A PROBABILISTIC APPROACH TO PROBLEMS OF
DIOPHANTINE APPROXIMATION

BY P. ERDGS AND A. RENYI

Introduction
Let 21, 25, -+, 2, denote unimodular complex numbers
lzi|=11 j=1’25"°)n~
We put z; = /(0 < ¢; < 2r) and

(1) Si = 2512 (b =1,2---)
By a well known theorem of Dirichlet, for any integer w = 2 we can find a
positive integer k with 1 < &k < " and integers b, , by, - - -, b, such that
; 1 .
@ g—@_ il == (.7=1721""n)-
™ w

It follows for w = 5 that among the power sums S; (1 < k < "), thereis at

least one for which

| Sk | gncos2—7r.
w

This can be stated also as follows: For any choice of the unimodular numbers
z2; (7 =1,2, .-+, n), we have
(3) Max |Sy]| = en
1SR4 (e)]n
Sfor any ¢ such that 0 < ¢ < 1, where A(c) = [2x/arccos ¢] + 1. (Here and

in what follows [z] denotes the integral part of x.)
It is well known that Dirichlet’s theorem can not be improved. For in-

stance, if p; = 21/0’ (j = 1,2, - -+, n), wherew = 2 is aninteger, then among
the integers 1 = &k = " — 1 there is none for which all the inequalities

kej 1 .

’2?]—171' <:’o (.7=1727"')n),
where by, be, - - - , b, are integers, would be satisfied.

A simple example of G. Hajés (see [1], p. 16) shows that Dirichlet’s theorem
can not be much improved, even when we admit nonintegral values for %.
The example of Hajés is as follows: if we choose

2 .
¢J'=6_—;;~_‘1 (]=172:""n)’
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then among the real numbers 1 < ¢ < 6-5"" — 1 there is none for which the
relations

<é— (j=1,2,---,n)
would all hold, where by, by, -+, b, are integers. Similar examples could
be constructed for other values of w.

In the present paper we approach the same problems by an entirely dif-
ferent—probabilistic—method. Let ¢ = C® % 0 x .- x C® denote the
direct product of n unit circles, and define a probability measure P on C™
as the direct product of the uniform measures on each of the factors C®.
In other words, we consider the set 21, 2;, - -+, 2, of complex random varia-
bles, where z; = €%/, and the ¢; are independent real random variables uni-
formly distributed in the interval (0, 2x).

We shall show in §1, by using standard methods of the calculus of prob-
ability, that for every » > 1 and 0 < ¢ < 1 the set of those n-tuples of uni-

oi 4
9 U

modular complex numbers 2, 2z, - - - , 2. (i.e. those points of C'™) for which
4) Max | Sk | < en,
1< k<iexp(nc2/2)

has positive measure [Theorem 2]. This proves the existence of an infinity
of essentially different sets z;, 22, -+, 2, with z; = %7 (0 £ ¢; < 27) for
which the inequalities

oy _

< arccos ¢
2 !

= 2w

can not hold for an integer k in the interval 1 £ k < %e””'z’ (0 < ¢ < 1) and
with integers b; (j = 1, 2, - - -, n), because (5) would imply | S¢ | = ¢n. (In
fact we shall prove still more; see Theorems 1 and 3.)

In §1 we prove the existence of various sets 21, 22, - - -, 2, of unimodular
complex numbers, such that many of their power sums are relatively small
(or, expressed in another form, such sets 21,2, - -+, 2, of unimodular com-
plex numbers that the numbers &, e, 2% are rather uniformly dis-
tributed on the unit circle for many values of & [Theorem 4]). Our method
is principially unable to yield an explicit construction of such sets, though
such a construction by some other method would be rather interesting. The
reader, however, who is acquainted with the book [1] of P. Turdn, will imme-
diately see why the proof of the existence of sets with the mentioned proper-
ties is also in itself not without interest. In fact our results show that the
inequality (3), which is a consequence of Dirichlet’s theorem, can not be
essentially improved, i.e. the range of & can not be replaced by a range of
definitely smaller order of magnitude for n — «. Now in the book of Turdn
mentioned above, a series of important applications are given of lower esti-
mates concerning MaX,<i<s | Sk | with a relatively small range (a, b) of k.
Such estimates have been found by Turdn; of course his results on the ‘“‘short

(5)
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range” maximum of | S | give only small lower bounds. Our results prove
that this is inevitable.

