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ROOT NUMBERS OF JACOBI-SUM HECKE CHARACTERS

BY

Davip E. RoHrLICH!

Let p be an odd prime and n a positive integer, and let K be the
cyclotomic field of p”-th roots of unity. Let a, b, and ¢ be nonzero integers
satisfying a + b + ¢ = 0. We assume that none of the integers a, b, and c is
divisible by p” and that at most one of them is divisible by p. The unitary
Jacobi-sum Hecke character y associated to these data is defined as follows.
Given a prime ideal [ of K, relatively prime to p, and an element x of the
ring of integers of K, relatively prime to [, let (%)p,. denote the unique p"-th
root of unity such that

(T),. ==~ (moa).

Put

b

70 = = E ({7,

where x runs over representatives for the distinct residue classes modulo [,
the classes of 0 and 1 being omitted. Now extend J by complete multiplicativ-
ity to the group I(p) of fractional ideals of K relatively prime to p, and
embed K into C, so that J becomes a homomorphism from I(p) to C*.
Then J is a Hecke character (Weil [8]). The associated unitary Hecke
character is

x(a) =J(a)(Na)™",

where a denotes an arbitrary element of I(p).

In his original paper of 1952, Weil posed the problem of determining the
conductor f(y) of x. While the case n = 1 was settled by Hasse [4] soon
thereafter, the determination of f(x) for arbitrary n was accomplished only
recently, by Coleman and McCallum [1]. The present note gives an applica-
tion of their result. At issue is the root number in the functional equation of
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the Hecke L-function L(s, x). Put

n—1

D =p(np—n—1)p
g=(p-1)p*1/2,

and

A(s,x) = (DNf(x))**((2m) ~°T(s + 1/2))°L(s, x),

so that the functional equation has the form
A(s, x) = W(x)A(1 -5, x)

with W(x) = +1. The work of Coleman and McCallum will enable us to
determine W(x) precisely, just as the earlier result of Hasse made it possible
to determine W(y) precisely in the case n = 1 [3].

Given a nonzero element v of Q,, let vp(v) denote the p-adic ordinal of v
and let v denote the quotient of v by p’®, so that v = p»™y/. 1t is
suggestive, although not especially efficient, to divide our result into a “first
case” and a “second case” according as abc is prime to p or divisible by p.

Tueorem. (1) Suppose that p + abc. Put

u= vl,((a"b”c‘)p_1 - 1)

and
apb.c\P~1 _
d= (abc)u 1
D

Then

_(al;cd)(—Tl) , ifu<n,

W(x) = 5
(;), ifu>n.

(2) Suppose that plabc. Put

u = v,(abc)
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and
v,(a’bbc®) .
d= — (1 —u), ifu#1(modp),
—v,(a’b’c), ifu=1(mod p).
Then d' = d/p* and
avcd \(-1\"""
v =55

I am indebted to the referee for an important comment regarding the
second case of the theorem: If p divides abc, then

(a’b’c’d’) _ (u - 1)
D D

(a’b’c'd’) _1
V4

or

according as u # 1 (mod p) or u = 1 (mod p). This is an easy consequence
of the definitions: for example, if u = 1 (mod p) and it is a which is divisible
by p, then d = —au, so that d’ = —a’ (mod p). Since we also have b = —¢
(mod p), we find that a'b’c'd’ is a square modulo p. The referee has also
pointed out that the proof of the theorem affords a more nearly uniform
definition of the number d’ than is evident from the final statement. This
remark will be clarified at the end of §8.

So far we have regarded n as fixed. In the following corollary, we let n
vary. As before, p is a fixed odd prime and a, b, and ¢ are fixed nonzero
integers summing to 0, with at most one of a, b, and ¢ divisible by p. If n is
sufficiently large, then none of a, b, and c is divisible by p”, so that the
hypotheses in force until now are still satisfied.

CoroLLARY. If n is sufficiently large, then (—1/p)"W(x) is independent
of n.

I would like to thank Robert Coleman for suggesting the problem treated
in this note. I am also grateful to him for help with the use of his explicit
reciprocity law.

