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ARENS REGULARITY AND WEAK SEQUENTIAL
COMPLETENESS FOR QUOTIENTS OF THE FOURIER
ALGEBRA

CoLIN C. GRAHAM

ABSTRACT. This is a study of Arens regularity in the context of quotients of the Fourier algebra on a
non-discrete locally compact abelian group (or compact group).

(1) If a compact set E of G is of bounded synthesis and is the support of a pseudofunction, then A(E)
is weakly sequentially complete. (This implies that every point of E is a Day point.)

(2) If a compact set E supports a synthesizable pseudofunction, then A(E) has Day points. (The
existence of a Day point implies that A(E) is not Arens regular.)

We use be L2-methods of proof which do not have obvious extensions to the case of A p(E).

Related results, context (historical and mathematical), and open questions are given.

1. Introduction

This introduction first gives a summary of the sections of the paper and then states
the definitions which we shall need, as well as providing some background for the
results. Further background will be found also in the later sections.

For related results of the author, see [6] (every Ica group has countable subsets E
such that A(E) is Arens regular in every bounded multiplication while neither A(E)
nor A(E)** is Arens regular), [7] (A, (E) is not regular if E supports a synthesizable
pseudofunction), and [8] (A(E + F) is not regular if E, F are perfect compact).

1.1. Survey of Arens regularity. Section 2 is a brief discussion of (non) Arens
regularity in the context of group algebras. Readers familiar with the subject may
skip it. In that section we show (in particular) that if E has a tenting sequence that is
also a Sidon sequence, then A(E) is not Arens regular. (The result is stated in terms
of general Banach algebras, and, in that form, the result may be new.)

1.2. General lemmas. In Section 3 we give technical lemmas that are used in
later sections and most usefully grouped together.
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1.3. Discussion of results.

Result 1 of Abstract.  This result is proved in Section 4, first for abelian groups
and then for non-abelian compact groups. The result may not be new, as it was
stated, in a stronger form (with no proof and no hypotheses on synthesizability) by
Meyer in 1970 [19, 6.2.10]. Unfortunately, even Result 1 is false without some sort
of synthesizability assumption. A discussion appears in Remarks 4.1.4 (i).

The proof for the non-abelian case uses a simple lemma concerning operators on
Hilbert space to estimate the norm of a sum of pseudofunctions. That lemma appears
to be new.

Result 1 greatly extends (for p = 2) the result of [10, p. 131], which shows that
certain subspaces of A,(G) are weakly sequentially complete. The result here for
quotient spaces appears to be new, and somewhat surprising, in spite of Remarks 4.1.4.
For the sake of completeness we include, as Proposition 4.1.1, the result from [11]
which says that weak sequential completeness for A, (E) implies the existence of Day
points. The conclusion about Day points was inspired by results of Granirer [11].
However, the results of this paper (e.g., 5.1.3-5.1.4) do not include Granirer’s results,
since his results apply to symmetric sets E, not all of which support pseudofunctions,
while our results apply to (some) sets supporting pseudofunctions.

Result 2 of Abstract. In Section 5 of this paper, we show how one can obtain the
result of Granirer [11] for sets of multiplicity, i.e., the set supports a synthesizable
pseudomeasure whose Fourier-Stieltjes transform “vanishes atinfinity”. (The relevant
definitions and some lemmas are given in Section 4.) We first prove the abelian case.
It is, again, unclear if the abelian case is new (see above).

Since ultrathin sets never support pseudofunctions, Result 2 is in a different direc-
tion from Granirer’s. Also, Result 2 is very much an “L?” result, and the proof does
not have evident generalization to the case of A,(E) for p # 2. See Section 6 where
we give evidence for the difficulty of such a generalization.

The proof for compact non-abelian groups is given at the end of the section. It, like
the abelian proof, is still an “L?” result. See [7], where a weaker version of Result 2
is obtained for quotients of the A,(G) algebras of Herz.

We end with a list of open questions.

1.4. Notation and definitions.

Definition 1.4.1. A Banach algebra A is Arens regular if the two Arens multipli-
cations on its second dual A** coincide.

L'(G) is Arens non-regular, for every infinite locally compact Hausdorff group.
(Due to Young [26] for the non-abelian case and Civin and Yood [3] for the abelian
case.) On the other hand, C*-algebras are Arens regular [3]. See Section 2 for more
on Arens regularity and non regularity.
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Let G be alocally compact group, and, for abelian G, let I' denote the dual group of
G. A(G) is the Fourier algebra of G, and for a compact subset E of G, A(E) denotes
the set of restrictions of elements of A(G) to E, each restriction being given its quotient
norm. Elements of A(G)* are called pseudomeasures and the collection of them is
denoted P M (G). Animportant subspace of P M ((G) is the space of pseudofunctions
P F(G): apseudofunction is an element of P M (G) whose Fourier transform vanishes
at infinity on I" (in the case of abelian groups) or (in the non-abelian case and true
for the abelian case as well) a pseudofunction is an element of P M (G) that is in the
norm closure of L'(G). (Of course A(G) ~ L!(T") and A(G)* ~ L*®(T"), and so
it makes sense to talk about “vanishing at infinity”.) Pseudofunctions are important
in questions of multiplicity and spectral synthesis; e.g., see, [9], [17], [16] and their
references. A pseudomeasure S is called synthesizable (or admits synthesis) if it is
the weak* limit of measures concentrated on the support of S; e.g., see [9, p. 691f]
for background and major results on spectral synthesis and non-synthesis in abelian
groups. The pseudomeasures (resp. pseudofunctions) supported on a closed E C G
will be denoted by PM(E) (resp. P F(E)).

1.5. Tenting sequences and Day points.

Definition 1.5.1. Let M > 0, E a closed subset of the locally compact group G,
and a € E. A tenting-M sequence at a is a sequence { f,} C A(E) such that:

(1.5.1) |l fullagy < M foralln > 1;

1.5.2) fu(@)=1foralln > 1;

(1.5.3) For every neighborhood U of a, there is N > 1 with Supp f, C U
forn > N.

Remarks. (i) Tenting sequences are marginally more general than familles moy-
anntes of Lust-Piquard [18].

(ii) Any weak* (0 (A(G)*, A(G)**)) accumulation point of a 1-tenting sequence
on A(G) is an invariant mean on A(G)* [12], [18]. See also Remark 2.5.1.

(iii) Nothing is lost if (1.5.3) is replaced with the following:

(1.5.3 bis) For every open neighborhood U of a, nl_iglo Me\u frllacenGr\uy = 0.

To adapt the proofs that appear in this paper to ((1.5.3 bis)), just replace { f,} with
{gn fn) where the g, are one in a neighborhood of a and have norms tending to 1.
With the correct choices of g,, one has ||g, f, — fullace = 0, which is enough for
everything that follows.

(iv) Lust-Piquard [18, p. 192] showed (for sets in metrizable abelian groups—the
statement is slightly different in the more general abelian case) that if every tenting
‘sequence in A(E) is weak (that is, o (A(E)*, A(E)) Cauchy, then every element
n € A(E)* is totally ergodic, that is, §, * u is ergodic for every x € G. In the
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same paper, Lust-Piquard [18, p. 212] shows that A(E)** has a commutative Arens
multiplication (and therefore A(E) is Arens regular) if and only if A(E)* C WAP,
that is, u € A(E)* implies {pu: p € I'} is weakly (that is, 0 (A(G)**, A(G)*))
compact. That result seems to be a special case of an earlier result of N. J. Young: a
locally convex semi-topological algebra is Arens regular if and only if every contin-
uous linear functional on the algebra is weakly almost periodic [28, Lemma 2] (see
also [27)).

(v) Granirer [11] has shown that if the subset E of an locally compact group
contains the translate of an ultrathin set (e.g., see, [9, p. 333ff and p. 88 (7)]), then
A(E) is not Arens regular (because A(E) contains a tenting Sidon sequence, i.e.,
there exist Day points; see also Corollary 5.1.3 and Corollary 5.1.4 below).