In §2 we also shall prove a result [Theorem 6] giving a lower estimate of
Maxi<p<wn | Sz | (and another [Theorem 5] of the maximal discrepancy of the
set 2y (j = 1,2,---,n)forl =k £ N), valid for everysetz, - - - , 2, of uni-
modular complex numbers, which shows that the results of §1 are not far
from being best possible. Theorem 6 differs from the much deeper results
obtained by P. Turdn [1] in that it deals with the long range maximum of
| S|, while Turdn’s results are on the short range maximum of | Si| ; it
should be mentioned that Turin’s results are valid under more general con-
ditions (the z; need not be unimodular).

In §3 we call attention to some unsolved problems and to further possible
developments of our method.

1. Construction of particular sets of unimodular complex numbers
TarEOREM 1. There exists for every integer n = 2 a set 21, 22, *++ , 2, Of

n

unimodular complex numbers such that, putting Sp = D zf , we have'

) | Sk | < vV6nlog (& + 1) fork=1,2, ---.
Theorem 1 clearly implies
4" Max |Si]| < en for0 < ¢ < 151
1<k<exp(nc2/6)

the slightly stronger relation (4) can be proved by considerations similar to
those used in the proof of Theorem 1, but it does not follow from Theorem 1.
Thus we have besides Theorem 1 the following

TueorREM 2. There existsfor everyn = 2, a set 21,22, ** + , 2, of untmodular
complex numbers such that, putting Sp = D1 2i (b = 1,2, -+ ), we have

Max [ Sk | < en

1<k<}exp(nc2/2)
foreverycin 0 < ¢ < 1.
Remark. Of course Theorem 2 does not contradict (3), because
22 2w
arccos ¢

for0 < ¢ < 1lase™” £ ¢ < 4 < 2n/arccos c.
To prove Theorems 1 and 3 we shall need the following

LeEmMA 1. Lelz, 2,5, - - - , 2, denote independent complex-valued random vari-
ables, each of which is uniformly distributed on the circumference of the unit
circle. Then we have, putting ¢ = 21+ 20+ -+ + 2.,

) P(|¢n] = en) < 467 n=12-),

1 The inequality (6) is of course interesting only for k 4 1 < e®/8, because fork + 1 =
e™'® the inequality becomes trivial as | Sx | = » for any k.
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for 0 < ¢ < 1. (Here and in what follows P( --- ) denotes the probability of
the relation in the bracket.)

Proof of Lemma 1. Let us evaluate the mean value of |¢""| which we
denote by M (| € |) where \ is real. By our suppositions

M) = M Ta | €47 ]) = [M(| )T,

and thus
¢ A 1 2 Acose " - n
® ) = (o= [ o) = (s,
where Jo(x) denotes the Bessel function of order 0,
(=1 Ga)™

© so) = 3 0BT
As

. (_2_)\)210 < o %)\)Zk _ )\2/4
(10) go(@\) = kgo T = k_Z_j ="
it follows that
(11) M(| &™) =

Let us denote by ®(w) the real part of the complex number w. As the vari-
ables z;, —z;, 1z; and (—1z;) are identically distributed, ®(z;), ®(—z;),
®(72;), and ®(—17z;) are also identically distributed. Taking into account
that for w = w + @ we have

lw|=Vu+ < vV2Max(|ul|,]|v])
= /2 Max (®(w), ®R(—w), Qlw), ®R(—w)),

we obtain

(12) |60 ] £ V2 Max (®(E), R(—Ew), RK), R(—1K0).
It follows from (12) that for A > 0

(13) P(j¢u] 2 en) 4 PR 2 en/V/2),

and thus

(14) P(l¢alZen) 4P <| exp \» | = exp %)

Now we need the well known inequality of Markov according to which for
any nonnegative random variable £ we have

Ptz 4) = M®/A
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for any A > 0. Applying this inequality to the probability on the right of
(14), we obtain, taking (11) into account, that

A2 2N
(15) P(Iexp)\g'n|>exp\/—>=expn<4 —\/§>
From (14) and (15) it follows that

(16) P(l¢u| = en) £ 4expn<% — %),

for 0 < ¢ < 1and A > 0. Choosing for A the value A = ¢+/2, we obtain
the assertion of Lemma 1, which is therewith proved.