Finally, I would like to take this opportunity to correct an error in [7].
Contrary to what is asserted in [7], the normalization of the Hilbert symbol
used by Iwasawa in his paper on explicit reciprocity laws is the same as that
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of Artin-Tate. Consequently, the Hilbert symbol as defined on p. 101 of [7] is
the inverse of the correct symbol, given our subsequent quotation of Iwasawa’s
reciprocity laws. In the present paper we follow the convention of [1] for the
Hilbert symbol, which is the inverse of the convention of Iwasawa and
Artin-Tate.

1. Local root numbers

We shall recall a few formulas which are needed for the calculations that
follow. Let H be a local field of characteristic 0, let 6 be a unitary character
of H*, and let ¢ be a nontrivial unitary character of H. The local root
number W(8, ) associated to these data is defined by the equation

(1) W(6,y) = e(6,9,dx)/|e(6,y, dx)],

where dx is any Haar measure on H and the epsilon factor is as in [2], p. 526,
formula (3.3.1). The dependence of W(8, ¢) on ¢ can be read from formula
(3.3.3) of [2]: any other nontrivial unitary character of H has the form

W, x - P(xy)

for some y € H*, and we have

Now suppose that H is nonarchimedean, let & be the ring of integers of
H, and let 7 be a uniformizer in &. We write m(y) for the largest integer u
such that ¢ is trivial on 7~ *&, and 7/®& for the conductor of 8. Thus f(8)
is an integer > 0, and f(6) > 0 if and only if 6 is ramified. We call f(6) the
conductor-exponent of . If 6 is ramified, then the following integral formula
holds, where U = &>, 8 is an arbitrary element of H*,dx is any Haar
measure on H, g is the order of &/7 &, and meas & is the measure of &
with respect to dx:

(3) [ 67 (x)w(Bx) dx

- {q_f(a)/z(meas o)\6(B)W(8,y), if Bex O "Wy,
0, otherwise.

The validity of (3) follows from formulas (3.4.3.2) and (5.7.2) of [2].
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2. Relative local root numbers

Next we recall a computational device used in [6]. Let F be a local field of
characteristic 0 and let K be an F-algebra of one of the following three
types:

(i) K is a ramified quadratic extension of F.
(ii) K is an unramified quadratic extension of F.
(iii) K=Fo&F.

Let « be the quadratic character of F* associated to the extension K/F
by class field theory, and let y be any unitary character of K* which
coincides with k on F*:

(4) x|F*= k.

In case (iii) our conditions mean that k is trivial and that if we write
X = X1 ® x, on F*® F*, then x, = x5 !. Now fix a nontrivial unitary charac-
ter ¢p: F > C* and put

(5 Y = Ypotig p,

where trg , denotes the trace function of the F-algebra K. In cases (i) and
(ii) the notation W(y, ¢x) requires no explanation. In case (iii) we define

W(X’ '//K) = W(Xl’ lI’F)I/V(/\/Z’ ‘//F)

In all three cases we define a relative local root number W(x, y) by the
formula

(6) Wk, x) =W(x,¥x)/W(k, ¥r).

1t follows from (2), (4), and (5) that the right-hand side of (6) is independent
of the choice of .

To show how relative local root numbers can be used to compute global
root numbers, suppose now that F is a number field and that K is a
quadratic extension of F. Let x be the quadratic Hecke character of F
associated to the extension K/F, and let y be any unitary Hecke character
of K which coincides with « on the ideles of F. Given a place v of F, we
write F, for the completion of F at v and K, for K ®,F,. Then K, is an
F-algebra of type (i), (ii), or (iii) above according as v ramifies, remains
prime, or splits in K. (Strictly speaking, when v splits in K we must also fix
an ordering of the two primes of K above v in order to identify K, with
F, ® F,.) The v-components of x and y will be denoted «, and x, respec-
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tively. Then W(k,, x,) is defined, and we have
(7) w(x) = T1W(x,, x.),
14

where v runs over the places of F (see [6], p. 530).

In order to apply (7), we need to know the local constants W(k,, x,). The
critical case for us is the case where v is a finite prime of odd residue
characteristic which ramifies in the extension K/F.

