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Introduction

By an application of the Smith classes to the tubular neighborhood of the
diagonal of the topological square X* of a finitely triangulable space X,
W.-T. Wu [8] introduced his immersion classes ¥"(X) foreveryn = 1,2, - - -
and proved that a necessary condition for X to be immersible into the n-
dimensional Euclidean space R™ is ¥"(X) = 0. By means of this condition,
he proved that the m-dimensional skeleton of the unit (m -+ 2)-simplex
cannot be immersed in R™ if » £ m < 2n — 1. His method is purely com-
binatorial, and hence it cannot be extended to general spaces.

In a recent paper on isotopy invariants [1], the author defined the envelop-
ing space F,.(X) of any given topological space X for each integer m > 1.
If X is finitely triangulable, then E,.(X) has the same homotopy type as the
boundary of a tubular neighborhood of the diagonal in the topological power
X"

The objective of the present paper is to apply the Smith theory to £,.(X).
This leads to the immersion classes ¥,,(X) defined for every topological
space X. If X is a metric space, we consider a subspace E..(X, 8) of E,.(X)
for every real number § > 0 and prove that the inclusion E.(E, §) C E.(X)
is a homotopy equivalence. This enables us to localize the situation and to
establish the main theorem that a necessary condition for a compact metric
space X to be immersible into R™ is ¥z (X) = 0.

CHAPTER I. GEOMETRICAL CONSTRUCTIONS
1. Residual and enveloping spaces

Let X be an arbitrary topological space, and m > 1 a given integer. Con-
sider the m® (topological) power
wW=X"
of the space X; in other words, W denotes the topological product
X X -+ X X of m copies of the space X. There is a natural imbedding
d: X—-W

defined by d(z) = (x, --+,2) e W for every x in X. This imbedding d is
called the diagonal imbedding of X into its m®™ power X™. By means of d,
the space X can be identified with a subspace d(X) of X™, namely, the
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diagonal of the m™ power X™. Thus, we obtain a pair (W, X) of a space
W = X™ and a subspace X of W.
The m*™ residual space of the space X is defined to be the subspace

Bu(X) = W\X = X"\X

of the mt™ topological power X™, where W\X denotes the set-theoretic differ-
ence.
Next, let us consider the space P(W) of all paths ¢ : I — W in the topo-
logical power W = X™ of the space X with the usual compact-open topology.
The mt™ enveloping space of the space X is defined to be the subspace

E.(X) = E(W,X) = E(X", X)

of the space P(X) which consists of all paths ¢ : I — W such that o(t) ¢ X
if and only if ¢ = 0. In other words, a path o e P(W) is in E,(X) if and
only if it issues from X and never comes back to X again.

As shown in [1], the isotopy types of the spaces R..(X) and E.(X) are
isotopy invariants of the space X. Hence, every isotopy invariant of R..(X)
or E,(X) is an isotopy invariant of X. In particular, every homotopy
invariant of R,.(X) or E,(X) is an isotopy invariant of X, [2].

2. Operations of the cyclic group

Let m > 1 be a given integer, and let G denote the cyclic group of order
m with £ as a generator. Then G acts on the topological power W = X™
as a group of left operators defined by

E(xl7x2) "'7xm—1,xm) = (-’1:2.1133, "',xm,x])

for every point z = (21, -+, 2Zm) of X". Then the diagonal X of X™ is
precisely the set of all fixed points of £ and hence of all elements in G. Fur-
thermore, £ maps the subspace R,(X) of X™ homeomorphically onto itself.
It follows that G acts on the mt residual space R,.(X) of X without fixed
point, provided that m is a prime.

Next, let o e F,.(X) be arbitrarily given. Since ¢ leaves X pointwise
fixed and sends R,,(X) into itself, it follows that the composed map

fog: I — X"

isin E,(X). Therefore, the cyclic group @ acts on the m* enveloping space
E.,.(X) of X by means of the operation defined by

(o) = too

forevery o € E,,(X). Since o(1) € R,.(X) and £ has no fixed point in B,,(X),
it follows that
o) # o (0 e En(X)).