To prove Theorems 1 and 2, we start from the remark that if 2z; is uni-
formly distributed on the unit circle, the same is true regarding 2; for k = 1,
2, --- . It follows that if the random variables z;, 23, - -+ , 2, are independ-
ent, and each is uniformly distributed on the unit circle, the random variables
Se = X7 2} are all identically distributed, and we have by Lemma 1

(17) P(| Sp| = cn) < 4 0 <ec¢<1).
It follows from (17) that

(18) P( Max | S; | = cn) < 4Ne

1<ksN

Choosing N < 1¢"", we obtain
(19) P Max | Sk | = cn) <1,

1 <k<exp(nc2/2)

which implies the existence of a set 21, 2, - -, 2,, with |z;| = 1
G=1,2,---,n),for which | S; | < enfork < {e™ ',

This proves Theorem 2.

To prove Theorem 1, we deduce from (17) that

@) PUS |z VElEEFD) S (h=1,2, ).

Thus we obtain

| Sk | —) S 1
1) P (1\;1;5 Viegk +1) = Vi) <42 h+ 1) <
as
=TT + 0<% i+ f
This implies the existence of sets 21, 23, - -+, 2, for which

I

| Se| < V/6nlog (k + 1) for k=1,2 -
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Theorem 1 is thus also proved.?

For wvalues of ¢ near to 1, the range 1 <= k¥ =< N for which
Maxi<r<n | Sk | < cn, for a suitably chosen set 21, 22, +++ , 2., can be con-
siderably enlarged. This is expressed by

TaEoREM 3. There exists, for every n = 10 and every € with 0 < & < %,

asetz, 2, -, 2 of unimodular complex numbers such that, putting
Sk: Z;;‘lz? (k=1:2:"')’
we have
Max | S| < n(l — e).

1gk< (16nen—1)—1/2

Proof of Theorem 3. We have clearly

T /2
f ekcosga d§0 < f e)\eow d¢ + 7_£.
0 o 2

Introducing the new variable £ = \/2\(1 — cos ¢), We obtain
™ A /3 —=2/2 ]
Acosy L € &4 7_"
fo TR <Ak Vieem Tz
As1/A/1 —t <1+ tfor0 <t < %, itfollows that

L A 0 ©
\cosp € f —22/2 _];_f 2 —z2/2 ) 7_[
foe d<p<\/-x<oe dx+4>\0xe dx +2.

Thus we obtain

(22) [ oae < s (14 50) + 3
oL, ¢ /2m\ )T
We follow an argument essentially the same as that used in the proof of
Theorem 2. Taking into account that for any complex number w and any
positive integer h = 4, we have

(23) jw| = . Max @® (w exp _&'L_’I‘) ,
T 0Zr<h—1 h
cos =
h
further that )
2mir < Qwir
Si exp — 5 ;<zfexp — 7@7)

has the same distribution as S;, we obtain for any & = 1
2 It can be seen from the argument that the assertion
[Sk| < Vénlog &+ 1) (k=12:--)
could be replaced by | Sk | < V/4n log (k 4 4) or more generally by
1Sk < V20 + 6)n log (b + (4671)17%) for any & > 0.
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P(|Sy| =2 n(l —¢) = P( Max (R(Sk exp — 27;:7”) = n(l — &) cos %),

0=rsh—1

which implies
(24) P(S;,]| =2 n(l — &) = P <(R(Sl) = n(l — ¢) cos %)

Thus we obtain

P(8S:] =z n(l —¢) = hP(IeXS‘I = exp{ N1 — &) cos 7}—;}>

e 1 1\"
(25) . \/5?)1(1_'— >+§
exp {)\(1 — &) cos 77';}

Asfor X > 4,1 < € /4N \/2m\, it follows from (25) that
P ( Max |S;]| = n(1 — e))

IIA

1SkSN
(26) (1 + 2%\) exp{ A <1 — (1 — &) cos %)} .
=< Nh
2w\

Let us suppose n = 10 and 0 < ¢ < +% and choose

1
27) A= %%
and

(28) h=[w1/§]+1.
It follows from (26), (27), and (28) that
P (Max |s| = n(1l — e)) AN~/ne" ",
1<k<N

Thus
P( Max |S;| = n(1 — e)) <1 if N < (16ner-1)-12
1<ksSN
Thus there exist sequences 21, 22, -+, 2, of unimodular complex numbers
such that

Max [Si] < n(1 — &).
1Sk< (16nen—1)—1/2
Theorem 3 is therewith proved.