3. An expression for the local constant: first form

In this section and the next, p denotes an odd prime, F a finite extension
of Q,, and K a ramified quadratic extension of F. We write & and & for
the corresponding rings of integers, U and Uy for the multiplicative groups
of units in these rings, and 7, and 7y for generators of their maximal ideals,
chosen so that

(8) mE=mEk.

Finally, we put
) q = |Op/mpO| = | O/l

where the vertical bars denote cardinality.

Our goal is to compute W(k, x), where « is the quadratic character of F*
associated to the extension K/F by class field theory and x is a unitary
character of K* satisfying y|F>*= k. We begin with some observations
concerning the conductors of these characters. First, since p is odd and K/F
is a ramified quadratic extension, we have f(x) = 1. Second, either f(x) =1
or else f(x) is an even integer > 2. Indeed, since x|F>= « and « is ramified
we certainly have f(x) > 1. Now if f(x) were an odd integer strictly greater
than 1, then we would have x(1 + x7{®~1D/2) = 1 for some x € &. This
would contradict the fact that f(k) = 1, because x|F*= k.

The starting point for the calculation is a formula which expresses W(x, x)
as an integral over the quotient group V' = Uy /Ug. Let dpx and dgy denote
fixed Haar measures on F and on K, and observe that the restrictions of
these measures to U, and Uy respectively are Haar measures on the latter
groups. We write dz for the quotient measure dyy/dgx on V, so that

(10) jV(jUg(xz)de) dz = [Ug(y) dyy

for continuous functions g: Uy — C. Let meas,S and measyS denote the
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measure of a measurable subset S of F or K respectively, and for y in K put

A(Y) ={

We observe that the function y — A(y/m{*~") on Uy is constant on cosets
of Uy and therefore may be regarded as a function on V. The same is true for
the function

1, iftrg,ry € Up,
0, otherwise.

y= X_l(Y/“TI)é(X)—I)K(trK/F(Y/W'If((X)—1))

(where we make the convention that x(0) = 0) because y|F*= «.

ProposiTiON 1. Put f = f(x). Then

meas pU, z z z
= (-2 ZYFCF -1 _~ _“ _“
W(K,X) q measKUKfVX (1_‘_1&-1 )K(trK/F(‘rrIé_l ))A(‘"’IG_I ) dz.

Proof. The formula is only a slight extension of Prop. 7 of [6], but for the
sake of completeness we give a brief proof. Fix a nontrivial unitary character
Yp: F— C* and let Y = ¢potrg p; put m = m(yp). Then m(yy) =1 +
2m, because 7 generates the different ideal of K/F. Let us apply (3) with
0 = k and @ = x, taking account of (9) and of the fact that k™! = k. We
obtain the formulas

(11) [ k(x)de(Bx) drx

_ {q‘l/z(measFﬁF)K(B)W(K,(/fp), if B € 7! ~mU,,
0, otherwise
and

(12)
fUKx'l(y)¢K(;—£;};+m) dgy = q71/*(meas O) x (!~ T )W (X, ¥k) -
Now the integral in (12) can be evaluated using (10), and we find
q‘f/z(measKﬁK)X(wEf‘1“2’”)W(X, ¥y)
- [VX‘I(z)(fUFK(x)dJF(trK/F(w—zj);}Z—Cm) de) dz
= ‘1‘l/z(meaSFﬁF)K(WFm)W(K’ Ur)

XfVX_l(Z)K(tI'K/F(W—E_T))/\(;ZTf) dz,
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by virtue of (8) and (11). Recalling the definition (6), and making some
simplifications, we arrive at the stated formula.

4. An expression for the local constant: second form

We retain the notation and hypotheses of §3, but we make the additional
assumption that g = p. As we have remarked in §3, f(= f(x)) is either 1 or a
positive even integer. In the latter case, the function x — y(1 + xmf Dis a
nontrivial character of & with values in the p-th roots of unity. Hence there
is an invertible residue class / modulo p such that

(13) x(1+mft) =e?mit/p,
Of course ! depends on the choice of uniformizer 7. Put

(14) 6={0’ ifp =1 (mod 4),

1, ifp =3 (mod4).
PRroPOSITION 2.

