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A CHARACTERIZATION OF THE LEADING COEFFICIENT
OF NEVANLINNA’S PARAMETRIZATION

ARTUR NicorLau!

1. Introduction

Let H” be the Banach space of all bounded analytic functions in the open
unit disc D, with the norm || fll. = sup{|f(2)l: z € D}. Given two sequences
of points {z,},{w,} in D, the classical Pick-Nevanlinna problem consists on
finding analytic functions f € H® satisfying ||fll. < 1 and f(z,) =w,, n =
1,2,... . We will denote it as follows:

(*) Find fe H" |Ifll. < 1, f(z,) =w,, n=12,..

Pick and Nevanlinna found necessary and sufficient conditions in order that
such an analytic function exists. Let E be the set of all solutions of the
problem (*). Nevanlinna showed that if E has more than one element, there
exist analytic functions p, g, r, s in D such that

+
1y E={femf-EL o cm ol <1)
(12) ps—aqr=B

where B is the Blaschke product with zeros {z,}. See [2, p. 165] for the proof.
Let us remark that there is no explicit formula for the coefficients p, g, r, s in
terms of the sequences {z,}, {w,}.

We will say that a Pick-Nevanlinna problem (*) with more than one
solution has the function s as leading coefficient if s is analytic in D and
there exist analytic functions p,q,r in D such that if E is the set of all
solutions of (*), the functions p, g, r, s verify (1.1) and (1.2).

In this note, fixed a Blaschke sequence {z,} in D, we get a characterization
of the functions that can appear as leading coefficients of Pick-Nevanlinna
problems (*).
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In order to exclude trivial situations, we will not consider the Pick-
Nevanlinna problem with w, = 0, n = 1,2, ... . Observe that in this case, one
cantake p=B,s=1,q =r = 0. If & is a function defined in the unit circle
such that log |A| is integrable, let E(h) be the function defined by

1 21 it+ .
E(h)(2) =exp(§;[0 :—i,—_—iloglh(e”)ldt , zeD.

A point in the unit ball of a Banach space is called an exposed point of the
unit ball if there is a continuous real functional on the space that equals 1 at
the point but takes values less than 1 elsewhere in the unit ball. Our main
result is the following.

THEOREM. Let {z,} be a Blaschke sequence of points of the unit disc and let
B be the Blaschke product with zeros {z,}. Let s be an analytic function in D.
Then, the following are equivalent:

(i) s belongs to the Smirnov class N*(D), s~! is a non-extreme point of the
unit ball of H* and the function F(e™) = (s(e™) + B(e™)E(ls|* - 1)1/2(e"‘))"2
is an exposed point of the Hardy space H'.

(ii) There exists a sequence of complex numbers {w,} such that the Pick-
Nevanlinna problem in () has the function s as leading coefficient.

The notions of extreme and exposed points are discussed in Section 2,
where we also introduce some results that are needed for the proof of the
theorem that is given in Section 3. Finally in Section 4, we deal with
Pick-Nevanlinna problems with a finite number of points.

If B is a finite Blaschke product with zeros z;,...,zy, let My be the
space of complex linear combinations of the functions {(1 — z,z)"%: n =
1,2,..., N} and let CB be the complex multiples of B. The result for finite
Pick-Nevanlinna problems is the following.

CoRrOLLARY 1. Let z,,..., zy be points in the unit disc and let B be the
Blaschke product with zeros z,,...,zy. Let s be an analytic function in D.
Then, the following are equivalent:

() s~ is a non-extreme point of the unit ball of H* and s € My + CB.

(i) There exist complex numbers w, ..., wy such that the Pick-Nevanlinna
problem in (x) has the function s as leading coefficient.

Let us observe that in this situation the result is more satisfactory because
no condition on exposed points is needed.

This paper is a part of my thesis. I am grateful to Julia Cufi, my advisor,
for his valuable help and his guidance. I also thank Donald Sarason for
helpful discussions.
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2. Exposed points in H!