Hence @ acts on E,.(X) without fixed point provided that m is a prime.
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The orbit spaces
Ru(X) = Ru(X)/G and En(X) = E.(X)/G

will be called the m* cyclic residual space and the m*™ cyclic enveloping space
of X respectively. If ¢ : X — Y is an imbedding, then ¢ induces imbeddings

Ra(d) : Bo(X) —» Ru(Y),  En(d) 2 En(X) — En(Y)

in the obvious way. Furthermore, if the imbedding ¢ is an isotopy equivalence
[2, p. 168], it follows as in [1, p. 343] that the imbeddings R} (¢) and E}: ()
are isotopy equivalences. Hence the isotopy type of the spaces R (X) and
E(X) are isotopy invariants of the space X.

3. The natural projections

Consider the m®™ enveloping space F,(X) and the mt residual space
R, (X) of a given space X as defined in §1. Let ¢ be an arbitrary point in
E,(X); then ¢ is a path ¢ : I — X™ such that ¢(¢) ¢ X if and only if ¢ = 0.
In particular, (1) is a point of R,.(X). Hence, the assignment ¢ — o(1)
defines a function

7 n(X) — R (X)

which will be called the natural projection from FE,(X) to R.(X). Since
E,(X) is a subspace of the space P(X™) of paths in X™ with the compact-
open topology and R,.(X) is a subspace of X", it is obvious that = is con-
tinuous.

Next, considering the homeomorphisms £ on both E,,(X) and R.(X) as
defined in §2, we obtain the following diagram:

En(X) -5 Ru(X)

{
En(X) -1 Ru(X).

From the definitions of the mappings ¢ and =, one can easily see that the
preceding rectangle is commutative, i.e.,

mof=Ffom
holds. It follows that = induces 2 mapping
7 EE(X) — RE(X)

in the orbit spaces. This continuous map will be called the natural projection
from En(X) to Rn(X).

4. The subspace E,(X, 9)

Throughout the present section, let X be an arbitrarily given metric space
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with a distance function
d: X XX—-R.

This distance function d in X induces a distance function
d: X"XX"—>R
in the topological power X™ defined by
d(u,v) = Max {d(us,vs) |2 =1, -+, m}

for arbitrary points w = (uy, -+, Un) and v = (v1, + -+, v,) in X™.

For any positive real number 6, let £,.(X, §) denote the subspace of the
m® enveloping space F,(X) which consists of all paths ¢ € F,.(X) satisfying
the condition

dle(0), ()] < &

for every tel. Obviously, E.(X,d) is invariant under the operators G
defined on E,(X) in §2. In fact, ¢ sends E..(X, 8) onto itself. Therefore,
we have the orbit space

E;(X, 6) = Em(X; 5)/G

TaworeM 4.1. There exists a homotopy
he t Bp(X) — B (X) (tel)

satisfying the following conditions:
(4.1A)  ho s the identity map on E,.(X).
(4.1B)  hy sends E,.(X) into E,.(X,8).
(4.1C) For every t € I, h, sends the subspace E,,(X, 8) inlo itself.
(4.1D) Foreverytel,hyof = Eoh,.

Proof. Define a real-valued function x on the topological product
E,.(X) X I by taking

K(O’, t) = 6_1 Supsgt d[0(0>) U(S)]

for every o e I{,(X) and every ¢t e [. Continuity of « is obvious. Further-
more, for any given ¢ in F,,(X), the function «, : / — [ defined by

ks(t) = min [«(a, t), 1] (tel)

is continuous and nondecreasing. By the definition of F,(X), we have
k.(t) = 0 if and only if ¢t = 0. Hence we may define a continuous real
function

wi (X)) —>1
by taking u(¢) to be the unique solution of the equation
k() =1 —1

in the variable t e [. It is easily verified that 0 < (o) < 1 for each ¢ in
E.(X).



IMMERSIONS OF COMPACT METRIC SPACES 419

By means of the continuous real function u, we may define a homotopy
hi + BEn(X) — En(X) (tel)
as follows. For each path ¢ ¢ E,,(X) and each ¢ ¢ I, hy(o) € E,(X) is defined
to be the path in X™ given by
[he(a)]1(s) = ols — st + stu(o)]

for every s e I. Intuitively speaking, h;(c) is obtained from ¢ by omitting
the part of ¢ outside of the point ¢ [1 — ¢ + tu(a)].
It follows immediately from the definition of the homotopy h: that he
is the identity map on E,(X). Hence (4.1A) holds.
By the construction of u, one can easily verify that
d{[m(0)1(0), (o) 1(1)} = d{e(0), oltu(o)}} = 8[1 — p(o)] <o

for each o e E.,(X) and each t ¢ I. Hence hi(o) isin E,(X, §). This proves
(4.1B).