(—_I—?—l)x(w,f{l)is, iff>1,

B e

Proof. 1If j is a positive integer we write V; V; for the image in V' of the
subgroup 1 + 7O of Uy. If j is even, then we have

W(K’X) =

(15) |V/VJ| = qi/z =pj/z,
because the assignment x — 1+ mgx(x € &) induces a bijection of
Or/ml/*6f onto V/V,. Indeed, Ug = Uy + mx&f, so that every element of

V has a unique representative of the form 1 + 7xx with x € &.
According to Prop. 1, we have

(16) W(k,x) = YfVX_l(Z)K(trx/F(#))A( wZ‘l)dz

with

=12 measFUF _
(17) v =P s g X (k)
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If f =1, then the integrand in (16) is identically equal to x(2), as one sees
by choosing a representative for z of the form 1 + myx with x € &, (recall
(8)). Therefore

(8]

Wik, x) = k() = 2]

in this case.
If f is a positive even integer, then the integrand is at least constant on
cosets of V;, so that (15), (16), and (17) give

(18) W(x,x) =x(mf )p~'? ‘éx'l(Z)K(trK/p(;Z_—l))A(;—E:),

where z runs over a set of representatives in Uy for the cosets of V; in V.
Now if z = 1 + 7 x with x € &, then

z -
trK/F($) = 2xmp 172,

and this number is a unit if and only if
X € 7T£/2-1UF = '7T£_2UF.

Hence if we confine our attention to the nonzero terms in (18), then we see
that we can choose x =jmf 2 (1 <j<p—1),ie.

z=1+mgx=1+jrf! (1<j<p-1).
Then in view of (13) we can rewrite (18) as follows:

p—1
W(k,x) =x(mf)p~? L r(2j)e2mitise
j=1
p-1
= k(=20 x(wf )P~ V2 L k(j)e2 7.
j=1

The stated formula now follows from the standard evaluation of the
quadratic Gauss sum.

5. The global root number

For the remainder of this paper the setting is the same as in the introduc-
tion: K is the cyclotomic field of p”-th roots of unity, F is the maximal totally
real subfield of K, and y is the unitary Jacobi-sum Hecke character deter-
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mined by the triple (a, b, ¢), where a + b + ¢ = 0, ged(a, b,c, p) = 1, and
p" 1 a, b, c. We write p for the prime ideal of K above p, and «, and y, for
the local components of x and y at p. The conductor §(x) of x has the form

f(x) =¥/,

with f = f(x,), and if f > 1 then f is even.
When f > 1, we define an invertible residue class / modulo p by the
condition

(19) )(p(l + 77'}2‘1) = e?mil/p,

where 7 = { — {7! and { = ¢2™/?" (recall that an embedding of K into C
was fixed in the introduction).

Given a residue class x modulo p”, let {x),» or simply {x) denote the
least nonnegative representative for x modulo p". Let H denote the set of
h € (Z/p"Z)* which satisfy

(ah™Y) + (bh™') + {ch~!) = p".

Then H is a set of representatives for the distinct cosets of {+1} in
(Z/p"Z)*, because { — x) = p™ — (x) provided x is nonzero (mod p™). Let
k be the number of elements & of H satisfying 1 < (h) < (p" — 1)/2.

ProrosiTiON 3.

(—l)k(zl;)(__?l_)(wf/z)’ iff> L

W(x) = (;)’ .

Proof. Formula (7) of §2 is applicable in the case at hand, because the
condition that y agree with « on the ideles of F is satisfied. Indeed, this
condition is equivalent to the condition that y be equivariant with respect to
complex conjugation ([6], Prop. 1), and the latter condition can be verified
directly from the formula defining the Jacobi sum. Now according to Props.
11 and 12 of [6], we have W(k,, x,) = 1if v is either an infinite place of F or
a finite place where y, is unramified. Therefore (7) gives W(x) = W(x,, x,).

If f =1, then the stated formula follows at once from Prop. 2.

If f> 1, then Prop. 2 gives

(20) WO = (52l ),
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with & as in (14). Since y is a Hecke character unramified outside p and
infinity, we have

(21) xo(mx) = LTI xi'(7k),

vE®

where o denotes the set of infinite places of F. On the other hand,
Stickelberger’s theorem implies that for z € K,

(22) [x'() = T 7o

vE®

(8], formula (9)), where o, is the automorphism of K sending { to "
Combining (21) and (22), we see that

(23) x,(mx) = T isign (sin2wh/p") =is(-1)*7",
heH

where g = (p — 1)p"~1/2 is the cardinality of H. Now substitute (23) in
(20). We obtain

-2l

)ig(f— 1)+5( _ l)g—k

W(x) = (
G

Considering separately the four possibilities for the residue class of p
modulo 8, one checks that this last expression coincides with the stated
formula.