A point in the unit ball of a Banach space is called an extreme point of the
unit ball if it cannot be written as a proper convex combination of two points
of the unit ball. In [1, p. 484] it is shown that a function f € H®, ||fll. < 1 is
an extreme point of the unit ball of H* if and only if

joz”log(l —|f(e")]) dt = —e.

Thus, an exposed point, as it has been defined before, must be an extreme
point. For 0 < p < o, let H? be the usual Hardy spaces of analytic functions
in D. Since the extreme points of the unit ball of H! are the outer functions
of unit norm (see [1, p. 470]), the exposed points of H! must be outer
functions. A function F € H! will be called an exposed point of H! if
FIF|T! is an exposed point of the unit ball of H™.

A function in H! is called rigid if no other functions, except for positive
multiples of it, have the same argument as it almost everywhere on dD. For
instance, a function in H! whose reciprocal also is in H, is rigid. It is well
known that a function F € H! is exposed if and only if it is rigid. See
[4, p. 486].

The following result of J. Garnett connects the exposed points of H! with
the Adamyan-Arov-Krein parametrization. See [2, p. 157 and p. 179] or
[4, p. 493].

THEOREM (J. GARNETT). Let F € H!, |F|l; = 1, be an exposed point of
the unit ball of H'. Then, the coset
< 1}

F F
K== thhe -+
{m hi b m"'|F| h

has more than one element and defining x € H* by

1+x(z) 1 f21rei'+z

— _A\L) - it
T=x(2) ~ 27l e,.,_ZIF(e )ldt, zeD,

one has

_[F _Fl-x)(1-¢). }
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Now, let us outline a result of D. Sarason that is needed in the proof of the
theorem. Let F € H?, |F||, = 1, be an outer function, and consider

1 r2me +z 12
H(F)(z) = ﬁjo”mmem dt, zeD,

__22F , HF)-1
T H(F)+1’ ° H(F)+1°

a
One can check that F = a(1 —b)~ !, b(0) = 0 and |a|*> + |b|* = 1 almost
everywhere on dD. Actually, one can prove that this decomposition is unique.
In [4], D. Sarason conjectured that F 2e H! is exposed if and only if
lla*(1 — be'®)~2||; = 1 for all ¢?® € dD and proved the following implication.

THEOREM (D. SARASON). Let F € H?, ||F|l, = 1 be an outer function such
that F? is an exposed point of H'. Then, for every inner function I, a*(1 — bI)~?
is an exposed point of H' and |la*(1 — bI)7?||; = 1.

Finally, let us mention some well known properties of the coefficients of
Nevanlinna’s parametrization that are also needed in the proof of the
theorem. Given a Pick-Nevanlinna problem (*) with more than one solution,
the four functions p, g, r, s are not determined by conditions (1.1) and (1.2).
In fact, changing in (1.1) ¢ by

iy ¢ +a
1+ aD

where y € R and a € D, and taking ¢ = e "/2(1 — |a|*)~1/2, one can get
other functions

= c(pe” + aq), « = c(pea + q),
(21) Po=c(p q), da,=c(p q)

r, = c(re” + as), s, = c(re"a + s),

that also satisfy (1.1) and (1.2). Indeed, this is the extent of the arbitrariness
of these four functions (see [3, p. 299]). It is well known that these systems of
four functions have some common properties. In particular, if four analytic
functions p, g, r,s in D satisfy (1.1) and (1.2), they belong to the Smirnov
class NT(D) and they also satisfy

(2.2) p=B5, q=BF, |s|*—Iq/*=1ae.onaD,
(2.3) max{| p(z)|,14(2)],Ir(2)|} <|s(z)|. z € D.

Furthermore, s~ ! is an outer function of the unit ball of H>. See [3, p. 491]
for the proof.
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3. Proof of the theorem
Let us begin with the following result.

Lemma 1.  Let s be the leading coefficient of the Pick-Nevanlinna problem in
(*). Then the following problem also has leading coefficient s:

(+Y Findf e H*, lIfllo < 1, f(z,) = EQ = |sI")V%(z,), n=12,..
Proof of Lemma 1.

Let B be the Blaschke product with zeros {z,}. There exist analytic
functions p, q, r in D satisfying ps — gr = B and

(31)  {feH™ fsolves (+)) = {’:‘;—If: ¢ € H*, llgl. < 1}.