Definition 1.5.2. A bounded sequence {f,} C A (where A is a Banach space)
is a Sidon sequence if there exists § > O such that for each integer N > 0 and
complex numbers ¢, ..., cy, || ZJI-LO cifilla =8 ZJILO Icjl. The Sidon sequence is
a strong Sidon sequence if for each § < 1 there exists J such that || ZJN= s¢ifilla =

8 Zsz 5 lcjlliminf;> 5 || f; |l 4 holds for all integers N > J and all complex numbers
Cjy.vosCN.

Sidon sequences are useful in constructing copies of £! inside A (particularly
A(E)), and hence, copies of £*° in the dual (or quotients of the dual) of A (or A(E)),
with all the complexity that £*° implies. It is perhaps worth pointing out that a Sidon
sequence {f,} cannot converge weakly. Indeed, the closed subspace spanned by
{f.} is isomorphic to one-sided £!, {f,} corresponds to the usual basis of £!, and,
obviously, the usual basis of £! cannot converge weakly. Strong Sidon sequences
give almost isometric copies of £,

Definition 1.5.3. Let E be a compact subset of the locally compact group G. If
there is a tenting-M sequence in A(E) ata € E which contains a Sidon subsequence,
we say that a is a Day-M point. Day-1 points will be called simply Day points. The
Day points in E will be denoted by D(E). If there is a tenting-1 sequence ata € E
which contains a strong Sidon subsequence, we call a a strong Day point, and we
denote by D (E) the set of strong Day points for A(E).

Day points were first defined in Granirer [11]. Strong Day points allow for more
precise estimates than Day points, and imply that A(E)* has quotients which are

arbitrarily close (in Banach-Mazur distance) to £°.

Definition 1.5.4. A Banach space is a Sidon space if every subsequence has either
a norm-convergent subsequence or a Sidon subsequence.

Sidon spaces were first defined by Meyer [19].
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2. Arens regularity and tenting sequences

2.1. Overview. In this section, we give a criterion for Arens regularity and then
show that various algebras are not regular. The results of this section are not new.

The following result from [21, 4.2] is well-known, but it will be useful to have a
formal statement.

2.2. Criterion for Arens regularity.

THEOREM 2.2.1. Let A be a Banach algebra. The following are equivalent.

(1) A is Arens regular.
(2) For all {g,} and {hy} bounded sequences in A and S € A*, the existence of

the two limits
lim lim (S, g,hn) and lim lim (S, g,hn)

n—00 m—»00 m—>00 n—>00

implies their equality:

2.2.1) lim lim (S, gnhm) = lim lim (S, gnhm)-
n—00 m—> 00 m—>00 h—>00

Remarks 2.2.2. It will be useful to have some proofs of the occurance of non-
regularity (these are, of course, not new). The first argument reappears, e.g., at (2.2.2).
The second result will be used repeatedly.

(i) One-sided £! is not Arens regular (with the usual multiplication). Indeed, let
X = {102+ 4 10**: m > n},andlet S = 1x. We let g, = 8102, n > 1 and
h,, = 81g2m+1, m > 1. Then

lim lim (S, ghhm) =1

n—>00 m-—>00

and

lim lim (S, g h,) =

m—>00 n—>00

so one-sided £! is not Arens regular.

(ii) One sided ¢! is not Arens regular, where N is given maximum multiplication.
(See [22, p. 106], where the weakly almost periodic functions on this algebra are
identified with ¢, + C1.) Indeed, let S = 1x, where X = {2m + 1. m > 1}. Let
8&m = 6om+1 and h,, = 8, for n,m > 1. Then

2.2.3) lmcl’o lim (S, gmh,) = hm lim (S, 85,) = 0,
m— 00 n—>00 n—00

but

2.2.2) lim lim (S, gnh,) = lim lim (S, 83y4+1) = 1.
n—o00 m—00 n—o00 m—>00

The conclusion now follows from Theorem 2.2.1.
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2.3. Point of spectral synthesis.

Definition 2.3.1. Let A be a commutative Banach algebra with maximal ideal
space AA. Leta € AA. Ifeveryelement f € A with f (a) = 0 can be approximated
in A-norm by elements that vanish in a (Gelfand topology) neighborhood of a, then
we say that a is a point of spectral synthesis for A.

2.4. Day points imply non regularity.

THEOREM 2.4.1. Suppose A is a commutative Banach algebra with maximal ideal
space AA, and a € AA is both a Day-M point for some 0 < M < 00 and a point of
spectral synthesis. Then A is not Arens regular.

LEMMA 2.4.2. Let {f,} be a Sidon sequence in a Banach space Y. Let X C N.
Then there exists (o € Y* such that n — < u, f, > is the function 1x.

Proof of Lemma 2.4.2. Left to the reader. [

Proof of Theorem 2.4.1. 'We begin with some simple observations. First, by re-
placing each f,, with a function f, with || f, — fill < A < % , we may assume that
f» = 1 in a neighborhood of a and that {f,} is still Sidon. Here A > 0 and § is
from the definition of Sidon. [That follows from (i) the assumption that singletons
are points of spectral synthesis, and f,(a) = 1 for all n, which allow the approxima-
tion, and (ii) an examination of the estimate defining Sidon sequence, which uses the
approximation (the latter point is from [19, Prop. 1, p. 243]).] Second, by passing to
a subsequence, we may assume that

2.4.1) fufw = fuifn>m.

[That follows from the preceding step. We do not care what f? equals! This puts us
essentially in the situation of Remarks 2.2.2 (ii), which we apply below.]
Let u € A(E)* be such that

__|1ifk =2m + 1 for some m > 0,
(24.2) (e, fe) = {O otherwise.
Such a p exists by Lemma 2.4.2.
Let
(2.4.3) 8m = famt1 and  h, = fo.

Now we may apply (the argument of) Remarks 2.2.2 (ii)). O

Remark 2.4.3. The requirement that f(a) = 1 is necessary. For example, one
can have a pup-tenting Sidon sequence (see Problem 25) { f,} such that || f, fi |l <
2-min@m) for all n, m. This makes the preceding proof fail.
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2.5. Day points and TIMs.

Remark 2.5.1. (i) Let x be a Day point for A(E). Then there are at least ¢ distinct
elementsin F(x, E) = {f € A(E)**: fg = fforallg € A(E) withg(a) = 1}. The
proof is immediate using ultrafiltres. Compare with Problem 21, where Sidonicity is
not assumed.

(ii) Each element of F(x, E) gives rise to a “translation invariant mean” on A(G)*.
See [11].

3. Lemmas and background for Results 1-2

This section contains technical lemmas which are for the most part used in more
than one section below, and which, in any case, are conveniently grouped together.
Most proofs are written to include the non-abelian case (hence we use G to denote the
dual group (abelian case) or the dual object (non-abelian case). We put the notation
and definitions which we use for the non-abelian case at the end of this section, in
subsection 3.5. See [15, Section 34ff] for additional details.

3.1. Reduction to the compact metrizable case. We assume that G is either
an infinite compact group (not necessarily abelian) or an abelian non-discrete, non-
compact group.

We begin with the reduction to the metrizable case, assuming compactness if G is
not abelian. We suppose that we have a sequence f, € A(E). Thenthe f, collectively
involve only a countable number of Fourier coefficients (whether we are in the abelian
case or not), and those together determine a closed normal subgroup H of G such that
G/H is metrizable. It is easy to see that the image 7w E (in G/H) of E is of bounded
synthesis if E is, and that pseudofunctions on E are carried to pseudofunctions on
m E, with synthesizability preserved. If there is a weak limit of f,, then there is a
weak limit for 7 f,, (in the obvious abuse of notation). If the f, are a tenting sequence,
then m f, is a tenting sequence for 7 E and if 7 f, has a Sidon subsequence then, a
fortiori, f, has a Sidon subsequence.

Now we give the reduction to the compact abelian case, assuming that G is locally
compact, abelian and non-discrete. Under these conditions, G has an open subgroup
of the form R" x H, wheren > 1 and H has acompact open subgroup C. The compact
set E (assumed in Sections 4-5) is contained in a set of the form W x (B + C), where
W C R" is compact and B is a finite subset of H. We now choose an image of Z" in
R” such that the mapping wg: R" — R"/Z" has A(E) and A(mg E) isomorphic with
Banach space distance at most (say) 3. [This is standard: we can assume that W is a
symmetric n—cube centered at 0 and choose Z, so that (W + W + W) N Z") = {0}.]
This reduces to the case that G has a compact open subgroup.

The finite set B generates a finitely generated subgroup L of G, obviously. We may
assume that the torsion subgroup F of L is already contained in B, so L = F + Z"
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for some m > 0. If m = 0, we are done. Otherwise we chose a subgroup of the form
tZ™ for some large integer ¢. Then as before, we have a projection of G — G/(tZ™)
which carries E to an isomorphic copy, preserving all the pseudomeasure properties.
We omit the remaining details.

3.2. From pseudomeasures to (pseudo)measures. We begin with several lemmas.
We first note that because A(G) is a commutative Banach algebra, A(G)* is an A(G)
module. Thus, fS makes sense for f € A(G), S € A(G)*.

