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ON THE MEAN SQUARE VALUE OF THE HURWITZ
ZETA-FUNCTION

ZHANG WENPENG

1. Introduction

For a complex number s 0- + it and a real number 0 < a < 1 let :(s, a)
be the Hurwitz zeta-function defined by

e(s, ) E
n=0 (Y/ + O)

for Re(s) > 1, and its analytic continuation for Re(s) < 1, and let l(S, a)
(s, a) -.
The main purpose of this paper is to study the asymptotic properties of the

mean square value

f011(O’1 -b it, O)1(0-2 it, a) da (1)

where 0 < o-1, 0-2 < 1 and is an arbitrary real number.
V. V. Rane [1] proved that

11 ,(- / it, a)12 da In t + 0(1)

holds uniformly in > 2.
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The author [2] obtained a sharper asymptotic formula, namely

1 " d- it, a da In + 2, + A(t),

where A(t) << t-3/161n11/8t, T is Euler’s constant and t > 2.
In [3] he improved 3/16 to 7/36.
In this paper, we shall derive more precise results.

THEOREM 1. For any real number > 2, the asymptotic formula

11(O" + it t)1(1 O" it, a) da

( t ) (0-+it) (1-0--it) +0(1 )=In

holds uniformly in 0 < 0- < 1, where (s) is the Riemann zeta-function.

THEOREM 2. For real numbers 0 < 0-1, 0"2 < 1 with 0"1 + 0"2 1, and for
any real number t > 2, the asymptotic formula

)1(0"2 it, a) da

2F(1 0"1 it)F(1 cr2 + it)

X:(2 0" o’)cos (0- 0-) + ’it

1 :(0-2 -it) (0"1 + it)
1 0"1 0"2 1 0"1 it 1 0"2 + it

1

holds uniformly in 0"1 and 0"2.

THEOREM 3. We have

f01:12(1/2 1
1n+

For the Hurwitz zeta-function :(s, a)we can also prove the following.
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THEOREM 4.
identity

Let be a real number, 0 < 0-a + 0-2 < 1. Then we have the

’J01:(O’1 + it, a)SC(0-2 it, a) da

2F( 1 0-1 it)F(1 tr2 + it)
(2)2-gl-r2

(2 0- 0-)cos (0- 0-) + ’it

From the theorems we may immediately deduce the following corollaries.

COROLLARY 1. For any real number > 2 we have

1 1- + it 2 it

COROLLARY 2. For 0 < 0- < 1 and 0- # 1/2 we have

fo it [1-2tr 1 (0-+it)1[1(0- + it, a)12 da (2 20-) 1 Err 1 tr + it

(0--it) +O(1) ( 1 )l-o--it --{ +0

where is any real number satisfying tl > 1.

COROLLARY 3. For any fixed 0- > 1/2 we have

1
tlrn 1[:1(0- + it, a)I2 da 20-- 1"

2. Some lemmas

To complete the proof of the theorems, we need several lemmas.

LEMMA 1. Let 0 < 0-1, 0"2 < 1, > 2. Then we have

fola--trl--its1( 0"2 it, a) da
sC(0"2 it) (1)1_0"1_it +0 -{
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Proof Using integration by parts repeatedly and noticing that

0
O---:a(s, a) -Sl(S + 1, a),

we have

fo --itl( it a) daOl ’1 0"2

oll-trl-itl(O’2--itol) ll01O" it

0"2 it 1_o.+ 1 O" it a -itl(1 d- o"2 it, a) da

( 0"2 it) 1 0"2 it
+1 0" it 1 tr it

a -itx(1 + 0"2 it a) da

:(tr2 -it) 1
1 o" it

(tr2 -it)(:(1 + tr2 -it) 1)+ (1 o" it)(2 tr it)

(tr2 it) (n + tr2 it) ((n + 1 + tr2 -it) 1)+...+
(1 o’a it)(2 o" it) (n + 2 tra it)

(0"2 it) (n + 1 + trz it)
(1 o" it) (n + 2 tr it)

X folan +2-’l-itl(n + 2 + o"2 it, a) da

:(tr2 it) 1 [1( 1 1 1 )]1 r it + 0 - 21+o: -t
22+r2 - + 2n+2+r--’------

-Jr" 0 -Ol
n + da + 0 1 n + 2 + 0"2, " da

2

l_trl_it +0 +0 +0
(3/2)

n 7

(tr2 it) (1)1 o- it + 0 7 n > 3 ln t,
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where we have used the estimates