First, let us assume w, # 0 for n = 1,2,... . By (2.2), one has Is|> = lq|* =1

almost everywhere on dD. Therefore, there exists an inner function I such
that

(3.2) q =IE(Is - 1)

It is clear that in order to prove Lemma 1 it is sufficient to show

(33) {feH™: fsolves (*)} = {%;PL'*’/{? ¢ €H”, llolle < 1}.

If f is a solution of (), If solves (%) and applying (3.1) there exists a
function ¢ in the unit ball of H* such that

_Pbetg
If= re+s’

Since s is outer, applying (3.2) and ps — gr = B, one gets

_ W2 _pPeta g _ _ Be
(3.9) If —IE(1 - |sI7?%) = e ¥s s " sUets)

Since w, # 0 for n=1,2,...,1 and B have no common zeros. Then, I
divides ¢ in H” and one has

f = plp, +4
rlp; +s
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for some function ¢, of the unit ball of H”. Therefore,

fo koLt a/!
rlp, + s

and this gives one of the inclusions of (3.3). From ps — gr = B, it follows that

peta/l g _ _ Bp

rlp + s Is  s(rlp +s)

for each function ¢ in the unit ball of H*. Now, since g/Is solves (*), one
gets the other inclusion of (3.3).

Now, let us consider the general case where w, = 0 for some n. Take
A = {n: w, = 0} and let B; be the Blaschke product with zeros {z,: n € 4}
and B, = B/B,. Thus, f solves (*) if and only if f = B,f, where f, is a
solution of the following Pick-Nevanlinna problem:

(), Find fe H, lIfl. <1, f(z,) = for n & A.

Wn
B 1( z n)
Therefore, from (3.1), one gets

pe/B; +a/B;

{f € H™: fsolves (*),} = { ro¥s P EHT lelle < 1}.

Now, the first part of the proof shows that s is the leading coefficient of the
Pick-Nevanlinna problem:

(¥), Find fe H" lfll. <1, f(z,) = EA — |s|"*)"%(z,) for n & A.

Therefore, there exist analytic functions p*, g*, r* in D such that

- * + * -
{f € H”: f solves (*),} = {p—r,g%_‘_—i-:(p € H”, llell < 1}

and p*s — g*r* = B,. Moreover g*/s = E(1 — |s|®)!/2, As in the first part
of the proof, one only has to show

0, (A (p*Bl)¢ + q* . 00
(3.5) {f € H™: fsolves (x)} = { (7B)g s ' ® € H”, lloll. < 1;.

Let f be a solution of (). Since f solves (*),, there exists a function ¢ in
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the unit ball of H* such that

f= pre +q*
rFo +s °

Using p*s — g*r* = B,, one has

_at _ B
(3.6) F-% -

Since f(z,) = (g*/sXz,) = E(1 — |s|”»¥*(z,) for n = 1,2,..., from (3.6)
one gets ¢(z,) = 0 for n € A. Therefore ¢ = B¢, for some function ¢, of
the unit ball of H*. Then,

f= (p*B)e, +4*

(r*By)e; +s
and this gives one of the inclusions of (3.5). The other one is an easy
consequence of the fact that g* /s solves () and (p*B,)s — ¢*(r*B,) = B.
O

Let us now go into the proof of the theorem.

(ii) = (). Applying Lemma 1, one can assume w, = E(1 — |s|"%)'/%(z,) for
n=12,.... Since s is the leading coefficient of (), there exist analytic
functions p, q, r in D such that ps — gr = B and

o Dy +q w
{f € H*: f solves (%)} = {r:—_'_s:goEH sll‘pllw$1}~

Applying (2.2) and using g # 0, it is easy to check that s~! is a non-extreme
point of the unit ball of H*. So, one only has to prove that the function

-2
F(e') = (s(e™) + B(eM)E(Isl? - 1) (e"))
is an exposed point of H®.