It remains to make the quantities (—1)¥, f, and (I/p) more explicit. First
we consider (— 1)¥.

6. Gauss’s lemma

We begin with a convenient formulation.

LemMa. Let N be an integer > 3, let o be a permutation of (Z/NZ)*
satisfying the identity o(—x) = —o(x), and let I be a set of representatives for
the distinct cosets of {+1} in (Z/NZ)*. Write J for the complement of I in
(Z/NZ)*. Then

Sign(a') - (_1)|0’(I)ﬁll.
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Proof. For each jea(l)NJ, let 7; be the transposition which inter-
changes j and —j, and let 7 be the product of the 7;. Then 7 o(I) = I and

To0(—x) = —1o0(x). It follows that 7o o is an even permutation, whence
sign(o) = sign(7).

We apply the lemma as follows: Let (x) = {x)y denote the least nonneg-
ative residue of x modulo N. Since

(i)=Y - X WD+ XL (=i,

iel iel jea(DNI jeo(DNT
and { —j) = N — (j), we have

Y. (a(i)) = ¥ (i) + Nlo(I) NnJ| (mod 2).

iel iel
Hence if N is odd, then
(24) ( _ 1)}:151(0(1')) - sign(o)( _ 1)):;'&1(!').

Now take N = p” with w > 1, let v be an integer prime to p, and suppose
that o is the permutation o(x) = vx~'. Let I be the set of i € (Z/p*Z)*
satisfying 1 < (i) < (p¥ — 1)/2. Then

Y Gy = (! +81)(P -1 ,

iel

so that

(25) (-pFer@ - (2).

p

On the other hand, o is the composition of two permutations of (Z/p*Z)*:
the inversion map x — x~! and the translation x — vx. The former, being
the product of (p*~!(p — 1)/2) — 1 transpositions, has sign —(—1/p),
while the latter has sign equal to the determinant of the regular representa-
tion of (Z/p*Z)* at v, namely (v/p). (Write the regular representation as a
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direct sum of Dirichlet characters.) It follows that

. 4
(26) sign(o) = —(7).
Together, (24), (25), and (26) give
_\Zier@i™h _ _ —2v
27) (-1) ( > )

More generally, suppose that v = p”»’, where v = v,(v) < w. Write (x)
= {x),»— for the least nonnegative residue of x modulo p”~* and I’ for the
subset of (Z/p*~"Z)* consisting of all i such that 1 < (i)Y < (p*~? — 1)/2.
Then

(28) Y withy =p* Y (it
iel iel
Since
w1 v 1 _ w-v _ 1
by =g+ B,

the right-hand side of (28) is

puPU; 1 Z <x>/ +pv Z <V,i_1>l,

xe(Z/p*¥~vZ)* iel'
or in other words

v 1 2(w—v)—1 -1 1y
pvp 3 )4 2(p ) +va<V,l l>.

iel'

Therefore (28) gives

Applying (27) with I replaced by I', we conclude that

) (e - —(2)(32)
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Now take w = n, so that I is the set of i € (Z/p"Z)* such that 1 < (i) <
(p" — 1)/2. The integer k defined in §5 is the cardinality of H N I, with H
as in §5. Equivalently, k is the number of elements i € I such that
(30) ai™ty + {bi~ Yy + {ci™t) = p".

PROPOSITION 4.

LA 2a'b'c')(___1)vp(abc)+1
(=9 ( p D

Proof. We have

k=Y (2 _ K@iy + ™) + (™Y )

pn

iel

the summand being 1 or 0 according as i does or does not satisfy (30). Hence
the proposition follows from (29).

7. The conductor
Next we come to the formula for f:
ProrositioN 5 (Coleman and McCallum). (1) Suppose that p + abc. Put
u= vl,((a“b”c‘)p_1 - 1).
Then

f= 2p"~*, ifu<n,
1, ifu>n.