(0 2 -it)...(n + 0-2 -it)
(1 0-1 it) ( n + 2 0-1 it) 1(

n -[-- 1 + 0-2

:l(n + 1 + 0-2, 1) 1
t t2n+ +g2

it, l)

LEMMA 2. Let 0 < 0-1, 0"2 < 1 and let be a real number. Then for
Re(w) < 0 we have

1:1(0"1 -[- it + w a):1(0"2 it + w, a) da

1 fla-(’+it+W)l(0"2 it + w, a) da2w + 0-1 +0"2-- 1 o

fo a-(-u+wl(0"1 + it + w, a) da

+ 2F( 1 0"1 it w)F(1 0"2 + it w)

x cos (0"1 0"2) + ’it

Proof. For complex w, we define T(w) by

T(W) f01(0"1 -1- it + W, a):(0"2 it + W, a) da

From [4], Theorem 12.6, we know that for Re(s) > 1,

--g-F( s) +e z s) (2):(1 s,a)
(2rr)

e a, F( a,

where

e2rinx
F(x, s) E n

n--1

is an absolutely convergent series. Using

le
2rint da ( 1,

O,
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we get, from (2),

T(w)
F(1 0-1 it w)F(1 0-2 + it w)

(2,r/.) 2- 2w-’,-’

fol{e-Tri(1-trl-it-w)/2F(ol, 1 0-1- it- w)

+erri(1-rl-it-w)/2F(-og, 1 0-1 it w)}
{e-ri(1-tr2+it-w)/2f(og, 1 0"2

q- it w)

+erri(1-tr2+it-w)/2F(-og, 1 0-2 d- it w)} da
F(1 0" it w)F(1 0"2 -" it W)

(2,/7.) 2-r,-r2-2w

)< {eri(trl-tr2+it)/2( 2 0-1 0"2 2w)

+ e -rri(’1-0"2 + 2it)/2:(2 0"1 0"2 2w)

2F( 1 0"1 it w)F(1 0"2 + it w)
:(2 0"1 0"2 2w)

(2,i7.) 2- trl -tr2 -2w

XCOS(’’(0"1- 0"2)d-"n’it). (3)

On the other hand, we have

T(W) f01l(0"1 "q-it + w ):1(0"2 it + w, a) da

1 -0"1-0"2- 2w - Ol,--(rl+it/w)l(0"2 it + W,a) da

(0" it ++ a w): 1(0"1 + it + w, a) da. (4)

From (3) and (4)we know that Lemma 2 holds for Re(s) < -1. The lemma
remains valid for Re(w) < 0 by analytic continuation.

LEMMA 3. For any fixed 0 < 0- < 1 and any real number > 2, we have
the asymptotic formula

F’(0"+it) ln + 1 (1)F(0" + it) -r + 0 7

Proof. See [5], Lemma 3.
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3. Proof of the theorems

In this section, we shall complete the proof of the theorems. We first prove
Theorem 1. For r + r2 1, we get, on letting w 0 in Lemma 2,

f01:l(O" + it, 0):1(1 o"- it, ) da

f01 -(r+it) f01 -(1-r-a 1(1 o" it, a) da a it)l(O" + it, a) dee

(2rr)l-2w (1 2w) +

cos (2r- 1) + rit

1 [ 2F(+ lim-ff 1-
w-0

1 r- it w)F(o" + it w)
(27r) 1-2w

rr
(2o" 1)x cos -Z +

fo fo (1a-(’+it):l(1 o" it, ) da -’-it)l(o" + it, a) da

1[ F’(g + it) F’(1 g- it) 21n(27r)] + 7, (5)+ F((r + it)
+ r(1 g- it)

where we have used the identity F(s)F(1 s) 7r/sin(Trs) and the relation

lim(:(s)+ 1 )=sl 1 -s

Theorem 1 follows from (5), Lemma 1 and Lemma 3.
For o- + 0"2 :#: 1, we see by analytic continuation that Lemma 2 holds for

Re(w) _< 0. Taking w 0 in Lemma 2 and combining the result with Lemma
1, we immediately deduce Theorem 2.
Taking r 1/2 and t 0 in (5), noting that (F’(1/2))/(F(1/2)) -7

2 In 2, and proceeding as in the proof of Lemma 1, we get Theorem 3.
Theorem 4 follows from (3) and its analytic continuation. This completes

the proof of the theorems.
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