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CONNECTIONS BETWEEN ADDITIVE COCYCLES
AND BISHOP OPERATORS

HERBERT A. MEDINA

1. Introduction

T will denote the circle group written additively so that its elements are real
numbers in [0, 1) and are added modulo 1. For any y € R, ||y|| is the distance from y
to Z and {y} is the fractional part of y, so that {y} € T and {y} = ymod 1. Ifa € R
is irrational, then x — {x + «} defines an ergodic transformation on T.

A measurable function ¢: T — R is called a trivial a-additive cocycle (or just
trivial) if there exists a measurable function ¥: T — R and ¢ € R such that

dx)=v({x+a}) —y¢¥x)+c for almost every x € T.

The function vy is called a cobounding function for ¢. The functional equation above
has generated much interest since its solvability has connections to areas such as
ergodic theory and group representations (e.g., [31, [6], [10]). Much of the research
that has been done goes the way of showing that certain families of functions are
not «-additive cocycles for all « or for a set of « (e.g., [2], [8], [10], [12].) There
has also been recent research in the construction of «-additive cocycles with certain
properties. For example, in [1] it is shown (via construction) that for any « there is
a continuous trivial a-additive cocycle whose cobounding function is non L!. One
commonality among most of this work is that the functions ¢ that have been studied
are bounded. Very little is known about the case when ¢ is unbounded.

Long ago, E. Bishop suggested the following operator as one that might not have
any closed non-trivial invariant subspaces: For & € R irrational, define B,: L*(T) —
L%(T) by

(Bo f)(x) = x f({x +a}).

These operators have come to be known as Bishop operators. In 1974, A. M. Davie
[4] showed that Bishop operators have closed non-trivial hyperinvariant subspaces
when « is not a Liouville number. It is still not known if all Bishop operators have
closed non-trivial invariant subspaces. His secondary result was that these operators
never have eigenvalues.

An immediate connection between the study of additive cocycles and the study of
Bishop operators is that Davie’s second result is equivalent to: For all a, log(x) is a
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non-trivial a-additive cocycle. This result appears to be not very well known among
the mathematicians who study cocycles of an irrational rotation. More importantly,
the technique that Davie uses can be applied to study a large family of functions with
one infinite jump.

On the other hand, there are techniques familiar to those who study cocycles of an
irrational rotation that can be applied to study Bishop operators. In particular, G. W.
MacDonald, who generalized Davie’s work by proving results about other multipliers
besides the function m(x) = x, asked if operators of a certain type commute with
Bishop operators where the irrational is a Liouville number [11]. (If this were the
case, one could conclude that all Bishop operators have closed non-trivial invariant
subspaces.) MacDonald’s question can be answered using familiar techniques from
the study of additive cocycles.

In this article, we show these two interesting connections between the study of
additive cocycles and Bishop operators. In Section two, we use Davie’s technique to
show that a large class of unbounded functions are not a-additive cocycles for any «.
This family includes the functions x* for a < 0. And in Section three, we state and
solve the problem of MacDonald.

2. A family of non-trivial additive cocycles

Let £(T) denote the vector space of all complex measurable functions on T defined
almost everywhere and where we identify functions that are equal almost everywhere.
Fix « € (0, 1) irrational. This first lemma shows the connection between a function
being a trivial «r-additive cocycle and the eigenvalues of a certain operator on £(T).

LEMMA 1. Let ¢ € L(T) be a real-valued function. ¢ is a trivial a-additive
cocycle if and only if the operator Ey: L(T) — L(T) defined by

(Eg H(x) = * O ffx +a))

has an eigenvalue.

Proof. (=) If there exists a real measurable function ¥ € £(T) and ¢ € R such
that ¢ (x) = v ({x + a}) — ¥ (x) + ¢ a.e., then

W) = p¥llxtal) ;=¥ () ¢ g o

So e7¥™ is an eigenfunction for the eigenvalue e°.
(<) If there exists g € L(T) and ¢ € C such that

Wg({x +a}) =cgkx) ae.,

we may take absolute values and can thus assume that ¢ > 0 and g(x) > O a.e. If
¢ = 0, then g(x) = 0 a.e., therefore ¢ > 0. It is clear that {x: g(x)= 0} is invariant
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under translation by o, and since it cannot be a measure 1, it must be of measure 0.
We may take logarithms to get

¢(x) + log g({x + a}) = logc + log g(x) a.e. O

The next theorem is a generalization of the theorem of Davie already mentioned at
the end of the last section [4, Theorem 2]. The proof uses the techniques developed
by Davie.