It is easy to see that by a slight modification of our argument we could
prove the existence of a set 21, 22, - --, 2, of unimodular complex numbers
for which assertions of the type of Theorem 1 and Theorem 3 hold simul-
taneously; of course the constants figuring in these theorems are to be
modified for this purpose. We obtain this way that, for » = 10 and
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0 < & < %, there exists a set 21, 22, * - , 2, of unimodular complex numbers
such that, putting S, = D1 25, we have

[Si]| < Vénlog (k +2) for k= "
and at the same time

|Sk] £ n(l — &) for k= (64ne™ )2,

In our Theorems 1, 2, and 3, instead of considering successive power sums,
ie. S, 8, -+, Sy, we may consider Si, , Sk, , - -+, Sey, Where by, ko, - -+,
ky is any set of different integers. We formulate only Theorem 2 in this
generalized form.

TuEOREM 2a. Let n = 2 bean arbitrary integer,0 < c < 1 and ky, ks, - - -

)

kx an arbitrary set of different integers, N < 16" Then there can be found
unimodular complex numbers 21, 25, + -+ , 2 such that, putting Sy = Y 1= 2
we have

Max |8k, | < en.
17N

The results proved up to now give no information whatever about the
numbers 2; , 2z, + + - , 2, for which all the values | Sz | (1 £ k £ N) are rela-
tively small, except the existence of an abundant set of such n-tuples. Never-
theless we can say something about the numbers z; figuring in our theorems,
by a slight modification of our argument.

In fact we can prove that the numbers z; (j = 1, 2, - -+, n) in Theorem 2
can all be chosen to be roots of unity of order p, where p is a prime greater
than ¢”>. The modification of the proof consists in that we suppose concern-
ing the random variables z;, not that they are equidistributed on the unit
circle, but that they take on each of the values p" (h = 0, 1, .-+, p — 1)
where p = ¢™'? with the probability 1/p; here as mentioned above, p is a
prime, p > ¢™*. In place of the fundamental formula (8) we obtain, pro-
vided that % is not divisible by p, putting again ¢, = D i 25,

[2/2] r1y\2r r
@) ) =1+ & G 3 W

ri2 rzp

where | b,| £ 1forr = p. Thus we obtain

(8" MM ]) < & i N =32,

and therefore Theorems 1 and 2 remain valid with the additional requirement
that 21, 22, - -+ , 2 should all be roots of the equation z° = 1, where p > ¢"
is a prime. Theorem 3 can also be proved with this additional requirement,
but in this case we have to suppose of course

p > (16ne" )12
We can develop our results somewhat further by considering not only the

power sums Sy = 2 25 for positive integer values of &, but also the sums
Sa = i1 2} for real values of .
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In this direction we can prove the following result:

TaHEOREM 1b. There can be found for every n = 2, a set 21, 22, -+ , 2a 0f
unimodular complex numbers
zf=ei¢i (O§¢j<27r;j=1:2)"'n)’
such that, putting Se = 2 1= €% where a is real, we have

| Su| = Viénlog (@ v/n + 1) + 2r(Vn + 2)
for any o = 1/[/7].
Proof of Theorem 1b. Let us choose numbers z; = €7 for which
IS = Venlog G+ D (h=1,2-),

which is possible according to Theorem 1. Let us put m = [v/n] and
w; = 27 . Then we have

2, uf

=1

Asforz = €°(0 £ ¢ < 2r), we have
(31) |& —2"| = (8~ a)2r
if 0 < a < B, it follows that

n
Z'w:

i=1

(30)

< Vénlog (an/n + 1) for a=7%,k=1,2,~--

(32)

Z ,wk/m

=1

m

for k/m = B < (k + 1)/m. Thus by (30) and (32), for » = 2 and any
a=1l/m,

| Sa| < Viénlog (@ v + 1) + 2r(\/n + 2),

which implies the assertion of Theorem 1b.

