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OPERATORS ON ASYMPTOTIC ¢, SPACES WHICH ARE
NOT COMPACT PERTURBATIONS OF A MULTIPLE OF
THE IDENTITY

KEVIN BEANLAND

ABSTRACT. We give sufficient conditions on an asymptotic £, (for
1 < p < o) Banach space to ensure the space admits an operator,
which is not a compact perturbation of a multiple of the identity.
These conditions imply the existence of strictly singular noncom-
pact operators on the HI spaces constructed by G. Androulakis
and the author and by Deliyanni and Manoussakis. Additionally,
we show that under these same conditions on the space X, fo

embeds isomorphically into the space of bounded linear operators
on X.

1. Introduction

Is there an infinite dimensional Banach space X on which every bounded
linear operator is a compact perturbation of a multiple of the identity? Men-
tioned by Lindenstrauss as question 1 in his 1976 list of problems in Banach
space theory [22], this problem has become known as the scalar-plus-compact
problem and is one of the most famous in functional analysis. In this note,
we give sufficient conditions on a space, whereby the space of bounded lin-
ear operators does not have such a decomposition. Let us start by reviewing
results which relate to this famed open problem.

Lindenstrauss’ question is related to the result of Aronszajn and Smith [12]
in 1954, which implies that if a space X satisfies the above condition and
is a complex space, then every bounded linear operator on X must have
a nontrivial invariant subspace. Thus, a complex space which is a positive
solution to Lindenstrauss’ problem also serves as a positive solution to the
invariant subspace problem for Banach spaces.
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That being said, the possibility that for any Banach space, there is an
operator on the space which is not a compact perturbation of a multiple of
the identity, is still in play. In support of this possibility, sufficient conditions
have been established on a space X which imply /., embeds isomorphically
into £(X), the space of bounded linear operators on X (see [2], [14], [21]). If
a space X serves as a positive solution to the scalar plus compact problem, it
has a basis (or more generally the approximation property) and a separable
dual space, then £(X) must be separable. Curiously, each of the results in
support of a negative solution to the scalar plus compact problem, require
the existence of an unconditional basic sequence in the space. The weaker
problem of whether there is an operator which is not a compact perturbation
of a multiple of the inclusion from a subspace of a Banach space to the whole
space has also received attention (see [4], [5], [19], [24]).

In their successful effort to construct the first example of a space with no
unconditional basic sequence, Gowers and Maurey [20] constructed a space,
which as Johnson observed, possesses a stronger property called hereditarily
indecomposable (HI). A Banach space is HI if no (closed) infinite dimensional
subspace can be decomposed into a direct sum of two further infinite dimen-
sional subspaces. This groundbreaking construction was a great leap forward
in the progression towards a positive solution to the scalar-plus-compact prob-
lem. More precisely, it was shown that every operator on the space of Gowers—
Maurey can be decomposed as a strictly singular perturbation of a multiple of
the identity operator. Spaces which have this property are now aptly referred
to as spaces admitting “few operators”. An operator on a Banach space
is called strictly singular if the restriction of it to any infinite dimensional
subspace is not an isomorphism. The ideal of strictly singular operators on
a space contains that of the compact operators, but in some cases (e.g., Ly,
1 <p < o0) they coincide. The fact that Gowers—-Maurey space admits few
operators is related to the fact that it is HI. In fact, it was shown in [20] that
every complex HI space admits few operators. In 1997, Ferenczi proved [15]
that a complex space X is HI if and only if every operator from a subspace
of X into X is a multiple of the inclusion plus a strictly singular operator.
It is not the case, however, that admitting few operators implies that the
space is HI. The most recent in a collection of counterexamples is the paper
of Argyros and Manoussakis [10] in which they construct a reflexive space
admitting few operators for which every Schauder basic sequence has an un-
conditional subsequence. The most comprehensive resource for HI spaces and
spaces admitting few operators is [11].