Claim 1. (s + r)~2 is an exposed point of H®.
Assume the claim holds and let us finish the proof. Applying (2.2), one gets
an inner function I such that

q =IE(Is]* - 1)1/2.
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Since q/s = IE(1 — |s|7*)1/2 solves (*), one gets I = 1. By (2.2),
- 172
r = Bg = BE(Js|* - 1) / ae.(dm)onT.

Therefore, the claim gives that the function

-2

_ s 12
(s+r) 2 - (s+BE(|sI2— 1) /)
is an exposed point of H' and this finishes the proof of (ii) = (i).

Proof of Claim 1. (1) Assume r(0) = 0. Using ps — gr = B, one gets

pta _petqg __ B(l-9)
r+s re+s  (r+s)(re +s)°
Therefore
ptax petagp _ 1-¢
(37 T B ro¥s 2= r¥s)(re ) ae.(dm)onT.

Now, let us consider the coset

= {ﬂ?:fEH‘” solves(*)} = {p(p 93. o € H®, |lolle < 1}

re +s
={’::[;’E+h:hehr°° ||p+qB+h” 51}

and choose y = — Arg(s(0)~2). From (3.7), using r(0) = 0, it follows that

27 . p+ = 27 )
(3.8) Ref0 Tre"’L;—_ﬁ(e“)B(e”) dt = sup{Rej(; "eivg(e) dt: g € K}.
Now, following [2, p. 160], one can deduce that there exists a unique function

F € HY, ||Fll; = 1, such that

(3.9) I;I;IE IFTI a.e.(dm) on dD.

Therefore F is an exposed point of H!. On the other hand, A. Stray ([5, p.
491)) has observed that the function (s + )2 is in H!. Using (2.2), one gets

F=(s+r)+n72"

and this gives the claim in the case r(0) = 0
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(2) Assume r(0) # 0. From (2.3), one has |r(z)| <|s(z), z € D. Now,
taking a = —(r/s)(Oi and y =0 in (2.1), one gets analytic functions
D> Ags Tos S in D such that

w Pu® + 4, "
{fEH :fSOlVCS(*)} = {m:q&' eEH ,”(P"ooS 1}

and r,(0) = 0, p,s, — q,7, = B.
The first case of the proof shows that the function (s, + r,)~% is an
exposed point of H!. Now, formulas (2.1) give

(s + r)"2 =c (1 -a)s +(1- ac)rl)—2

_ —\ -2 l—a \7?
=c 2(1-&) (S1+ 1—_—&_1‘1) ,

and applying Sarason’s result cited in section 2, one gets that (s + )2 is an
exposed point of H! and this finishes the proof of the claim. O

@ = (i).
Consider F, = F||IF|ITt. Since s € N*(D) and F € H! is outer, the func-

. 172,
tion B(e"E(Is|* — 1) / (€") has an analytic extension to D that belongs to
the Smirnov class N*(D). An easy computation gives

F, _Bs+E(lsP-1)"
(3.10) = = e B a.e.(dm)ondD,
Il BE(s? - 1) + 5

and then

(3.11)

F o E(s? -1 B
— -
|Fl § s(s + BE(IsI2 - 1)1/ )

a.e.(dm) on dD.

The right hand term in (3.11) has a bounded analytic extension to D because
the denominator is in the Smirnov class and

2 172
BE(|s|® - 1) i
1+ 5 (e")

|s(e)|”

>|s(e)[*

1 VA
1-11- ——— > 5 a.e(dm)e” €aD.
|s(e) [’ 2
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From (3.11) it follows that the function F,(¢*)B(e*)/|F(e)| has a bounded
analytic extension to D, that we will still call F,B/|F,|. Moreover, since s is
outer, (3.11) also gives

F, _a\1/2

WB(Z,,)=E(1—|S| ) (Zn), n=1,2,....

Now, take w, = E(1 —|s|"®)'/%(z,), n=1,2,... and consider the Pick-
Nevanlinna problem in (*). Since E(1 — |s|72)!/2 is a non-extreme point of
the unit ball of H* that solves (*), the problem (*) has more than one
solution. Actually, the function

/

E(1-IsI"?)