LEMMA 3.2.1. Let S be a non-zero pseudomeasure on the metrizable compact
group G. Let a € Supp S. Then there exists a sequence h, of compactly supported
elements of A(G) such that (1.5.3) holds (with hy, in place of f,), |hn Sllpm = 1 for
all n, lim, (h,, §) = lim,(1, h,S) = 1, and lim, h, S = &, weak* in PM(G).

Proof of Lemma 3.2.1. 'We use the fact that a singleton (e.g., {a}) is a set of
spectral synthesis. For example, see [9, A.3] for a proof in the case of G = T. The
general abelian case follows from [24, 7.2.4]. For the non-abelian case, see, e.g., [15,
34.46(d)] or [20, 19.19].

We also use the fact that for each a € G and every neighborhood V of a, there
exists f € A(G) with || flla) =1, f(a) = 1,and f = 0 outside V:e.g., just apply
[15, 34.21].

We may assume that a = 0. Choose a neighborhood base {U,,: n > 1} of compact
sets at O with U, C U, forn > 1.

Because 0 € Supp S, for each n > 1 there exists g, € A(G) such that Supp g, C
U, and (g,, S) # 0. Thus, g, # 0, so there exists g, € A(G) such that

(g 8nS) — llgnSIl| < 27"lIga S| and |ig, || = 1.
Leth, = ||g.S|| " g, gn for n > 1. Then
lA.S| < 1forn > 1,
and
lim(h, S, 1) = lim(hy, §) = lim lgnSI~" (gnS, g0} = 1.

Furthermore, because {0} is a set of spectral synthesis, lim,, { f, h,S) = f(0). [Indeed,
for any € > 0, we can write f = f(0)k +m where k = 1 in a neighborhood of 0 and
Imlla@) < €. Thenlim,(k, h,S) = 1,s0|lim,(f, hnS)— f(0)| < sup, [(m, h,S)| <
Im|l = e.]

Hence, (h,S)" — 1 pointwise on the dual group. It follows that lim, h, S exists
weak* and equals §o. O

Remark. We need to be careful about “limits” of the form lim,, f,S (f € A(G),
S € PM(G)). Insome circumstances there can be multiple (or even c!) accumulation
points. See [9, p. 394] for more on this point and for a reference.
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LEMMA 3.2.2. Let S be a non-zero pseudomeasure on the metrizable compact
group G. Let f € A(G).

(1) If S € PF(G), then fS € PF(G).

(2) If S is synthesizable, then fS is synthesizable.

(3) When f S is synthesizable, (f S, g) = (fS, g') whenever g = g’ onthe support
of fS.

Proof of Lemma 3.2.2. 'We first prove this in the case that G is abelian.

(D) By deﬁmtlon S e PF(G) if and only if Se Co(I'). Since f e L),
f*S eC, (G),sofS € PF(G).

(2) Since S is of synthesis, there is a net {1, } of measures in the support of S that
converges weak* to S in A(G)*. Of course, each fu, is concentrated on the
support of fS,so fu, — fS weak*. Hence, fS is synthesizable.

(3) If g =g’ on E, then

(g, fS) = hén(g’ Stba) = liin(gl’ f/"’ot) = (gl’ rS),
by the definition of synthesis and the fact that the fu, are measures.
Here is the proof for the non-abelian case.

(1) By definition, S € PF(G) C L°°(G) if and only if S i is a norm hmlt of
elements that have finite support in G. Since f € LI(G) f xS e C, (G)

(2) Since S is of synthesis, there is a net {j,} measures in the support of S that
converges weak* to S in A(G)*. Of course, each f i, is concentrated on the
support of fS,so fu, — fS weak*. Hence, fS is synthesizable.

(3) If g =g’ on E, then

(8, f8) =lim(g, fia) =lim(g’, fra) = (g, f5),

by the definition of synthesis and the fact that the f i, are measures. O

The following lemma is stated for both the abelian case and the non-abelian case,
though we will need a non-abelian version (Lemma 3.2.5, given below).

LEMMA 3.2.3. Let E be a compact subset of the compact group G. Suppose that
E is the support of a pseudofunction T and that | is a measure supported on E. Then
for every € > 0 and finite subset F C G, there exists a pseudofunction S on E such
that

(3.2.1) IS—fil<eonF

and

(322) ISIIpm < (14 €l lloo-
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COROLLARY 3.2.4. Let G be a compact metrizable group, and E be a closed
subset of G such that

(1) E is a set of bounded spectral synthesis; and
(2) E is the support of a nonzero pseudofunction.

Then every pseudomeasure on E is the weak* limit of a (pseudomeasure norm)
bounded sequence of pseudofunctions supported on E.

Proof of Corollary 3.2.4. Approximate the pseudomeasure boundedly by mea-
sures and apply Lemma 3.2.3 to each approximant. [

Proof of Lemma 3.2.3. We first assume that p is discrete and has finite support,
SaY X1y .« Xm.

The obvious method is to use Lemma 3.2.1 (applied at each x;) to obtain a pseud-
ofunction which is weakly close to p. This will give us (3.2.1) but (3.2.2) might
fail if, for example, the transforms of the approximants to the non-negative masses
decreased less rapidly at infinity than the approximants to the positive masses. To
avoid that difficulty, we do the approximation in stages.

Let N be any integer greater than 1 +2( || sc)/ll llco- Letv = . Let F; = F.
Let T; be a pseudofunction (which exists by application of Lemma 3.2.1 to each of
the point masses) such that If', — V| < €/2N on Fy and || Th|lpy < lIviim(). Let
F=FU{: | f’,l > €/2N}. Since T is a pseudofunction, F; is finite.

Inductively, for2 < £ < N,wefind F, € --- € Fy and Ty, ..., Ty such that

[T — §| < €/2N on F,
and

1 Tellpme < IvIim)-

Straightforward calculations now show that § = Zf’ T, has the required proper-
ties.

That completes the proof in the case that u is a finitely supported discrete measure.
In the general case we replace u at each stage with a discrete measure. We use a
Riemann sum argument, the terms in the sum depending on the finite set of charac-
ters F,. This produces at each stage a (probably new) discrete measure, which is
approximated itself (using the first part of the proof). A smaller error term is needed
to allow for the final summation: the resulting pseudofunctions are summed, as in
the discrete case.

Here is how we begin. As before, we let N be any integer greater than 1 +
2|pullmy/lImllpm- Let v = #u. Let F; = F. Let V' be a discrete measure with
W lim@) = Ivlime) and |V’ — D] < €/2N on Fy. Use the discrete case of the lemma
to find a pseudofunction Ty with ||Ti||py < l|v|lm) and If"l — V| < €/2N on F; (if
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T} is sufficiently close to ¥, then T; will be close to ). Let F, = {A: |T1| > €/2N}.
We now proceed as above. We omit further details.

Non-abelian case. The proof is identical to the abelian case, except that we replace
estimates of the form |§(k)| < €/2N with estimates of the form ||$‘(cr)|| B(H,) <
€/2N, and similarly when the inequality is the reverse. The set F; is defined by
FE={o:| f"l @) lBcH,) > €/2N}. We omit further details. O

We now observe that the convolution S % T’ of two pseudomeasures is well-defined
by duality theory. In the case of abelian G, the convolution S * T corresponds to
the pointwise multiplication ST of the transforms on the dual group. In the non-
abelian case, we have a similar representation. With that observation, we can state a
non-abelian version of Lemma 3.2.3:

LEMMA 3.2.5. Let E be a compact subset of the compact group G. Suppose that
E is the support of a pseudofunction T, that W is a pseudofunction supported on
G, and that | is a measure supported on E. Then for every € > 0 there exists a
pseudofunction S on E such that

(3.2.3) ||S*W-—',LL*W||pM<€, |WxS—Wsxullpy <e€
and
(3.24) ISIlpm < (L +Ollitllpa-

Proof of Lemma 3.2.5. The proof is similar to that of Lemma 3.2.3. We indicate
the differences between the two proofs.

Since W € P F(G), a2e-argument (as in the proof of Lemma 3.2.3) shows that we
may assume that W is in fact a trigonometric polynomial. But then the requirements
of (3.2.3) are met by ensuring that S is sufficiently close (weak*) to u. Now the proof
of Lemma 3.2.3 applies directly, taking into account the definition of the norm of
£2(G). O

3.3. Convolution by a pseudofunction is a compact operator.

LEMMA 3.3.1. Let W be a pseudofunction on the compact group G. Suppose that
Sy is a bounded net of pseudomeasures on G convergine weak* to S in PM(G).Then
Sa * W converges in pseudomeasure norm to S x W and W x Sy converges in norm
to W % S. In other words, the mappings S — S x W and S — W % § are compact
Jfrom PM(G) — PM(G).