It follows simply from our results that there can be found a set 21,22, - - , 2,
of ummodular complex numbers such that for no & < %¢"? do all the num-
bers 25 (j = 1, 2, , n) lie on an arc of the unit circle of -length 2 arccos c:
because if thls were 0, then, for the set 21, 22, -+ , 2, figuring in Theorem 2,
for some k < 1e"’’ we Would have | 8¢ | > nc, in contradiction with The-
orem 2. But in this way it is impossible to deduce the existence of sets 2y,
22, -+, 2, of unimodular complex numbers for which 2, , % do not
all lie on an arc of length [ with # < I < 2« for some &k < (1 + §)". Never-
theless this is a consequence of Theorem 1, but to deduce it we need the finite
form of Weyl’s theorem due to P. Erdos and P. Turdn.

Let us denote by N{(e, ) the number of those among the numbers
2i(2; = €97,0 < ¢; < 2m;j = 1,2, -+, n) for which

0 =< a=ke; <B <21 (mod 27).
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According to the theorem of Erdés and Turan [2] we have

n = I Skz ‘)
<A <m it ; =)
where A > 0 is an absolute constant and m = 1 is an arbitrary integer, If
we choose the unimodular complex numbers 2;, 2z, - -+, 2, S0 as to satisfy

Theorem 1, it follows from (33) that we have fork = 1,2, - - -

N®(a,p) — E =

(33) 2w

) (- a)nl ( n = +/6n log (kI + 1))
(34) |N.'(a,B) B <4 m+1+; 7 .
Choosing

n= [ )]
log (k + 2) ]’
we obtain
N (@B _B—a| 4 <Vlog k+ 2

35) n 2w n

en 6 —
g T Y Vﬁl"g(’“’” Vm)

Thus we have

* _ 3/2
(36) iN" 7(7/04, B _ Bzwa = cl(lig/_n) for k < n,
n
and further putting & = (log (k + 2))/n,
(k) _
@n |Vl _ 6 “|§c2\ﬂslogf for Mgagl,
n 2T 8 n

where ¢; and ¢, are positive constants. As /5 log (¢/8) — 0 for 6 — 0, it
follows that the points 2%, 25, - - - , Zh are asymptotically equidistributed on
the unit circle for n — o and (log k) /n — 0.

The result obtained is expressed by the following

TursoreMm 4. There exists for every m a set 21, 22, +++ , 2. of unimodular
complex numbers such that, denoting by N ¥ (a, B) the number of those among
22, -+, 25 which are lying in the arc (o, B) of the unit circle, we have

@ _ 5 3/2
N, (ayﬁ)_B « <Cs‘\/6<10g§>

n 2w
for k < €™ — 2, where c; is an absolute constant and 0 < & < 1.

Theorem 4 follows by combining the inequalities (36) and (37).
It follows from Theorem 4 that there exist unimodular complex numbers
21, 22, , 2, such that, for any ¢ > 0 with 0 < ¢ < By, for no
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k = exp {Byne’(log 1/e)™*} does there exist on the unit circle an arc of
length =2re which does not contain any of the numbers 25, 25, - -
here B; > 0 and B, > 0 are absolute constants.

.
y #n

2. Results valid for all sets of unimodular complex numbers

To show that Theorem 4 can not be essentially improved, let us consider
arbitrary unimodular complex numbers z; = ¢¥(j = 1,2, ---, n). Let us
choose an integer w (1 < w < n/2); according to Dirichlet’s theorem, we can
find a positive integer k < «™*! such that

kqo,' 1
il
forj = 1,2, ---, [n/w], where the b; are integers. It follows that
Nw (-1 1)
" w’'w 1 1
N WY > =
n wT 6w
with some k < ™! < (&")". Thus we proved
TuroreMm 5. Let 21, 22, * +* , 2, denote arbitrary unimodular complex num-
bers, and w > 1 an integer (0 < in). Then we have
) _
Max Max No'(@,) 8~ = 1 .
1gk<wlnlo] 0<a<p<or n 2w 6w

To compare Theorem 5 with Theorem 4, let us mention that Theorem 4
can be brought to the following form:
Theorem 4 asserts that for any e with0 < ¢ < ¢;andn = 2

NP(@,B) B—a

Min Max Max
n 2

21,29, 2p 1SkS(146)" 0Sa<lpler
where 0 < Ai(e) < ¢z V€ (log 1/¢)**; and Theorem 5 asserts that
NP (0,8) B —a

< A1(8),

Min Max Max

> A2(£)’

21,290+ 2n 1SES (14e)" 0Sa<f<2m n 2
where
&
Ag(e) > ———=,
log (1/¢)

¢, ¢z, and c; being absolute constants. Thus Theorem 4 and Theorem 5
each shows that the other is not far from being best possible.