*+BE(1- (1-1s1"%)")

also solves (*). Now, let us show that s is a leading coefficient of (*).
Claim 2. Let ¢ be a function of the unit ball of H*. Then, the function

B(e")s(e)e(e") + E(Isl® = 1) (e")
B(eME(Is? — 1) (e*)p(e') + s(e™)

has an analytic extension to D that solves (*).

Proof of Claim 2. Applying (3.10), one gets that B has an analytic
extension to D belonging to the Smirnov class. Also,

T 172 ‘
Bss — E(IsI” — 1) BE(IsP = 1) =B a.e.(dm) on oD.

Now, it is easy to check that for each function ¢ of the unit ball of H®,

Bse + E(s = 1)'*  E(sP-1)"" Be
e EE— ] - - - _1/2
BE(s? — 1) g + s s s(BE(IS - 1) % + )
a.e.on dD

and, since s is outer,

Bsp + E(Is> — 1)
BE(Is> — 1) "¢ +s

(z,) =E(1 - 1sI")"%(z,), n=1,2,....
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Moreover,

Big + E(Is* — 1)

5 \1/2
BE(Is - 1) " +

e N*(D)

because the denominator is an outer function. Now

B(e")s(eMp(e") + E(Is” = 1) (e")
B(e")E(Is = 1) (e)o(e") +s(e')

<1 ae.(dm)e" €D

gives Claim 2. D

Let us continue the proof of the theorem. Since F, is an exposed point of
H?, the result of J. Garnett cited in Section 2, gives

{fEHw;fsolves(*)} = LB.‘_Bh heHoo LB_'_Bh Sl
|Fyl IF,]
Fy F,

3.12 Bl 5 ihhen o :
(3.12) (o ehen e [ 2] < }

_plF _F1-x)(-9)

- B{ |Fyl T—xo tp € H”, lloll. < 1
where

1+ 1 r2ne' +
x(z) _ 2.,,-]0 etz |F1(e")|dt

1-x(z2) e
Taking
F, F. 1
BFl/2 B———’ = _I_B___.___ —BFI/Z,
U TIRITFAQ =) BTIRIPFAAG -y T
-x 1

Sl=

r = __—————, ———_-’
Y (- x)F? FI2(1 - x)

one can check

- P Tq w
(3.13) {feH:fsolves(*))={r—i¢Ts—1 ¢ € H”, lI(pllmsl}
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and
(3.14) DS —qir, =B, ry(0)=0.
Now, since
2 a2, |
- 1/1s _ 1-|BE@sP - )7 s
|t + BEGSE = 1) 2 2, [
1+ BE(Is|” - 1) /sl |1 + BE(|sI” — 1) /sl
172
| 1-BEUsP-1)"ss p
= Re — a.e.(dm) onaD,
1+ BE(IsI*—1)" /s
one gets
S
1 - BE(IsP* — 1) /"(0) /s(0)
(3.15) IIFll; = Re —
1 + BE(|sI* = 1) 7°(0) /5(0)

_ 1-|BE(sP - )70 /5(0)]

|1+ BE(sE - 1)7(0)/50)|
Therefore, applying (3.15),
(3.16)
5.0 = F) ™ =1 F©) 111 =15(0)F | BE(SE — 1)7(0)]

Now, looking at (2.1) it is natural to consider

—
_ BE(s] - 1) .

a:

Since a € D, Claim 2 and (3.13) show that there exists a function ¢ in the
unit ball of H* such that

2

Bsa + E(|s|2 - 1)1/ Do taq
—-———.—.—i = .

BE(|s)* - 1)1/ at+s TN

(3.17)
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Applying (2.2), from (3.17) one gets

1 - |af? _1-1gl?

2= 2
1/ ro +s
) a| | 19 1

(3.18)
2 2
Is + BE(|s|” — 1

a.e.(dm) on dD.