There is less to this than meets the eye: in the abelian case it says that if g € c,,
then the mapping f — fg from £*° — ¢, is compact.
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Proof of Lemma 3.3.1. 'We prove the assertion for S * W. Indeed, since W is
a pseudofunction, we may approximate W in PM-norm by a sequence {W,} of
trigonometric polynomials (times Haar measure on G). Of course, S, * W, are
continuous funtions—even trigonometric polynomials—and S, * W thus converges in
uniform norm (!) [look at the Fourier coefficients, abelian or not] to the trigonometric
polynomial S * W,, on G. Now a 3e-argument completes the proof. O

3.4. Sums of pseudofunctions in a von Neumann algebra. We now state and
prove the simple (but apparently new) lemma which we use to sum pseudofunctions
on non-abelian groups. It is more particular to the non-abelian case, and is the reason
we need the formulation of (3.2.3). This lemma is used in application to operators on
L?(G), that is, to A(G).

LEMMA 3.4.1. Let U be a von Neumann algebra and A, B € . Suppose that
|All =1 = ||B|| = b. For every € > O there exists 6 > O such that || AB*|| < é and
|A*B| < 8 imply |A+ B|| < 1 +e.

Proof of Lemma 3.4.1. 'We use the fact that for a von Neumann algebra, the norm
is the spectral radius; therefore, to estimate the norm of an operator D, it suffices to
estimate the norm of powers of DD*.

Thus, ||A + B]| equals the square root of ||(A + B)(A* + B*)||, and that (by
multiplying) equals the square root of the spectral radius of AA* + AB* + BA* +
BB*. We expand (AA* + AB* + BA* + BB*)" into its 4" terms (remembering
that we cannot assume commutativity): each term consists of words of length 2n.
We use the triangle inequality to replace the norm of the sum with the sum of the
norms.

We note that |AB*|| = ||BA*| and |A*B| = ||B*A|l. Then (with a slight
rearrangement of the usual binomial order of terms), we have

((A+ B)(A+ B)*)* = AA*AA* + BB*BB*
+ AA*BB* + BB*AA* + AA*AB* + AA*BA*
+ AB*AA* + AB*AB* + AB*BA* + AB*BB*
+ BA*AA* + BA*AB* + BA*BA* + BA*BB*
+ BB*AB* + BB*BA*
In the above expression, we note that every term except the first two (the “bad” ones)
have within them one or more juxtapositions of the forms AB*, BA* A*B, or B*A.

Furthermore, the product of any two different “bad” terms (in either order) is not a
“bad” term. It follows that

A+ BI* = II((A + B)(A + BY)™|| <2+ (16" — 2)6.
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Let n be such that 374" < 14¢,andlet§ = 16™". Then ||A+ B|| < ||((A+ B)(A+
B)*)2n|11/4n < 31/4n <1+e. |

From Lemma 3.4.1 we can conclude that if S, T are two pseudofunctions on G
with ||ST*||acc)+ and [|S*T || ac)» small, then ||S + T'|| a(g)+ is not much larger than
the maximum of the norms of S, T.

3.5. Background for non-abelian compact groups. We give the non-abelian group
facts and notation used in this paper.

Let G be a compact group, and let A(G) = L*(G) % L*(G) be the usual Fourier
algebra [5]. We let G denote the dual object, that is, G is a maximal set of in-
equivalent unitary representations U,: G — B(H,) on the Hilbert space H,. Here
B (H) denotes the space of all bounded linear operators on the Hilbert space H. Let
B =M,.B(H,). Let L°°(G) be the set of all elements T = (75), ) such that
sup | T || Bea,) < ©0; then L°°(G) is (isomorphic to) the dual space of A(G); e.g.,
see, [15, 34.19 and 34.46]. As in the abelian case, some of the elements of L°°(G)
come from measures on G: each regular bounded Borel measure 1 on G gives rise
to an element of L°°(G) via the “Fourier-Stieltjes” transform [15, 34.1-2 and 34.24]
(o) € B(H,) where

3B.S51) (o), L) = f(Ua(x)n, ¢)du(x) forall n,¢ € Hy, and all o.

The finite linear combinations of the functions x +— (U, (x)n,¢) (n,¢{ € H,) are
called “trigonometric polynomials” [15, 27.7].

Definition 3.5.1. An element S € A(G)* is in A(G)} if S is the norm-limit of
elements such that {o: T, # 0} is finite. We’ll call such S pseudofunctions for short
and denote the set of all pseudofunctions by P F(G). The set of pseudofunctions
supported on a compact set E will be denoted by P F(E).

Each pseudofunction translates norm-continuously, that is, the mapping x > 8, *S
is continuous from G to A(G)*, where the latter space is given its dual space norm
topology. Here §, * S is the element of A(G)* defined by f +— (6, * f, S).

The support of elements of A(G)* is determined analogously to the abelian case;
see [15, 34.46(b)]. An element S € A(G)* = L°°(G) is synthesizable if S is the
weak* limit of measures concentrated on the support of S (the limit being taken in
the weak* topology). A closed subset E C G is of synthesis if every pseudomeasure
supported on E is synthesizable. Singletons in amenable groups are sets of spectral
synthesis. See, e.g., [15, 34.46(d)] or [20, 19.19] for a proof of that fact.
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4. Weak sequential completeness and Arens non-regularity of A(E)

4.1. Results and general remarks. In this section we are inspired by a result
of Granirer [11, proof of Theorem 3] to give a stronger result (though subject to a
slightly stronger hypothesis) than Theorem 5.1.1, namely, Theorem 4.1.3. We begin
with an abstract version of [11, proof of Theorem 3].

PROPOSITION 4.1.1 [11, Proof of Theorem 3]. Suppose that A is a commutative,
regular Banach algebra with maximal ideal space AA, E C A is closed, a € E is
not an isolated point in E and that A(E) is weakly sequentially complete. Then every
tenting sequence at a in A(E) has a Sidon subsequence.

Proof of Proposition 4.1.1.  This proof is lightly adapted from [11, Proof of The-
orem 3]. Suppose that a € E and that f, is a tenting sequence in A(E) at a. By
a well-known theorem of Rosenthal, [23, p. 808], either the tenting sequence has
a Sidon subsequence or a weakly convergent subsequence. We show that “weakly
convergent subsequence” is not possible.

Indeed if fy; were weakly convergent, then because A(E) is weakly sequentially
complete, there exists f € A(E) with f,, — f weakly. But because f;, is a tenting
sequence,

4.1.1) Jny(x) >0

for all x € E\{a} and f, (@) — 1. It follows that f is not continuous, an
absurdity. O

Ulger [25, Theorem 3.3] shows that a weakly sequentially complete Banach algebra
(commutative or not) with no unit and with a bounded approximate identity is not
Arens regular. Proposition 4.1.1 suggests a slightly stronger result and an easier
proof, but only in the commutative case, as follows.

COROLLARY 4.1.2. Let A be a commutative Banach algebra with no identity
but with a bounded approximate identity h;. Suppose that A is weakly sequentially
complete and that the elements with compact support are dense. Then oo is a Day
point for the unitized A + C1. In particular, A is not Arens regular.

Sketch of proof. Indeed with E = AA U {oo} and a = 00, the proof of Proposi-
tion 4.1.1 applies, since 1 — k; satisfies (4.1.1) at co. (We pass to a separable quotient
of A + C1 if necessary.)

Hence A + C1 is not Arens regular. Since adjoining an identity does not affect
regularity, A is not regular (see also the proof of Arens regularity of “blocked algebras”
in[6]). 0O

Here is the main result of this section (Result 1 of the abstract).
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THEOREM 4.1.3. Let G be a non-discrete locally compact abelian group or a
non-discrete compact group, and E be a closed subset of G such that

(1) E is a set of bounded spectral synthesis; and
(2) E is the support of a nonzero pseudofunction.

Then A(E) is weakly sequentially complete.

Remark 4.1.4. (i) Is the abelian group version of this result new? Y. Meyer
[19, 6.2.10] states an even stronger conclusion for the line, but with neither the first
hypothesis on E, nor the hypothesis of spectral synthsis on the pseudomeasure whose
support is E. However, if E is a Helson set supporting a non-zero pseudofunction,
then A(E) = C(E), for which the conclusion of Theorem 4.1.3 is false. Since
such Helson sets exist, by a famous result of Korner (see [9, 4.6.4]), an additional
hypothesis such as “synthesizable” is needed. However, [19] provides no details of
the argument. Thus, it is unclear if either the result or proof here are new.