Similarly we can prove a theorem which shows that Theorem 2 can not
be essentially improved. Let 21, 22, « - - , 2, denote an arbitrary set of uni-
modular complex numbers.

Let us suppose 2 < ¢ < n — 1 and let us denote by r the least integer
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=c. According to Dirichlet’s theorem, if z; = ¢, we can find an integer
I < (4mn /v + 1) such that

le; 1

T e . < —

2w bi| = drn /7 F 1]
forj=1,2,---,r 4+ 1, where b;, -+ -, b,1 are integers. Now let us put
Wy = Zeps, o, Wnpa = 2 ; according to a theorem of Cassels [3], there

can be found an integer h < 2(n — r) such that /(D> iy wh) = 0; it
follows that

1
[Su| =z ®&(Su) = (r + 1) cosﬁg r=ec.

Thus we have proved

. 3
THEOREM 6. For any set z1, 22, + -, 2, of unimodular’ complex numbers,
. k
putting S, = X r12i, we havefor 2 < ¢ < n — 1

Max |Sk| = e.

1Sk<(@r+/cF2-n)e+2.2n h
3. Some unsolved problems

(a) In §§1 and 2 we have shown that there exist positive functions fi(¢),
fa(e), Au(e), As(e) (¢ > 0), all tending to O for ¢ — 0, such that, putting

1 .
A(n,e) == Min  Max |S;],
Tar i 1SS (e
zjl=

and
(%) _
B(n, 5) = Min Max Max N" (0(, B) _ B [ ,
Bt 1SES (T 05 a<p<n n 2
we have
file) S Aln, €) < fu(e)
and

Ai(e) = B(n, €) = Ay(e).

The exact orders of magnitude of A(n, &) and B(n, &) for ¢ — 0 remain
however unknown.

(b) Dirichlet’s theorem asserts that for any set 21, 22, -+, 2. (n = 2) of
unimodular complex numbers, and for any integer w > 2, there can be
found an integer & in the interval 1 £ k = «" such that the numbers 2,
25, -+, 2 are all lying in an interval of length 47/« on the unit circle, and
thus an interval of length 2r — 4w/w remains free from the numbers 2} .
Probably this is not a best possible result, and 2r — 47/w can be replaced
by a greater number, but nothing is known in this direction. Moreover

8 It is clear from the proof of Theorem 6 that, instead of | z; | = 1, it suffices to sup-
pose |z | = 1.
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it remains completely unsolved whether there exists a function é(¢) > 0
(0 < & < 1) such that for any set z; , 22, - - - , 2, of unimodular complex num-
bers, there can be found an integer &, with 1 < k =< (1 + &)", such that the
numbers 2z} , 25, - -+, 25 leave free on the unit circle an arc of length >é(e).

(¢) Finally we should like to call attention to the following facts which
have not been used explicitly in this paper.

It can be shown by standard methods of the calculus of probability that
if 21, 22, -+, 2, are independent random variables, each of which is uni-
formly distributed on the unit circle, then, putting

Sy = Z z?, ® = /‘/'\2- ®(Sx), and ﬂfuk) = /‘/2 9(Sx),
=1 n n

the joint distribution of the random variables

(k1) k1) kr) ky)
n1’n;1 (r. ,'ls‘r

b y en >

where 7 is fixed and k; # kjfors = j (4,5 = 1,2, -+, r), tends for n — =
to the 2r-dimensional symmetrical normal distribution with the density

function
1 <_ 1 f_j x%)
@2m)” P 2:=7)°

Thus the variables £, 2V are in the limit independent for n — . It
seems that this fact has interesting consequences concerning diophantine ap-
proximations. We hope to return to this question in a forthcoming paper.
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