By the definition of k. , it is clear that h; sends E,.(X, ) into itself. Hence
(4.1C) is satisfied.

Since h; is defined essentially coordinatewise, we obviously have (4.1D).
This completes the proof of (4.1).

Because of (4.1D), the homotopy h: induces a homotopy

b EEX(X) — Eh(X) (tel)
of the m'* cyclic enveloping space
En(X) = En(X)/G.

The conditions (4.1A-C) imply that h¢ is the identity map on Ei(X), h¥
sends E;:(X) into the subspace

En(X,8) = Eu(X,0)/G,
and h¥ sends Ex(X, 8) into itself. Hence, we have the following corollary.
CoroLLARY 4.2. The inclusion map
i BX(X,8) C EX(X)
s a homotopy equivalence.
CaAPTER II. APPLICATION TO IMMERSIONS
5. Immersion classes
By an imbedding of a space X into a space Y, we mean a continuous map
f:X->Y

which carries X homeomorphically onto a subspace f(X) of Y.
By an ¢émmersion of a space X into a space Y, we mean a continuous map

g: X—Y
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such that, for each point x ¢ X, there exists a neighborhood U of z in X such
that the restriction ¢| U is an imbedding of U into Y.
Let X be an arbitrarily given space, and m > 1 any prime number.
Consider the m' residual space R,.(X) and the m®™ enveloping space
E..(X) of the given space X together with the periodic homeomorphisms £ on
R..(X) and E,(X) induced by the operation

(1,22, oy Tty Tm) — (B2, Tz, *+ 0y Ty 1)«

The Smith invariants defined in [4] and [8] can be obviously generalized to
singular homology. Since the homeomorphisms ¢ are free of fixed points,
the Smith characteristic classes of the pairs (R.(X), £) and (E.(X), &) are
well-defined. Let us denote for each integern = 1,2, 3, .-

(X)) = x"[Bu(X), &,  ¥u(X) = x"[En(X), E.

The classes ®,,(X) are exactly the ¢mbedding classes of X studied by W.-T.
Wu in [8]. The classes ¥,.(X) will be called the immersion classes of the
given space X. In case X is a finite simplicial complex, one can prove that
these immersion classes are essentially those introduced by Wu [8] by means
of the tubular neighborhood of X in X™. The method of proof is similar to
that used by the author in [1] and hence is left to the interested reader.

For the important special case m = 2, we will use the simpler notation:

"(X) = ®:(X), ¥'(X) =¥:(X).

The class ®"(X) will be called the n-dimensional imbedding class of X, and
" (X) will be called the n-dimensional immersion class of X.
The natural projection
7 EX(X) — RE(X)
induces a homomorphism
= H'(R(X); G) — H"(En(X); G)
for each integer n and every abelian coefficient group G. Since = is induced

by the natural projection
7w B (X) = Ra(X)

which commutes with £ we have the following proposition.
ProrosiTioN 5.1. For every n = 1,2, - -+, we have
T @n(X)] = ¥n(X).
6. Homomorphisms induced by imbeddings

Let us consider an arbitrarily given imbedding ¢ : X — Y of a space X
into any space Y. According to §2, this imbedding ¢ induces imbeddings

Ru(d) : Ru(X) — Ru(Y),
Ru(i) : Bn(X) — En(Y).
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As continuous maps, these imbeddings induce homomorphisms
Ry¥(0) : HM(Ry(Y); G) — H"(R(X); @),
En*(i)  H"(En(Y); 6) — H*(En(X); G),
for each dimension n and every abelian coefficient group G. In case 7 is an

isotopy equivalence, then R (7) and E};(%) are obviously isotopy equivalences,
and hence we get the following proposition.

ProrosiTion 6.1. If 7 : X — Y s an isotopy equivalence, then the induced
homomorphisms Ry () and Ex*(3) are isomorphisms.

The following proposition is obvious.
ProrositioN 6.2. For an arbitrary imbedding ¢ : X — Y we always have
Ry (D) [@n(Y)] = ®n(X),  Ex*()[¥n(Y)] = ¥n(X).

It follows from (6.1) and (6.2) that the immersion classes ¥,.(X), as well
as the imbedding classes ®,,(X), of any given topological space X are isotopy
invariants [2].

7. Homomorphisms induced by immersions

In the present section, we are concerned with an arbitrarily given immersion
j: X — 7Y of a compact metric space X into any topological space Y.