THEOREM 1. Let ¢: T — R be an increasing convex function with ¢(0) = 0.
Then ®4: L(T) — L(T) defined by

(@p X)) =px) f({x +a})

has no eigenvalues.

The proof will require the following lemma from classical analysis. The proof is
very simple and thus omitted. (Drawing the graph of ¢ shows how to obtain a proof.)

LEMMA 2. Let ¢ be an increasing convex function on [a, bl with ¢ (a) = 0. Then
{x €la,bl: |1 —odx)| > %} has measure > 5’;—“.

Proof of Theorem 1. 'We will show that if there is a A € C such that ¢ (x) f ({x +
a}) = Af(x)a.e.,then f(x) =0ae. IfL =0, then f(x) = 0a.e., soassume A # 0.

Let {g.} be the sequence of denominators to the convergents of «. (The reader
unfamiliar with the number theoretic terminology and elementary results of continued
fractions is asked to look in [5, Chapter X].) Since ||lg | — O, |f(x) — f({x —
gn})| — 0 in measure. Passing to a subsequence, we may assume

1
I &) = flx = gnad)| < — 0

on a set of measure > %, f=A"% <I>Z,” f. Thatis,

qn_l
fx)=a"" (]_[ ¢({x + ka})) fx +gna}) ae.

k=0

Translate both sides by —g,« to get

qn
F @ = gaal) = 7% (]'[ P (lx - ka})) fo) ae,
k=1
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T can be divided into intervals on each of which A% Z”=1 ¢ ({x — ka}) satisfies the
hypothesis of Lemma 2. Thus

qn
lf&x) = f(x —gnaP| = [f&)] [1 =27 n¢({x —ka})| ae.
k=1

v

W] -

1
2 | f(x)| on a set of measure >

Equation 1 now implies %l fx)) < % on a set of measure > %. Letting n — oo, we

have f(x) = O on a set of measure > %. Since {x: f(x) = 0} is invariant under
translation by «, it must be a measure of 1. 0O

COROLLARY 1. For any a < 0, x? is not a trivial a-additive cocycle.

Proof. Define ¢ € L(T) by

1=a .a

_Jea " ,x#0
d(x) = [ 0 s 0
Since ¢’(x) > 0 Vx # 0 and ¢”(x) > 0 Vx # O (the constant ‘f" has been chosen
so that ¢” has this property), ¢ satisfies the hypothesis of Theorem 1. By Lemma
1, 1;—“x“ is not a trivial a-additive cocycle. For any r € R, r # O, rf is a trivial
a-additive cocycle if and only if f is one; therefore x¢ is not a trivial a-additive
cocycle. O

Remark 1. Theorem 1 can be used to show that many increasing or decreasing
functions with one infinite jump are not trivial ¢-additive cocycles. For example,
log(x) (this was Davie’s original result) and log | log(x)| are not trivial.

Remark?2. Theorem 1 has an obvious improvement. Let ¢: T — R be an
increasing function with ¢ (0) = 0 and such that ¢" is convex for some n € N. Then
®y has no eigenvalues. This result can be used to show that many other functions
with one infinite jump are not trivial e-additive cocycles. For example, log sin x is
not trivial. But there are functions of this type for which this method does not work.
For example, we do not know if k)gﬁ for a > 0 is trivial.

Remark 3. A result of Helson and Merrill can be used to show that given «
irrational, there exist many functions with two infinite jumps which are not trivial
a-additive cocycles. Let f: T — R be a function with one infinite jump which
is not a trivial w-additive cocycle (e.g., log x, x~3, log sinx). For any irrational B,
f({x + B}) — f(x) is a function with two infinite jumps. Section 2 of [7] implies the
existence of many S (the set of 8s may depend on & and f) such that f({x+8})— f(x)
is not a trivial az-additive cocycle.
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3. Bishop operators

MacDonald showed that if « is not a Liouville number, then for a large collection
of real valued ¢ € L*°(T) with log|¢| € LP(T), p > 1 (p depends on «), the
operator ®, ,: L2(T) — L?(T) defined by

(Pp.e /)(X) = @) f{x +a})

has a closed non-trivial hyperinvariant subspace. (For the specifics, see [11, Theorem
2.6].)