Now, since s + BE(IsI2 - 1)1/2a is an outer function and r(0) = 0, (3.18)
gives

! _ LEQ =l
IS(O)IZ(1 — | BE(si? = 1)7%(0) /5(0) | ) |51(0)|

Thus, (3.16) shows that |E(1 — |¢|*X0)| = 1 and therefore ¢ = 0. So, (3.17)
and (3.18) give

Bia + E(sP - 1) g

(3.19) e a.e.(dm) on dD
BE(|s|* - 1)1/ a+s 1
and
2
(3.20) 1 —lal — = | 1|2 a.e.(dm) on dD.
|s + BEQsP — 1) | 1

2 12 :
Since s + BE(Is|* — 1) " and s, are outer functions, there exists e'” € dD
such that

_ 2 —iy
1—lal S = si(z) , zeD,
- _1/2
(s(z) + BE(|s]* - 1) / (z)a) !
that is to say,
2 172
. + BE -1
(321) sy(2) =e /2 s(2) (Is! 1/2 (2)a , z€D.

(1 - lal’)
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Now, (3.19) and (3.21) give

a0 e /2

a, = o

51 = ————2—1-/—2(B§a + E(Isl* - 1)1/2) a.e.(dm) on 4D
S - el

and applying (2.2),

(3.22)
iy /2 —
ry=Bq, = (_l_e—lyTzTﬁ(sa + BE(Is|> - 1) / ) a.e.(dm) on dD.
-l

Since p,, q,, ry, 51 are the coefficients of a parametrization of the solutions of
(), from formulas (2.1) it follows that the function

L )
-__—Tﬁ s, — riae™"
(1 la?)
172 )

= eiv/Z( (1 » | ) (s + BE(|s|2 -1)

(1—| l2)

= (1~ lal?) (s + BE(IsP ~ 1) ~ laf’s ~ aBE(Is* — 1)) =

_.ae_l‘)’

(s@ + BE(IsI” - 1)1/2))

is the leading coefficient of () and this proves the theorem.

Remark 1. By an argument similar to this proof, one can show that if a
function s satisfies the conditions in (i), a sequence {w,} will produce a
Pick-Nevanlinna problem with leading coefficient s if and only if there exists
an inner function I such that the following two conditions are satisfied,

1. w, =1z )EQ — |s|")V*(z,), n=1,2,...,

. . s —2
2. The function F(e") = (s(e™) + B(e")I(e*)E(1 - Is|™%) 2(e")) is
an exposed point of H'.

4. Proof of Corollary 1

If A is a subspace of the Hardy space H?, we will denote by A+ the
orthogonal complement of 4. We will use the following result.
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Lemma 2. If s € (BH?)* +CB, the function

) 72
B(e”)E(IsI2 -1) / (e")
has an analytic extension to D that belongs to the Hardy space H?.

Proof of Lemma 2. First, let us observe that it is sufficient to check

(4.1) E(Isl> - 1)/* e (BH?)* +CB.

Indeed if (4.1) holds, since (BH?)* is the closure of the linear combinations
of the functions

{(1-7z)in=12,..},

there exist complex numbers A, A, such that

lim 2 Aen(1 = Z32) ™! + 2,B(2) = E(Isl* - 1)"*(2),
Noo g

where the convergence is in H 2. Therefore,

N it

lim Y Agyv———— lte + AB(e™) = E(lsI* - 1) (e”)
N=op=1

in L2(dD) and then

it it
(42)  lim Z AkN_e_B(_e_l

+ Xy = B(e")E(Is)* - 1) (e")

in L?(dD). Now, since B(z,) = 0, the functions _appearing in the left side of

(4.2) extend analytically to a neighbourhood of D and this gives Lemma 2.
In order to prove (4.1) let us check that there exists a constant a € C such

that for all ¢ € H?,

(43) (EQs - 1)”*, Be) = ag(0),

where (, ) is the scalar product in H?2. Then (4.1) will follow by duality.
Since E(|s|*> — 1)1/2 is an outer function, Beurling’s theorem (see [2, p. 84])
give that the subspace {E(|s|> — 1)!/2P: P polynomial} is dense in H2. So,
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there exist functions ¢, € H? such that

. 1/2
(4.4) ¢ = nllg}mE(lsl2 —-1)" o,
in H?2. Therefore,

<E(|SI2 — 1)1/2, Bgo> = lim <E(|s|2 _ 1)1/2’ BE(|S|2 _ 1)1/2‘Pn>
(4.5) o
= nh_fgofo ('S(e”)| - l)B(e")<P,,(e“)dt.