(ii) Granirer and Cowling [10, p. 131] show that if the compact set E has non-
empty interior, then the set of elements of the Herz algebra A,(G) supported on E
is weakly sequentially complete. This is then used to show that if aEb N H has
non-empty (relative) interior in the infinite closed subgroup H C G, then E has Day
points for A,(E). It is that argument which inspired us.

(iii) If F = E\ + E,, where the E; are disjoint compact subsets of a Kronecker or
Kp-set, then A(F) is not weakly sequentially complete unless F is finite. [Look at
sequences of the form 1 ® f;, where the f; are tents in C(E3) and g; ® 1 (g; tents in
C(E))).] Hence, we can have non-regularity without weak sequential completeness.

(iv) Hypothesis (1) can be weakened slightly to “bounded approximation by pseud-
ofunctions”, and hypothesis (2) weakened to “non-zero synthesizable pseudofunc-
tion”. It would be interesting to know if such a weakening is meaningful, that is,
if there are sets not of (bounded?) synthesis for which bounded synthesis held for
synthesizable pseudomeasures.

COROLLARY 4.1.5. Let G be acompact group or alocally compact abelian group.
Let E be a compact subset of G such that for elements a, b € G and a closed infinite
subgroup H of G, aEb N H has a closed subset which is of bounded synthesis (for
H) and which supports a pseudofunction (for H). Then E has Day points.

Proof of Corollary 4.1.5.  As per [11, proof of Theorem 3]. O

4.2. Proof of Theorem 4.1.3—abelian case. 'We may assume that the group is
compact and metrizable, by subsection 3.1.

Let { f,} be a sequence in A(E) that converges weakly. We first reduce the proof
to a matter of showing that (a suitably modified version of) the sequence f, — 0
weakly.
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We may assume that || f,]lacey < 1. Let {g,} C A(G) be such that g,z = f, and
lgrllae) = 21l full acey for all n.

Since G is countable and discrete, we may assume that g, — g pointwise on G.
Of course g € Ll(G) with ||g||L,(G) < 2.Leth = g. Consider

kn=fn"'h|E’ nz L.

It will now suffice to show that k, — 0 weakly in A(E).
So suppose that k,, / 0 weakly. Then there exists S € A(E)* such that

4.2.1) (kn, S) = 1.

We shall show that (4.2.1) implies that k,, has a Sidon subsequence (which cannot
not converge weakly—see the paragraph following the definition of Sidon sequence),
giving a contradiction. Thus, (4.2.1) cannot occur, and the theorem will be proved.

To this point we have not used the hypotheses on E. We now do so. First,
because E is of spectral synthesis, the quantities (k,, W) do not depend on the coset
representatives we use for k,, whatever be the W € PM(E). With this in mind, we
choose g, — h as our representatives [We will eventually have a “gliding hump”
argument ([2]), since g, — h = 8n — g converges pointwise to 0 on G. Intuitively,
we think of finding finite sets F, C G where “most of” k, lives. In fact, that will be
implicit, because we need to keep our weak approximations in mind.]

The idea is to replace S with a sum ) _ ¢, S, of pseudofunctions, so that Se agrees
with $ as far as kg is concerned, and S( is small on the other k,,’s and {c,} is a bounded
sequence of complex numbers. Then the Sidonicity of k; will follow. We shall need to
pass—in this proof at two places—to a subsequence of the k,,’s, so that “subsequence
of” k,, will become implicit. We may assume that ||S||pys = 1.

We use induction. Let n(1) = 1. We apply the property of “bounded spectral
synthesis” to find a finite regular Borel measure ©; on E such that

1
Wkncry, 1) = (i S) < 75

and

lilles < ClSllpm,

where C is a fixed constant. Now use Lemma 3.2.3 to find a pseudofunction 7} on E
such that

1
4.2.2) [{knq1y> 1) — tknqy, )| < 0
and

1
42.3) I Tl < C (1 + E) .
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Thus,

2

4.2.4) [{knctys S) — (knqry, T1)| < o

Assume that m > 1, that pseudofunctions T3, ..., T, supported on E, and that
integers n(1) < n(2) < -+ - < n(m) have been found so that

. . 1 A 1
2. N =30 < i —, 1<t<m,
@25 |t =30 < o if lélm(x)b o lstsm

2

(4.2.6) [{kncey, S) — (ke, Te)| < 108’ 1<f<m,
1 ,
4.2.7 [{kn(jy> Te)| < 0 I1<tl<j<m,
1
4.2.8) | Tellpm < C (1 + T—O—l) , 1<f<m.

The vacuous sum in (4.2.5) for £ = 1 means that we ignore the condition (4.2.5)
for that £. To obtain (4.2.7), we passed to a subsequence (that was the first time—see
next paragraph).

We now choose N > n(m) such that |{k,, T;)| < Wyn]_# for1 < £ < m, and
n > N. That uses the two facts (i) the 7, are pseudofunctions and (ii) the 12,, g0 to
zero pointwise on G, as well as the fact that the values (k;, T;) are independent of
the particular coset representatives chosen for the restrictions.

Letn(m+1) = N. Now chose a finite measure w (again using bounded synthesis)
which satisfies

o 1
4.2.9) A0y — S(x)‘ TeE
for all A with
A 1
(4.2.10) > |fw)| > Tomet
1<k<m
and which also satisfies
1
(4.2.11) H{Kn@m+1), 1) — k1, S)| < Tomt

Replace u by a pseudofunction (using Lemma 3.2.3) T, such that

1

(4.2.12) |(Kngma1ys Tt} = (kngmasys )] < Tom+1’
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and
(42130 80 = a0 <
whenever
R 1
(4.2.13b) lkZ |Tk(x)| > =
<ksm

That completes the induction.
‘We now replace {k, )} with its subsequence {k,(2m)} and consider the sums

(4.2.14) W= co(Tus1 — Tw).
4

Here {c,} is any bounded sequence of complex numbers. Straightforward calculations
will show that the sum in (4.2.14) converges weak* in P M (E) (with norm the order
of C 3" |ce|) and that |(kp,, W) — ¢,y| — 0, which is enough to prove that k,,, is a
Sidon sequence. [

4.3. Proof of Theorem 4.1.3—non-abelian case. 'We may assume that the group
is metrizable, by subsection 3.1.

We indicate the changes that need to be made to allow for the (possible) non-
commutativity of G, the changes basically involve the summing of the pseudofunc-
tions.

We proceed, without change from the abelian case, to obtain (4.2.4), and all
that preceeds (4.2.4). Note that we have advanced the formula numbers to have
agreement (in the third component) with the abelian proof. Assume that m > 1, that
pseudofunctions 71, . .., T,, supported on E, and that integers n(1) < n(2) < --- <
n(m) have been found so that

1
(4.3.5) ﬂTg(U)— <W1fl<“ W Tor lstsm
2
(4'3'6) |(kn(£)y S) - (kla Tl)l < 1_0£, 1<¢ <m,
1 ,
4.3.7) Hkngjy» Te)| < 0 1<f<j<m,

1
(4.3.8) ITellpm < C (1 + W) 1<fl<m.
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As in the abelian case, the vacuous sum in (4.3.5) for £ = 1 means that we ignore
the condition (4.3.5) for that £. To obtain (4.3.7), we passed to a subsequence (that
was the first time—see next paragraph).

We now choose N > n(m) such that |(k,, T¢)| < tmmr for 1 < £ < m, and

n > N. That uses the two facts (i) the T, are pseudofunctlons and (ii) the k,, go to
Zero pointwise on G, as well as the fact that the values (k;, Tg) are independent of
the particular coset representatives chosen for the restrictions.

Letn(m+1) = N. Now chose a finite measure x (again using bounded synthesis)
which satisfies

439 Ii@) = $@)ll, < o
for all representations o with

(4.3.10) E;M 1T (@) g, > 10,{,“
and which also satisfies

(4.3.11) Kknem+1), 1) — (k1, S)| < 10:,,,1

Replace u by a pseudofunction (using Lemma 3.2.3) 7,4, such that

1
(4.3.12) [knon 1y Tt1) = Ky W] < T
and

o 1
(4.3.13) |3@) = Tusi @) T

for all o with

(4.3.14) " Ti(0) “

10m+1°
1<k< 10”'

That completes the induction.
We now replace {k,n)} with its subsequence {k,2m)} and consider the sums

(4.3.15) W =>"ce(Tnt1 = T).
4

Here {c,} is any bounded sequence of complex numbers. Straightforward calculations
will show that the sum in (4.3.15) converges weak* in P M (E) (wth norm the order
of C )" |ce|) and that |(kp,, W) — cm| — 0, which is enough to prove that k,,, is a
Sidon sequence. 0O
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5. PF(E) and Arens regularity of A(E)
5.1. Overview. We prove Result 2 of the abstract. We also discuss its history.