(2) Suppose that plabc. Put

u =uv,(abc).
Then
f= 2p"TH, ifu # 1 (mod p),
(p+Dp"*Y, ifu=1(mod p).

The basic reference for these assertions is Cor. 6.1.1 of [1], but we add the
following remarks:

—Under our hypotheses, the parameter ¢ of [1] is simply v,(abc). Hence
the condition ¢ = v,((a, b, ¢, m)) in [1] is equivalent to our condition p + abc.
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—In the statement of Cor. 6.1.1, the definition of u in the case ¢ >
v,((a, b, c,m)) is incorrect. The correct definition is that u =t =v,(s) + 1
(notation as in [1]).

—Under our hypotheses, if plabc then u <n — 1.

—Finally, if p = 3 and 3|abc then Cor. 6.1.1 is not immediately applicable
because of a restriction in the hypothesis of Theorem 5.3. Nevertheless, the
proof of Cor. 6.1.1 goes through if we appeal to Theorem 7.2 in place of
Theorem 5.3. In applying Theorem 7.2 we need only observe that if v,(abc)
=n — 1, then the conductor of the Hilbert symbol (a®b®c(1 + x3"),*);n
(where x € Z*) coincides with that of (a®b®c, *),.. Indeed, the conductor-
exponent of (1 + 3%, %), is 2 by Theorem 6.1, while 2p"~* > 2 and (p +
Dp"“1>2evenforp=3andu=n-1.

8. Coleman’s explicit reciprocity law

Recall that for f > 1 we have defined an invertible residue class / modulo
p by the requirement

Xp(l + 1T£_1) = e2~rril/p,
where g = { — ¢! and { = £2™/7"

PrOPOSITION 6. Assume that f > 1.
(D If p + abc put

bpb.c\P™l _
u=nv,((ab%)” " 1) ana =&)L

p
Then
l=2d (mod p).
(2) If plabc put u = v,(abc) and
v,(a°b%c®) ‘
d= —u———(l —u), ifu#1(modp),
—v,(ab’c), ifu =1 (mod p).

Then d' = d/p* and

l

2d' (mod p), ifu# 1 (mod p),
—2d' (mod p), ifu=1(mod p).
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Proof. For 1l <m <n put
and

In particular, {, = { and 7, = 1 — {. Hence mx = —(1 + {~ D, so that
wf ' = (=2)"'wf"1 (mod p7).
Equivalently,
mf = 2«7 (mod p/),
because f =2 (mod p — 1) in all cases where f > 1 (see Prop. 5). Therefore
(31) Xo(1 + mf~1) 7 = e2mit/p,

By Theorems 5.3 and 7.2 of [1], the left-hand side of (31) is (a®b%c®,1 +
w~1)2. Hence if we write

with r € Z, ¢, s € Z,, and ¢?~! = 1, then (31) becomes
(33) (pPr(1-p)’,1+ w,{—l);f = 2mil/p,

By assumption, f > 1. Hence either f = 2 or f > 2. We consider these two
cases separately. If f = 2 then by Prop. 5, p + abc and u = n, whence r = 0
and sp = dp” (mod p"*'). Thus (33) becomes

n— -2 .
(34) ((1 -p)% "y ”""n)pn = e2mil/p
On the other hand,
(35  (A-p)" L 1+m,),. = (1-p.27 - ¢), = e/

by one of the explicit reciprocity laws of Artin-Hasse. Comparing (34) and
(35) we find [ = 2d (mod p), as claimed.

Henceforth we suppose that f > 2. To prepare for the use of Coleman’s
explicit reciprocity law, let g,, g, € Z,[[x]] be the power series defined on p.
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90 of [1], so that

gl(Trn) =D,
and
gz('“'n) =1 - D.
Put
gigs, ifov(s)+1=v/(r),
(36) go_ 1862 p( ) p( )

g, if v,(s) +1<uv,(r).