Since, s € (BH?)* +CB, there exist complex numbers p, ;5 such that

N
Jim 3 (1= Ze") T+ poB(e") =s(e")
= 1

in H2. Then, for a fixed n, Cauchy’s theorem gives

(4.6)
L (Is(e) = 1)B(e) g (&) d

1 eit
1- Z{eit eit _

n
. [E——0%
= lim 3 MkNMme
k,m=1 0

B it it dt
- 2 B(eD)en(e)

r 27 1 B . .

+ m— B it B it it dt
P N COEI G LG
- — (2 e it it it
+ ¥ men [ moB(e*)B(e") g, (") di

k=1 0o ¢€ 2k

+(lmol” = 1) [*7B(e") g, (&) d

N
lim Y pewiopa(0) + (Inol* — 1)B(0)¢,(0)
T k=1

N
¢,,(0)( Jim g 3 s+ (Iol” = 1)B(0) | = c6,(0),
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where
c= A}im o X kin + (Inol® = 1)B(0)

= o(5(0) = oB(0)) + (Iol = 1)B(0).

Now, applying (4.5) and (4.6), one gets

(E(is”* - 1)"%, Be) = lim cg,(0)

and then
1/2 0
(E(1s? = 1), Bo) = ( ce(®) ) .
E(Is? - 1)(0)
This proves (4.3) and finishes the proof of Lemma 2. m]

Let us go now into the proof of Corollary 1.

(ii) = (i). Applying (2.2) one can easily check that s~! is a non-extreme
point of the unit ball of H”. The fact that s € Mz + CB can be found in
[3, p. 287].

(i) = (ii). Since B is a finite Blaschke product, the function s extends
analytically to a neighbourhood of D. Now, applying the theorem, one only
has to check that the function

-2

(se™) + B(e")E(Is? - 1)‘/2(e"))

is an exposed point of H!. Let r(z) be the function in H? having boundary
L S 172 .
values B(e")E(IsI2 -1) / (e"*) given by Lemma 2. Consider

F(z) =s(z) 1+ g(z))_z, zeD.

Since s is outer and Re(1 + r/s(z)) > 0 for z € D, the function F also is
outer. Furthermore,

|F(e)] <ls(e) (1= (1 =Ise) ) ) " < dls(en

a.e(dm)e” € oD
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and then F € H!. Moreover, F~! = (s + r)?> € H! and one gets that F is an
exposed point of H'! (see [4, p. 486]). This proves Corollary 1. 0O

The same arguments of this proof give the following result.

CorOLLARY 2. Let {z,} be a Blaschke sequence of points of D and let B be
the Blaschke product with zeros {z,}. Let s be an analytic function in D such
that s € (BH?)* +CB and s~ is a non-extreme point of the unit ball of H”.
Then, taking w, = E(1 — |s|")%(z,) for n = 1,2,..., the Pick-Nevanlinna
problem in (*) has the function s as leading coefficient.

Remark 2. By an argument similar to the proof of Corollary 1, one can
show that if a function s satisfies the conditions (i) of Corollary 1, a finite
sequence {w, n =1,2,..., N} produce a Pick-Nevanlinna problem with
leading coefficient s if and only if there exist an inner function I such that
the following two conditions are satisfied,

1L w,=EQ1—|s|")Y%z,),n=12,...,N,

2. IE(1 - |s|”®)/? € M, + CB.

Remark 3. If B is a Blaschke product with infinite zeros {z,}, let My be
the space of analytic functions in D that can be obtained as uniform limits on
compacts of D of finite linear combinations of the functions {(1 — z,z)™":
n=1,2,...}. From Corollary 1, one could ask if the condition in the
theorem imposing that the function F is an exposed point of H?, could be
replaced by s € My + CB. The answer is negative and, in fact, one can show
that there exists an analytic function s € N*(D), s € Mz + CBand s !isa
non-extreme point of the unit ball of H®, in such a way that there exists no
sequence {w,} such that the Pick-Nevanlinna problem in (*) has the function
s as leading coefficient.
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