 <j<p,1<k,r< q.Hence from (2.4), we deduce that

P q
(2.5) Y a;- 8¢, =0, Y 8w, -B,=0,
k=1

j=1
? 4
E 2 (akj + bjk)aj “Be=0.
j=1k=1
Since a, ..., a, are linearly independent (over R), if 7 is a vector field on Z,

the first of equations (2.5) implies that (7, ¢;) = 0 and hence that d¢, = 0
for 1 < j < p. Similarly, we obtain

b

8(A’k=0, akj+bjk=0,

forl1 <j<p,1<k<gq. Thus

P q
52 = E A% "I} = 2 bjkBk'
k=1

Jj=1

Since da; = 0, dp, = 0 and §,, n; are Killing vector fields, we see that §, and
n; are parallel vector fields. According to Lemma 2.1, the parallel vector fields
on Y or Z vanish, and so ay; = by, =0 and §, =0, n; = 0, forl <j<p,
1 < k < q. We have thus shown that the sum on the right-hand side of (2.2) is
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direct. Our hypothesis on ¥ or on Z implies that
0 = pry'0, @ pr;'0,.
Kiinneth’s formula [2, Theorem II, 18.2] tells us that

H'(X,0) = (H°(Y,R) ® H(Z,0,)) ® (H'(Y,R) ® H%(Z,0,))
o (H°(Y,0y) ® H(Z,R)) ® (HY(Y,0) ® H(Z,R)).

Since Y and Z are connected, from the isomorphisms (2.1) we deduce the
equality (2.2).

In fact, we have shown that (2.2) represents a “Kiinneth decomposition” of
the harmonic space H!. If Z is of compact type, then H(Z,R) = 0 and so
H}, , = 0; in this case, the proof of Proposition 2.1 is considerably simpler.

LEMMA 2.2. Assume that the 1-forms on Y and Z which satisfy the zero-
energy condition are exact. Let k be a symmetric 2-form on X which can be
written in the form

p
(2'6) k= Z ;- Bj’
j=1

where a; are 1-forms on Y and B; are 1-forms on Z satisfying da; = 0, 6f; = 0.
If k satisfies the zero-energy condition, then it vanishes.

Proof. Assume that k is non-zero and satisfies the zero-energy condition,
and that p is the least integer for which we can write k in the form (2.6),
where a; are non-zero 1-forms on Y and B; are non-zero 1-forms on Z
satisfying da; = 0, 8f; = 0. There exists a closed geodesic y; of Y such that

(2.7) Jau=e#o.

N

Indeed, if this were false, a; would satisfy the zero-energy condition and, so by
our hypothesis on Y, would be exact. Since Y is compact and 8a; = 0, we
would have o; = 0. If
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for 2 < j < p, then

where

Thus we may assume without loss of generality that there exists a closed
geodesic y; of Y such that (2.7) holds and that

(2-8) faj =0,

for 2 <j<p. Let y,: [0,L,] > Z be an arbitrary closed geodesic of Z
parametrized by its arc-length. Let L, be the length of the closed geodesic v,
of Y. Consider the flat 2-torus T' = S X S, where the first factor has length
L, and the second has length L,, and the totally geodesic imbedding i:
' - X sending (6,, 6,) into (v,(8,), v,(6,)). According to Michel [13] and the
proof of Lemma 1.7, there exists a vector field

d d
¢ =4(0) 5g; + 4:(6) 54

on I' such that Zi*g = i*k. Then we see that

2 0, (100008, (12(8)) = G5 (02) + 52(8y);

Jj=1

from (2.7) and (2.8), it follows that

0131(72(02)) = L1%:‘(02)

and, since c¢; # 0, that

Our hypothesis on Z implies that B, is exact; since §8; =0 and Z is
compact, we see that 8, = 0, which shows that p was not minimal.
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THEOREM 2.1. Assume that Y and Z are infinitesimally rigid compact
symmetric spaces. Assume that the 1-forms on_ Y and Z which satisfy the
zero-energy condition are exact, and that Y or Z does not admit a Euclidean
factor. Let k be a symmetric 2-form on X. Then the following assertions are
equivalent:

(1) k satisfies the zero-energy condition and Q k = 0;

(i) there exists a vector field § on X such that ;g = k.