The two cases indicated are the only possible ones, because v,(s) + 1 < v,(r)
always. (See the proof of Cor. 6.1.1 of [1]. If p + abc then we follow the
convention that vp(O) = «.) In both cases,

(gO(Tr")’l + Trr{—l)l’" = (pr(l —p)sal + Trp{_l)Pn

and the conductor-exponent of (gq(m,), *),» is f (1], Theorem 6.1).
Now let us apply Coleman’s reciprocity law as stated on p. 89 of [1]: we
have

(37) (I’r(1 —p)sal + W,{_l)pn = (go(’ﬂ'”),l + WJ—I)pn = g—w

with

Dg
38 = [x/71 =22(x) dx,
(38) el EA el €)

where the integral and the operator D are as in [1]. In the preceding formula
we have written x/~! where a literal quotation of [1] would require

_ 1 -1
log(1 +x/~1) — —p—log(l +(1-(01-x)") )
To justify the replacement, recall that for m > 2 the map
1 p
A(h) =logh — I—’log h(1-(1-x)")

defines an isomorphism

A:1+x"Z,[[x]] = x™Z,[[x]]



172 DAVID E. ROHRLICH

(1], p. 89). Therefore
A +x71) = (1 =p/?)x"! mod A(1 +x7Z,[[x]]).

Since (go(m,), *),» has conductor-exponent f, a literal application of Cole-
man’s reciprocity law gives

(go(”'n)’ 1+ 7Tnf_1)p" = Z—(l—pf—Z)w

with w as in (38). But since the left-hand side is a priori a p-th root of unity,
the factor 1 — p/~2 on the right is extraneous, and (37) follows.

Given nonzero elements a and B of a p-adic field, write a ~ B if a — B
has a strictly larger valuation than either « or 8. We denote by [a] an
arbitrary member of the equivalence class of & under ~ . Let T, denote the
trace from Q,({,,) to Q,, and let us henceforth take

(39) m=n-u-+l,

so that under our assumptions m > 2. We claim that for A(x) € x/ ’IZP[[x]],
Dgy _ -n Bg_o n
@0 [rE T ) [ m)] ) (mod ).

To justify this claim, we consider three cases. First suppose that vp(s) +1
<uv,(r). Then g, = g5, and Cor. 6.7.1 of [1] shows that the hypotheses of
Cor. 6.3.1 of [1] are satisfied with g = g4, j = m, and k; = f. Therefore (40)
follows from the last displayed formula in the proof of Cor. 6.3.1, because the
term Dg /g(ar,-) appearing in that formula can be replaced by any element of
its equivalence class.

Next suppose that v,(s) + 1=uv,(r) and that u # 1 (mod p). Then
(p’, *),» and ((1 — p)’, *),» have the same conductor-exponent as (p’(1 —
D), *)pn, namely f. Appealing to Cors. 6.5.1 and 6.7.1 and to the displayed
formula mentioned above, we deduce that (40) holds with g, replaced by
either g or g5. Hence (40) holds for g, itself by linearity.

Finally, suppose that v,(s) + 1 =u0,(r) but that u =1 (mod p). The
analogue of Cors. 6.5.1 and 6.7.1 in this case, while not stated explicitly in [1],
is that

(41)

) = v B2 (m) | = 261 + (5 = Dm = 1)) + 1)

and that the right-hand side attains its maximum solely when i = n — u + 1.
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(Here v, denotes order at ;, and the verification of (41) requires Lemmas

6.5 and 6.7 of [1].) Granting these facts, we deduce (40) as before.
Now let us combine (38) and (40). We obtain the congruence

D,
w T wf B m)] ) (mod ).
0
On the other hand, a comparison of (33) and (37) shows that

2w =Ip""! (mod p").

Together, the preceding two congruences give
D,
207, f B ) || =07 (mod 7,
0

so that the following lemma will complete the proof:

Lemma. (1) If p + abc, then
D,
o T [ B ()| = o (mod ).
0
(2) If plabc, then

pT, (wf“l[l_)g(l(,n. )]) — dp"~*~! (mod p"), ifu# 1 (mod p),
m| 'm m —dp”—u—l (mOd p")’ l:fu =1 (mod p)_

8o
Proof. We prove the lemma in three steps.
Step 1. w2" " ymw, =wk" " /m, =1 (mod m,,)
Proof. We have
™= l:[ (=240,

where v runs over integers mod p™ which are congruent to 1 mod p.
Therefore

m-—1

T/ T

STI(+ g+ 457,



174 DAVID E. ROHRLICH

It follows that

m/m2" " = [Iv =1 (mod m,,),

14

which is one of the desired congruences. The other follows by a similar
argument.