THEOREM 5.1.1. Let G be a non-discrete locally compact abelian group or a
non-discrete compact group. Let E be a closed subset of G. Suppose that E supports
a non-zero synthesizable pseudofunction S, a € Supp S and M > 1. Then every
tenting-M sequence at a has a Sidon subsequence. Furthermore, a is a strong Day
point.

Remarks 5.1.2. (i) The restrictions of compact and metrizable are not necessary,
but they are convenient in the proof. The reduction to the general case is routine and
left to the interested reader.

(ii) Theorem 5.1.1 does show that the second alternative in the definition of Sidon
space (that is, every tenting sequence has a Sidon subsequence) may arise for all
sets supporting a synthesizable pseudofunction, which is certainly evidence for the
assertion of [19, 6.2.10].

(iii) @ must be a non-isolated point of E, since if there is an isolated point in the
support of a pseudomeasure on a non-discrete group, then the pseudomeasure cannot
be a pseudofunction.

COROLLARY 5.1.3. Let G be a locally non-discrete compact abelian group or
a non-discrete compact group. Let E be a closed subset of G and H a closed
non-discrete infinite subgroup of G and a,b € G. If aEb N H supports a non-
zero synthesizable pseudofunction S for H, then D(E) # ¢. In fact D(E) D
U{a=!SuppSb~!: S € PF(aEbN H)}.

Proof of Corollary 5.1.3. Let {f,} C A(E) be a tenting sequence at x € aEb N
H. Then the restrictions of the f, toa EbN H form a tenting sequencein A(aEbNH).
By the theorem, there is a Sidon subsegence of the restrictions. It is obvious that the
unrestricted subsequence is also a Sidon sequence. O

COROLLARY 5.1.4. Let G be a non-discretelocally compact abelian group or a
non-discrete compact group. Let E be a compact subset of G and H a closed non-
discrete infinite subgroup of G and a,b € G. If aEb N H supports a non-zero
synthesizable pseudofunction S for H, then A(E) is not Arens regular.

Proof of Corollary 5.1.4. This is immediate from Theorem 5.1.1 and Coro-
llary 5.1.3. O

5.2. Proof of Theorem 5.1.1—abelian case. We may assume that the group is
compact and metrizable, by subsection 3.1.
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The reader will note that, in what follows, if the estimates are done with smaller
quantities (replacing the constant “3”, for example, at each induction step with “1+¢;”,
where €; — 0%), one will obtain the assertion about strong Day points. We omit
those details.

In any case, the proof uses Lemma 3.2.1 to produce two sequences of pseudofunc-
tions vj, 7; and elements g;, h; of A(G) having the properties thatfor1 < j < J <
OO,

(5.2.1a) v; = g;S, 1 =h;S, a & Supp(v; + 15),
(5.2.1b) illem = llzjllem = 1,
and

(5.2.2) <3-8"7.

J
215 — 1
1

The supremum is taken over the dual group I" of G. Also, g;, hj € A(G) are such
that vj, t; are weak™ close to unit point masses (which can be done by Lemma 3.2.1).
We will also find a subsequence {fy} of { f,} such thatfork > j > 1

(o)

(5.23) Supp fu, N Supp(v; + ;) = ¢ = Supp fu, N Supp 7;;
while for k > j

(5.24) (foy» vie = )| < 87,

and, for all j,

(5.2.5) [1 = (f,v)] < 877"

It then follows that any finite sum g = Zf’ Ck fn, has norm that can be estimated
as follows. First,

(5.2.6)

N -
Ck
<8, Z 'l'c—k—l(vk - Tk)>

1

el (1-
>3 o (1 - ——) ,
: 49

by iterating (5.2.4)~(5.2.5). (If ¢x = 0, we define I-LI to be 0.) Since

N -
Ci A N
527 > & - =3
1 J 00
1-3 X
(5.2.8) lgla = —5*= 3 Il
1

Now apply (5.2.8) to conclude that f,, is a Sidon sequence with d > 1—_3‘%’-



ARENS REGULARITY AND WEAK SEQUENTIAL COMPLETENESS 733

[Note: the quantity % appearing in (5.2.6) and (5.2.8) comes from calculating the
ki —k _ -1
crror T, 8 = ¥ by < 3, B8t = B EL _ 818 8
It remains to show how (5.2.1)—(5.2.5) can be achieved.
We begin (here we use the metrizability) by chosing a neighborhood basis {U,} at
a consisting of open relatively compact sets such that

(5.2.9) Upy1 C Uy forn > 1.
We may assume (by passing to a subsequence) that
(5.2.10) Supp f, C U, forn > 1.

We begin with some preliminary remarks concerning (5.2.2)—(5.2.5).

Ad (5.2.2. If we did not have to worry about (5.2.2)—(5.2.5), we could achieve
(5.2.2) by using only the facts that S is a pseudofunction supported on E, and v; =
giS,tj = h;S,sothatif 1 < K, and v;, 7; (1 < j < K) are such that (5.2.2) holds
for 1 < J < K, then there is a finite (a. k. a. compact) subset L C I' such that

J
(5.2.11) Doy -l <1677
1

outside L, and, so for one of the compact neighborhoods U, of a, it is true that if
Vk+1, Tk+1 are any probability measures supported in U,, then |Dgy1 — Tx41| <
167X on L. We replace “any probability measure” with pseudofunctions using
Lemma 3.2.2, to ensure that v; and t; are pseudofunctions which satisfy the (5.2.11);
that will follow from taking pointwise limits on L (a consequence of the weak*
convergence). Now (5.2.2) follows for J = K + 1.

Ad (5.2.3). This is easily obtained by using (1.5.3), since we ensure that the
(closed) supports of the v; and ; exclude a.

Ad (5.2.4). For any J, the functions f,;, 1 < j < J are a fixed finite collection.
Their continuity will tell us that (5.2.4) will follow if v;4;, 774 are point masses
sufficiently close to a. We now use Lemma 3.2.1 (applied to those two point masses)
to replace those two point masses with pseudomeasures.

Ad (5.2.5). We will achieve this by ensuring that the support of 7; misses the
support of f,, (see the remark above concerning (5.2.3)), and also ensuring that v; is
sufficiently close (weak*) to a unit point mass near a (see the preceding paragraph).

We now begin with 7,: we choose 1; to be any pseudofunction of the form g; S
whose support excludes a and which has pseudomeasure norm 1.

We now choose f,, such that Supp f,, N Suppt; = ¢, which is possible by
(1.5.1)—(1.5.3). Now use (1.5.2) and a weak* approximation of a point mass (using
the fact that f,, € A(E)) to choose a pseudofunction v; of the form /.S such that
a & Supp vy, (5.2.5) holds for j =1 and ||v|| = 1.

We have now satisfied (5.2.1)—(5.2.5) ((5.2.4) is vacuous here) for j = 1. That
begins the induction.
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We now suppose that K > 1 and that we have found pseudofunctions v;, t; such
that (5.2.1)=(5.2.5) holdfor 1 < J < K.

Choose a neighborhood U of a such that U does not intersect the supports of any
of the v, 7j, 1 < j < K. That is possible by (5.2.1). If necessary, make U smaller,
so that (5.3.2) holds for J = K + 1 for all pairs v, T, of probability measures
supported in U. We, of course, immediately replace those probability measures by
weak* approximants of the form AS as above. See Ad (5.3.2) for how to do this.
If necessary, make U smaller still so that (5.2.4) holds for all pairs vg.j, g+ of
probablity measures supported in U. See Ad (5.2.4) for how to do this.

Now use (1.5.3) to choose ng4; so large that U N Supp u is not contained in
Supp fu,,,. With this, we can choose 7x; = g;§ to be a pseudofunction supported
in U\ Supp fr,,, that is sufficiently close (weak*) to a probability measure (e.g., a
unit point mass) supported in that set.

Finally, choose vk = h;S such that a € Supp vk but (5.2.5) holds for j =
K + 1. See Ad (5.2.5) for how to do this.

That completes the induction and the proof. O

COROLLARY 5.2.1. Let E be a subset of the locally compact abelian group G.
Suppose that H is a closed non-discrete subgroup of G and that E contains the
translate, K + x,0f a relatively open subset K of H. Then E contains Day-1 points.