MacDonald suggested the following approach for attacking the unsolved Bishop
operator problem: For « a Liouville number, find a § that is not a Liuoville number
and a ¢ € L*(T) covered by his theorem such that B, commutes with &4 g. Since
his result gives hyperinvariant subspaces for ®4 g we could conclude that B, has a
closed non-trivial invariant subspace.

The following theorem shows that this approach will not work.

THEOREM 2. Let o € R be irrational. If there exists B € R irrational and
¢ € L(T) with log |¢| € L'(T) such that B, Dy p = g g By, then B = {pa} for
some p € Z.

Remark 4. If « is a Liouville number, then so is {pa} Vp € Z. Thus, even if we
consider {¢ € L®(T): log|¢| € L'(T)}, we cannot find a B that is not a Liouville
number such that ®4 g commutes with B, .

The proof of Theorem 2 will require three lemmas. The first is a recent result
from the theory of continued fractions, the second is an immediate consequence of
the first, and the third is a lemma from classical analysis.

LEMMA 3 (Kraaikamp and Liardet) [9]. Let o be irrational and let {g,} be
the sequence of denominators of the convergents of a. For each f € R we have
{8} = {pa} for some p € Z if and only if | guBIl < 3qnllgnet| for all large n.

This lemma has an immediate consequence. (This strengthens a result in [13].)

LEMMA 4. Let o, B € R be irrationals and let {q,} be the sequence of denomi-
nators to the convergents of a. If

) 11— a1
im sup ————— < —,
o 1gn(1 — ety = 27

then {8} = {pa} for some p € Z.
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Proof. There exists ng such that Vn > ny,

ll _ e27tiq,,ﬁl < _Zqill _ eZNiq"al.
4

Since 4|lx|| < |1 — e*™*| < 27|lx|| Vx € R, we have 4|lgnB| < gnllgn||. Lemma
3 implies that 8 = {pa} forsome p e Z. O

LEMMAS. Let (log) (n) be the n-th Fourier coefficient of the function log x on
T. Then |(log) (n)| > = i for some C > 0 and all large |n|.

Proof. |(log)"(n)| = ‘ fol log x e~ 2minx dx‘. We integrate by parts: u = logx,
du = dx dv=e 2inx gy, v =
1 ,—2minx
—/ ¢ dx|.
0 X

To get the desired estimate, we need only consider the imaginary part.

i ,—2minx
2mne *

—2minx !

|(log)"(n)| =

logx e

1
27 |n|

1
|(log)"(n)| = [Im[(log)"(m)]| = 27 |n|

Since lim,_, ¢+ logx sin27nx = 0, we have

. 1 ! sin2mnx
logx sin2mnx| — —dx]|.
0 0 X

1

Im[(log)"(n)]| =

l .
sin27wnx
dx|.
x

But since [;° 912 dx = Z, it is easy to see that limy ‘ s 1 s—iﬂ-Zﬂ'-"-dxl = 7.

Therefore, there isaC > 0 such that for |n| large enough, |(log)"(n)| > 5—~—. O

2n|n|

Proof of Theorem 2. If B,®y s = Py gB,, then applying this operator to the
constant function 1, we get x ¢ ({x +a}) = ¢ (x) {x + B} a.e. Taking absolute values,
we may assume ¢ > 0. And since log¢ € L'(T), we may take logarithms to get

logx — log{x + B} = log¢(x) —logp({x + }) ae.
Computing Fourier coefficients of both sides we get
(log)" (m)(1 — &™) = (log §)"(m)(1 — ™).
And thus (log ¢)"(n) = (log) (n)%, for n # 0. Now we use Lemma 5 to get

(1 - eZninﬂ)

|Gog @)'(m)| = €|~

for all large |n|.
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But log ¢ € L'(T), and the Riemann-Lebesgue lemma implies that
liInlnl—»oo |(log d)(n)| =0,

and we have
(1 — e27rinﬂ)
n(l — eznina)

Lemma 4 implies that 8 = {pa} forsome p € Z. O

=0.

In]—o00

Remark 5. Inthe language of cocycles, the result says that if we restrict ourselves
to cobounding functions in L' (T) and {8} # {pa} for any p € Z, then log{x + B} —
log x is not an «-trivial additive cocycle.

Remark 6. 1t is clear that the argument works not only for the multiplier x but
also for any real valued multiplier m(x) € L*(T) such that log |m(x)| € L'(T) and
such that the Fourier coefficients of log [m(x)| satisfy the same decay condition as in
the hypothesis of Lemma 5.
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