Step 2. T,(w,/m,) = —p™ ! (mod p™)

Proof. We have

m /= (L= ) (A= L) =1+ L + oo 428,

and each term in the sum but the first is a root of unity of order divisible by
p?. Hence all terms but the first have trace 0, and

Tm(ﬂl/wm) = (p - l)pm_1°

Step 3. Proof of the lemma. (1) Suppose first that p + abc. In this case
f=2p™ ! (Prop. 5, formula (39)), and we may take [Dg,/gq(m,)] =
—sp"/m, by Lemma 6.7 of [1]. (Note that there is a sign error in the
statement of Lemma 6.7, which arises in the course of the calculation at the
bottom of p. 93 of [1]: D((p"]) is —p"(1 — x)?", not p™(1 — x)?".) Thus

(42)
e ) R e R 0!

But 7, p~™ generates the inverse of the different ideal of Qp(fm). Hence
Step 1 gives

@) p L [ B ]| = ~sTumi/m) (mod ).

Then Step 2 gives

(44) P*”Tm(mﬁ"l[ég—?(wm)]) =sp™~ ! (mod sp™).

This is the desired congruence, because s = dp*~! (mod p*) (immediate
from (32)) and m = n — u + 1 (formula (39)).

(2) Now suppose that p|abc, and assume to begin with that u # 1 (mod p).
Then f = 2p™~!, and Lemmas 6.5 and 6.7 of [1] show that we may take

[Dgo/8o(mn)] = —(s = r/p)D" /7).
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(We again note a sign error: in the fourth line on p. 91, D[a] should be
—a(l —x)% not a(l — x)*.) This choice of [Dg,/g,(m,)] is valid even if
8o = &5, for then v,(r/p) > v,(s). Thus formulas (42), (43), and (44) still hold
with s replaced by s — r/p (note that r/p is an integer). Now the last
paragraph in the proof of Cor. 6.1.1 of [1] shows that v,(s —r/p) =u — 1
and that s —r/p =d/p (mod p*). From these assertions we obtain the
desired congruence, because n —m —u = —1.

Next we assume that u = 1 (mod p). Then f= (p + 1)p™~2, and Lem-
mas 6.5 and 6.7 (corrected as above) permit us to take [Dg,/g(m,)] =
—sp” /r,. The analogue of (42) is therefore

2]
= =" ((map ™) () ) (),

and (43) and (44) hold without change. Now the last paragraph in the proof
of Cor. 6.1.1 shows that v,(s) = u — 1 and also that s = r/p (mod p*). Since
r= vp(a“b”c‘) = —d, the desired congruence follows as before.

The proof of the lemma yields the “more nearly uniform” definition of d’
mentioned in the introduction. In all cases treated by the lemma, we see that
d' is uniquely determined modulo p by the condition

Dgo/8o(Tm) ~ (_1)§d'P*/7Tg,

where * is an integer(=n +u — 1) and £ = 1if p 4+ abc or u # 1 (mod p)
and £ = 2 otherwise.

9. Proof of the theorem

This is just a matter of substituting the formulas for (—1)*, f, and (I/p)
given by Props. 4, 5, and 6 respectively into the expression for W(y) given by
Prop. 3. We draw the reader’s attention to the following points:

—The condition “f = 1” is equivalent to “p 4 abc and u > n”.

—If p + abc and u < n, or if plabc and u # 1 (mod p), then f/2 is odd.

—If plabc and u =1 (mod p), then f/2 is even or odd according as
p =3 (mod 4) or p =1 (mod 4). Thus in both cases,

_ /2
(71) =1
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We conclude with a remark pertaining to the formula for W(x) obtained in
[3] in the case n = 1. While the earlier formula may appear to be different
from ours, the reader can verify that the two formulas are consistent by
applying Gauss’s Lemma and an identity of Lerch (see [4], p. 64, or [5], p.
474). In the special case of the triple (a, b, c) = (1,1, —2), the verification is
in effect already carried out in [3] (p. 218).
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