Proof.  The Haar measure of H, restricted to a compact subset of K, is a mea-
sure (even) whose Fourier-Stieltjes transform vanishes at infinity on H. Now apply
Corollary 5.1.3. 0O

Remark 5.2.2. Compare with [11, Cor. 10, p. 417], for example.

5.3. Proof of Theorem 5.1.1—nonabelian case. We give the Theorem 5.1.1 in
the non-abelian case. Here, G will denote a compact (hence, amenable) group. We
may assume that the group is metrizable, by subsection 3.1.

The proof closely follows the lines of the proof of Theorem 5.1.1, but using
Lemma 3.4.1 to give the conclusion that we can sum appropriate elements of P F(G)
with the norm being bounded. We note that if x, y are sufficiently close to each other,
then all eight norm differences

(5.3.1) “ (Ox — dxy) * S“ AG)* and "S * (Bax — siy)"A(G)*

are small (by a 2e-argument using the fact that S is a pseudofunction , i.e., norm limit
of elements of L!(G)), and (5.3.1) also holds if the point masses are replaced with
elements of A(G)* with supports close to each other and norm 1, where we again
use the fact that S is a pseudofunction to obtain the conclusion. (The fact that S is
a pseudofunction is used by approximating S in P M-norm by an element of L!(G),
using continuity of translation, from both sides, in L!, and a 3e-argument.)



ARENS REGULARITY AND WEAK SEQUENTIAL COMPLETENESS 735

Use Lemma 3.4.1 (as indicated above) to produce two sequences of pseudofunc-
tions v;, 7; and elements g;, h; of (A(G) having the properties thatfor 1 < j < J,

(5.3.2a) vj =g;S, 1j = h;S, a & Supp(v; + 15),
(5.3.2b) Ivillaer = lIzjlla@yr =1,

J
(5.3.3) D v = gillacy <3-87".

]

We are using the notation of 5.2 to make the parallels clearer. Also, gj, hj € A(G)
are such that v;, t; are weak* close to unit point masses (which can be done by
Lemma 3.2.1).

We will also find a subsequence {f,,;} of { f,} such that fork > j > 1,

5.34) Supp fn, N Supp(v; + ;) = ¢ = Supp f,, N Supp 7;;
while for k > j,
(53.5) |(foy e = w)| < 87575
and, for all j,
(5.3.6) |t = (fv))| < 87
Then any finite sum g = Zf’ ¢j fn; has norm that can be estimated as follows.
First,
¢
(537 ‘(g, Py (URA) Z loj (1 - —) :
J
by iterating (5.3.5)—(5.3.6). Since
(5.3.8) ”Z L-z| =3,
lcl A(G)*
we have
1-3 &
(5.3.9) lglae = —2 Y Iesl.
1

Now apply (5.3.3) to conclude that f,, is a Sidon sequence with d > 1;;12

It remains to show how (5.3.2)-(5.3.6) can be achieved.

We begin by choosing a neighborhood basis {U,} at a consisting of open relatively
compact sets such that

(5.3.10) Upy1 C Uy forn > 1.
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We may assume (by passing to a subsequence) that
(5.3.11) Supp f» C U, forn > 1.

We begin with some preliminary remarks concerning (5.3.3)—(5.3.6). Many details
are identical to those in the corresponding parts of Section 5.

Ad (5.3.3). If we did not have to worry about (5.3.4)—(5.3.6), we could achieve
(5.3.3) by using only the facts that S is a pseudomeasure, and v; = g;S,1; = h;§
have norm 1, so thatif 1 < K, and vj, 7; (1 < j < K) are such that (5.3.3) holds
for 1 < J < K, then there is a finite subset (because the dual object Gis discrete)
L c G such that Z{ v = tills@, < 16~/ for p ¢ L, and so for one of the
compact neighborhoods U, of a, it is true that if vk, Tx4+1 are any probability
measures supported in U,, then

(5.3.12) vkt — Txs1lls) < 1675 /d;

for all T € L. Now replace the probability measures vg.y), Tx+; With pseudomea-
sures of the forms vgi| = gx+1S, Tk+1 = hg+1S still (by weak* approximation)
satisfying (5.3.12). Now (5.3.3) follows for J = K + 1.

Ad (5.3.4). No change from the discussion Ad (5.2.3): this is easily obtained by
using (1.5.3), since we ensure that the (closed) supports of the v; and t; exclude a.

Ad (5.3.5). No change from the discussion Ad (5.2.4).

Ad (5.3.6). We will achieve this by ensuring that the support of z; misses the
support of fy, (see the remark above concerning (5.3.4)), and also ensuring that the
support of v; is sufficiently close to a (see the preceding paragraph).

We begin with t;. We choose 7; = g; S to be any pseudomeasure of that form, of
norm 1, whose support excludes a. We now choose f,,, such that Supp f,, NSupp 71 =
¢, which is possible by (1.5.3). Now use (1.5.2) and the continuity of f,, to choose
a first an x % a and then a pseudomeasure v; = h;S weak* close to x such that
a ¢ Supp v; and (5.3.6) hold for j = 1.

We have now satisfied (5.3.2)—(5.3.6) (item (5.3.5) is vacuous here) for j = 1.
This begins the induction.

We now suppose that K > 1 and that we have found pseudomeasures v; = g;S§,
7j; = h;§ such that (5.3.2)-(5.3.6) hold for 1 < J < K.

Choose a neighborhood U of a such that U does not intersect the supports of
any of the pseudomeasures v;, 7;, 1 < j < K. If necessary, make U smaller, so
that (5.3.2) holds for J/ = K + 1 for all pairs vgy, Tx+1 of probability measures
supported in U. See Ad (5.3.2) for how to do this. If necessary, make U smaller
still so that (5.3.3) holds for all pairs vk, Tx+ of probability measures supported
in U. Then take weak* approximants of the form AS. See Ad (5.3.5) for how to do
this.

Now use (1.5.3) to choose ng; so large that U N Supp u is not contained in
Supp fuy,,. With this, we can choose x4 = g;S to be any norm 1 pseudomeasure
supported in U\ Supp f,.,,-
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Finally, choose vk.+1 = h;S such that a ¢ Supp vk, but (5.3.6) holds for j =
K + 1. See Ad (5.3.6) for how to do this.
That completes the induction and the proof. O

6. No A,-analogs of Theorem 4.1.3 and Theorem 5.1.1?

6.1. Discussion. Forl < p < 00, A,(G) denotes the algebras of Herz [13, 14]:
f € A,(G) iff there exist g; € LP(G) and h; € L9(G) with f = Yog* h; and
Y ligillplikjlly < oo. The norm if f is the infimum of the sums Y llg;ll, Ik llq
subject to f = ) gj * hj. When G is amenable, the set A,(G) is in fact a regular
Banach algebra. Of course, A2(G) = A(G), the usual Fourier algebra.

In this section we give evidence that Theorem 4.1.3 and Theorem 5.1.1 may not
generalize to the A,-spaces. The difficulty involves the extension of the lemma about
von Neumann algebras, Lemma 3.4.1.

An opposite extreme from a von Neumann algebra might be L!(T). For that latter
space, we have the statement that follows about its elements, which is also a statement
about multipliers on L!(T).

PROPOSITION 6.1.1. There exist f,g € L'(T) such that | f|l; = lglh = 1,
fxg=0,and | f +glh =2

Proof. We let f1 = 10(1|[0le61 * 1,[_%,0]). Then f; has L'-norm 1. We let
f(x) = fi(2x). Then f has L'-norm 1, is supported on [-1, U [x — i, 7 + 1]
and has Fourier transform supported on the even integers. Let g(x) = et fx+7).
Then g also has L!-norm 1, is supported on [z - %, T+ %] U [37" - %, 37” + %],
and has Fourier transform supported on the odd integers. Thus f %« g = 0, and
If+sgll=2 0O

6.2. Difficulties for A,(E). The following observation suggests that it will be
difficult to generalize Theorem 5.1.1 to the case of A,-algebras.

COROLLARY 6.2.1. There exist | < p < 2 and functions f,g € L,(T) whose
norms || - ||y, as multipliers on LP(T) satisfy || flim, < 1, llgllm, < 1, f*g =0, but
If+sgll =3/2

Proof. Let f, g be the functions given in the proof of Proposition 6.1.1. Since
f>g € L'(), it follows that f|ls, < 1 and |[gllm, < 1. But | fllec = I€llec = 1,

so 1 fllm, = Ifls, = IFlloo = 1 and ligllss, = liglar, = l&lloo = 1. Thus
Il fllm, = llgllas, = 1. And, by approximation, if p is sufficiently close to 1, then
the norm of f + g as a multiplier on L?(T) is close to its L'-norm of 2, that is

Nf+gllm, = %: let & be a trigonometric polynomial such that ||4|l; = 1 and



738 COLIN C. GRAHAM

I % (f + &)l > 3. Let G(p) = |lh * (f + &)ll»/lIkll, > 3. Then G is continuous
in p (0 < p < 00). Since G(1) > %, G(p) > % for some p > 1. Hence, for that p,
If+gllm, >3 O

7. Problems

General questions.