For each point z of X, choose an open neighborhood U, of z in X such that
7| U, is an imbedding. Since X is compact, the open cover

e={U,|zeX}
has a finite subcover F; in other words, there exists a finite number of points
2y, -, &, in X such that the subfamily
§ = {le y Ty Uwq}

of @ covers the space X. Let ¢ > 0 denote a Lebesgue number of &, that
is to say, ¢ is a positive real number such that every subset of X with diameter
not greater than ¢ is contained in at least one member of &.

Let 6 = %¢, and consider the subspace E,.(X,5) of the m* enveloping
space F,(X) of the metric space X as defined in §4.

Let ¢ e £,,(X,8) be arbitrarily given. Since ¢ : I — X™ is a path in the
mt topological power X™ of X, we may compose ¢ with the m® topological
power

X" —-Y"
of the given immersion j : X — Y and obtain a path
jreg: I—-Y™

By the choice of the real number § > 0, one can easily see that j” o ¢ is in
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the m* enveloping space E.(Y). In fact, ;” defines an imbedding
En(j) t En(X,8) — En(Y).

Since E.(j) commutes with the periodic homeomorphisms £, it induces
an imbedding
En(j) 2 En(X,5) = En(Y).

For each dimension n and every abelian coefficient group G, Ej(j) induces
a homomorphism

En*(5,8) t H"(En(Y); @) — H"(En(X, 8); G).
The following lemma, is obvious.
Lemma 7.1. For eachn = 1,2, - -, we have
En* (5, )Wn(Y)] = x"[En(X, 8), &.
Next, consider the inclusion map
1 Bi(X, 8) c EXX)
induced by the inclusion map
1: E.(X,8) C E.(X)

which commutes with the periodic homeomorphisms ¢ on F,(X, §) and
E.(X).
For each dimension n and every abelian coefficient group @, ¢* induces a

homomorphism
i HMEn(X); Gl — H"Ex(X, 8); GI.

The following lemma is obvious.
Lemma 7.2. Foreachn = 1,2, -+ -, we have
(X)) = X"[En(X, ), &
Since ¢* is a homotopy equivalence by (4.2), we have the following lemma.
LemMma 7.3.  The homomorphism i** is an isomorphism.
By means of the inverse of ¢**, we may define a homomorphism
Ex*(5) = @) 7o Ex*(j, 8) t H'EN(Y); Gl — H"En(X); G]

for each dimension n and every abelian coefficient group G. One can easily
verify that E;:*(j) is independent of the choice of the positive real number
8 used in the construction.

Combining (7.1) and (7.2), we get the following theorem.

TarorEM 7.4. For eachn = 1,2, - -+, we have
Ex* () m(Y)] = ¥n(X).
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8. Main theorem

TuareoreM 8.1. If a compact metric space X can be vmmersed in the n-di-
mensional Euclidean space R", then ¥"(X) = 0.

Because of (5.1) and (7.4), this theorem is a consequence of the following
lemma which was known to W.-T. Wu [8].

Lemma 8.2. ®"(R") = 0.

Proof. Consider the unit (n — 1)-sphere 8" in R", and define a con-
tinuous map
[t Ry(R™) — 8™

as follows. Let (z, y¥) be an arbitrary point of the second residual space
Rs(R™). Then z and y are two distinct points in R™ and hence determine a
directed line zy. From the origin O of R, draw a half line along the direction
zy. This half line meets S”™* at a unique point f(z, y). The assignment
(z, y) — f(x, y) defines a continuous map f from R,(R") into 8"

Now consider the homeomorphisms

£: Ry(R™ — Ro(R™), £:8"'— 8"

defined by £(z, y) = (y, x) for every point (z, y) € R:(R") and £(2) = —z
for every z ¢ 8. Then we have

RY(R") = Ry(R™)/, P = 8"/

where P™" denotes the (n — 1)-dimensional real projective space.
Since fo £ = £of, f induces a continuous map

f*: R¥(R™) — P,

For each dimension ¢ and every abelian coefficient group G, f* induces a

homomorphism
7 HU(P™ @) — HARE(RY); 6.
As in [4] and [8], we obtain
(R") = (8", ).
For the special case ¢ = n, we have
x"(8"7, %) =0
since P" " is of dimension n — 1. This implies
®"(R™) =0

and completes the proof of (8.2).
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