If moreover the conclusion of Lemma 1.10 holds for every section h of Ty¥ ® T}
satisfying the zero-energy condition, then X is infinitesimally rigid.

Proof. By Proposition 1.2, it suffices to show that (i) = (ii). Assume that (i)
holds. By Theorem 1.1 of [6], we may write

(2.9) k=%g+k,

where ¢ is a vector field on X and k’ € H'. The hypotheses of Proposition 2.1
are satisfied and so, by (2.2), we have k' = k, + k, + k,, where k; € H},
k, € H} and k; € H}, , ® H} ;. By (2.9), k’ satisfies the zero-energy condi-
tion; hence k, (resp. k,) satisfies the zero-energy condition on Y (resp. Z).
From the infinitesimal rigidity of Y and Z, we see that k; = 0, k, = 0, and
hence that k’ = k. Since a Killing vector field { on Y or Z satisfies §{b = 0,
we see that k, satisfies all the hypotheses of Lemma 2.2. Thus k; = 0 and
k=%.g.

Sincge projective spaces, different from spheres, flat tori and complex quadrics
of dimension > 5 are infinitesimally rigid and the 1-forms on these spaces
satisfying the zero-energy condition are exact (see the proof of Proposition
1.3), the following theorem is a direct consequence of Proposition 1.3 and
Theorem 2.1.

THEOREM 2.2. Assume that Y is either a projective space, different from a
sphere, or a flat torus, or a complex quadric Q,, with n > 5. Assume that Z is
an infinitesimally rigid compact symmetric space and that the 1-forms on Z
satisfying the zero-energy condition are exact. If Y is a flat torus, suppose
moreover that Z does not admit a Euclidean factor. Then X is infinitesimally
rigid.

PROPOSITION 2.2. Assume that Y and Z are compact symmetric spaces, and
that the 1-forms on Y and Z which satisfy the zero-energy condition are exact.
Then the 1-forms on X which satisfy the zero-energy condition are exact.

Proof. Let a be a 1-form on X satisfying the zero-energy condition. Then
by our hypothesis, for all y € Y, z € Z, the restrictions of « to Y X {z} and
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{»} X Z are exact. Therefore

(da)(§,,€,) =0, (da)(my,m,) =0,

forall §,§, €Ty, m;m, €T, Let x=(y,z)€EXand §€Cy ,, nE Cy .
Then

I = Exp, (R¢ © Ry)

is a flat 2-torus totally geodesic in X. If i: I' = X is the natural imbedding,
then i*a satisfies the zero-energy condition on I'. According to [13], i*a is
exact; thus

(2.10) (da)(§,m) = 0.

Since Cy, , is dense in Ty , and C , is dense in T ,, (2.10) holds for all
§€ Ty ,, n€ Ty, Hence a is closed. As Y and Z are connected, by the
Kiinneth formula, we have

H'(X,R) = H(Y,R) ® H(Z,R);
hence by Hodge theory, we may write
a=df+ B, + B,,

where f is a real-valued function on X, and B,, B, are harmonic 1-forms on Y
and Z respectively. Clearly 8, and B, satisfy the zero-energy condition on Y
and Z respectively, and therefore are exact. It follows that 8; = 0, 8, = 0 and
a = df.

The following theorem is a consequence of the fact that 1-forms on
projective spaces, different from spheres, on flat tori, or on complex quadrics
of dimension > 5 satisfying the zero-energy condition are exact, and of
Theorem 2.2 and Proposition 2.2.

THEOREM 2.3. A product X; X --- XX, of Riemannian manifolds, where
each X, is either a projective space, different from a sphere, or a flat torus, or a
complex quadric Q,, with n > 5, is infinitesimally rigid.
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