1. If A(E)** is Arens regular, is E Helson (i.e., A(E) = C(E)). Or: if A(E)
and A(E)**, A(E)***, ... are all Arens regular, is A(E) = C(E)? Suggested by
H. H. Dales [4]

2. For which non-Helson subsets E of a locally compact abelian group is A(E)
Arens regular and A(E)** not Arens regular?

3. Can A(E)** be Arens regular for non-Helson E?

4, If E is analytic, must A(E)** be non-Arens regular?

5. If A(E) and A(F) are Arens regular, is A(E U F) Arens regular? [4]

Questions about A.

6. Under what conditions on E (and 1 < p < 2?) can we say that A,(E) is not
Arens regular.

7. Does there exist E such that A, (E) is weakly sequentially complete (or Arens
regular) for some p and not others? Do (must?) the “good” p form an interval?

8. If p # 2, give conditions on E (and p?) so that A,(E) contains a tenting
Sidon sequence.

9. If p # 2, can A,(T) contain a tenting sequence that is strong Sidon? In other
words, does T contain strong Day points for A,(T)?

10. Ifl < p<2,and E C T, can A,,(E) contain an element f of norm one
such that { f*} is a Sidon sequence? What if £ = T?

11. Is M, Arens regular? What about P F,?

WSC and bounded synthesis.

12. Let S? denote the unit sphere in R3. Is A(S?) weakly sequentially complete?
[Surface area measure on $? is a pseudofunction, so every point in S? is a Day point
for A(S?), but 52 is not a set of spectral synthesis [24].]

13. Find a compact set E C G (for some compact abelian group G, ideally T)
such that E is not a Helson set, and A(FE) fails the conclusion of Theorem 4.1.3.
Alternatively, show that no such E exists. See Remarks 4.1.4.

14. Does bounded synthesis hold for the synthesizable pseudomeasures on $%?
If so, the proof of Theorem 4.1.3 shows that A(S?) is wsc. More generally, when can
bounded synthesis hold for the synthesizable pseudomeasures on a set of non-spectral
synthesis? [A Helson set of non-synthesis is one such example. Are there others?]

15. Suppose E is the closure of an open set. Is A,(E) weakly sequentially
complete for some 1 < p < oo (all p)? [Note that A,(E) is not quite the same as
{f € Ap(G) : Supp f C E}, which is wsc. See [10, p. 131].]
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16. Suppose E is the support of a synthesizable pseudofunction and that E has
empty interior. Is A,(E) weakly sequentially complete for some 1 < p < 00 (all p)?

17. Under what conditions does A(E) non Arens regular imply A(E) weakly
sequentially complete? [See Remarks 4.1.4(iv).]

18. Does E countable and compact imply that A,(E) is not weakly sequentially
complete?

19. Does there exist E such that A(E) (or A,(E) for some, all? p) is neither
weakly sequentially complete nor Arens regular?

20. If E is of spectral synthesis and is the support of a pseudofunction, must E
be of bounded synthesis? Must A(E) be wsc?

Translation-invariant means.

21. Can a tenting sequence have just 2 weak accumulation points? Or is it the
case that the set of accumulation points of a tenting sequence is either a singleton or
infinite (uncountable?)? See Remark 2.5.1.

22. If A(E) is not Arens regular, must A(E)** contain c translation-invariant
means?

Tenting sequences.

23. If A(E) is not Arens regular, must A(E) contain a Sidon tenting sequence?

24. Are tenting-M sequences needed, that is, if E has a tenting-M sequence at
a € E, is there a tenting-1 sequence in A(E) ata?

25. Consider a generalization of tenting sequences: if for some § > 0 we have
(instead of (1.2))

(1.2) | fallacgy = éforalln > 1, and li;n fn(0) =0.

we say {f,} is a pup tenting-M sequence. (The other requirements are unchanged.)
What conditions are needed for A(E) to be non Arens regular if A(E) has a pup
tenting sequence which is Sidon? Meyer and Granirer [11], [19] show thatif E C R
is ultrathin, then every pup tenting sequence in A(E) has a Sidon subsequence.

26. If E has a pup-tenting sequence ata € E, is there a tenting sequence in A(E)
ata?

REFERENCES

R. Arens, The adjoint of a bilinear operation, Proc. Amer. Math. Soc. 2 (1951), 839-848.

B. Beauzamy, Introduction to Banach Spaces and their geometry, Notas Mat., No. 86; North-Holland

Mathematics Studies No. 68, North Holland, Amsterdam, 1982.

3. P.Civin and B. Yood, The second conjugate space of a Banach algebra as an algebra, Pacific J. Math
11 (1961), 847-870.

4. H. G. Dales, Private communication, 1999.

5. P.Eymard, L’algébre de Fourier d’un groupe localement compact, Bull. Soc. Math, France 92 (1964),

181-236.

N



740 COLIN C. GRAHAM

o

10.
11.
12.
13.
14.

15.
16.

17.

18.

19.

20.
21.

22.

23.

24.
25.

26.

27.

C. C. Graham, Arena regularity and the second dual of certain quotients of the Fourier algebra, Oxford
J. Math., to appear.

, Arens regularity for quotients of the Herz algebra A, Bull. London Math. Soc., to appear.
— ,Arens regularity and related matters for A(E + F), in preparation.
C. C. Graham and O. C. McGehee, Essays in commutitative harmonic analysis, Springer-Verlag, New
York, 1979.
E. E. Granirer, On some spaces of linear functionals on the algebras A,(G) for locally compact
groups, Colloq. Math. 52 (1987), 119-132.

, Day points for quotients of a Fourier algebra A(G), extreme nonergodicity of their duals
and extreme non Arens regularity, Illinois J. Math. 40 (1996), 402-419.
F. Greenleaf, Invariant means on topological groups, Van Nostrand, New York, 1969.
C. Herz, Harmonic synthesis for subgroups, Ann. Inst. Fourier (Grenoble) 23 (1973), 91-123.
——, Une generalization de la notion de transformée de Fourier-Stieltjes, Ann. Inst. Fourier
(Grenoble) 24 (1974), 145-157.
E. Hewitt and K. A. Ross, Abstract harmonic analysis 1, II, Springer-Verlag, Berlin, 1963, 1970.
A.S. Krechis and A. Louveau, Descriptive set theory and the structure of sets of uniqueness, Cambridge
University Press, Cambridge, 1987.
J.-P. Kahane and R. Salem, Ensembles parfaits et séries trigonométriques, (nouvelle édition), Hermann,
Paris, 1994.
F. Lust-Piquard, Elements ergodiques et totalement ergodiques dan L (G), Studia Math. 69 (1981),
191-225.
Y. Meyer, Recent advances in spectral synthesis, Conference on Harmonic Analysis, Maryland, 1971,
Lecture Notes in Math. 266, Springer-Verlag, Berlin, 1972, pp. 239-253.
J. Pier, Amenable locally compact groups, Wiley, New York, 1984.
J. Pym, The convolution of functionals on spaces of bounded functions, Proc. London Math. Soc. (3)
15 (1965), 84-104.
J. Pym and A. Ulger, On the Arens regularity of inductive limit algebras and related matters, Quart.
J. Math. Oxford (2) 40 (1989), 101-109.
H. P. Rosenthal, Some recent discoveries in the isomorphic theory of Banach spaces, Bull. Amer.
Math. Soc. 84 (1978), 803-831.
W. Rudin, Fourier analysis on groups, Wiley Interscience, New York, 1962.
A. Ulger, Arens regularity of weakly sequential complete Banach algebras, Proc. Amer. Math. Soc.,
to appear.
N. J. Young, The irregularity of multiplication in group algebras, Quarterly J. Math (2) 24 (1973),
59-62.

, Semigroup algebras having regular multiplication, Studia Math. 48 (1973), 191-196.
—, Periodicity of functionals and representations of normed algebras on reflexive spaces,
Proc. Edinburgh Math. Soc (Ser. 2) 20 (1976), 99-120.

RR#1-Site V-61, Bowen Island, BC VON 1G0, Canada
ccgraham@alum.mit.edu