The natural question then becomes: for any of these spaces which admit few
operators does there exist a strictly singular noncompact operator, or do the
strictly singular and compact ideals coincide? There have been results in this
direction as well. In 2000, Argyros and Felouzis [7] constructed an HI space X
with the property that for every infinite dimensional subspace of X there is
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a strictly singular noncompact operator on X with range contained in the
subspace. In 2001, Androulakis and Schlumprecht [6] constructed a strictly
singular noncompact operator on the space of Gowers—Maurey. In 2002, Gas-
paris [16] did the same for certain members of the class of totally incomparable
asymptotic ¢; HI spaces constructed in [17]. In 2006, Androulakis, the au-
thor [3], Manoussakis, and Deliyanni [13] independently constructed different
asymptotic ¢, HI spaces (for p =2 in the former case and for all 1 < p < oo in
the latter). In the following, by extending results in [16], sufficient conditions
are established under which a strictly singular noncompact operators can be
found on each of these spaces.

2. Definitions and notation

Our notation is standard and can be found in [23]. Let (e;)2; denote
the unit vector basis of ¢go(N) = ¢gp, and (e})$2; the biorthogonal functionals
of (e;);. Let span{(e;);} denote vectors finitely supported on (e;);. For a Ba-
nach space X, let Ba(X)={ze€ X : ||z]| <1} and S(X)={z € X : ||z||=1}.
If E,F CNthen E<F if maxE<minF. If =3 " a;e; for scalars (a;);,
let supp(z) = {i: a; # 0} and the range of =, denoted r(x), be the smallest
interval containing supp(z).

The notion of Schreier families [1] is used throughout. They are defined
inductively as follows. Let Sp = {{n}: n € N} U{0}. After defining S,,, let

Sn+1

:{FCN:F:UFi for F; € S, andmeN,m§F1<~--<Fm}U{®}.

i=1

A few properties of the Schreier families we need are:

e (Hereditary) For neN, S,, C Sp41.
e (Spreading) If (p;)¥; € S, and p; <g; for all i < N, then (¢;)¥, € S,,.
e (Convolution) If (F;)Y, is a collection of subsets of N such that F; € S,

forall i <N, F; <--- < Fy and (min F;)Y, € S,,, for some n,m € N, then
Uivzl F,eSnim.

Let (E;)%_, be a sequence of successive subsets of N, we say that (F;)f_;
is S,, admissible if (min E;)¥ ; € S,,. For By <--- < E;, C N and (a;); € coo

i=1
the sequence (z;)%_, defined by z; =Y aje; is called a block sequence

JjEE;
of (e;);. For a block sequence (z;)%_; of (e;);, we say that (x;)¥, is S,

admissible if (supp;)¥_, is S,, admissible. -
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Herein, we define a class of spaces in terms of the norming functionals of
the space. We begin by recalling the notion of a norming set [16].

Definition 2.1. A set N C span{(e});} is called norming if the following
conditions hold:

(e:)n CN.

If z* € N, then |z*(e,)| <1 for all n € N.

If 2* € N, then —z* € N (N is symmetric).

If z* € N and F is an interval in N, then Ex* € N (where Ex* denotes the
restriction of z* to the coordinates in E).

If NV is a norming set, we can define a norm || - ||»r on cgg by

’ Zaiei zsup{x* (ZaieZ) cx GJ\/}
i N i

for every (a;) € cgo. Now, define the Banach space X, to be the comple-
tion of ¢gp under the above norm. By the definition of norming set, (e;); is
a normalized bimonotone basis for X s.

For the following definitions and notation, we closely follow [16]. The fol-
lowing are conditions on two increasing sequences of positive integers, (n;)52,
and (m;)2;.

(i) mq > 3, there is an increasing sequence of positive integers (s;)$2, such
that mo; = Hz;ll mat, majr1 =m3; for i > 1 and m§ = mo.
(ii) For the sequence of integers, (f;)52, defined by

fi= max{pm + Z pingi = p,pi € NU{0}, mf H mbi < mgj}

1<i<j 1<i<y
require that 4f; < ny; for all j > 2 and 51y < no.
We now define a particular type of norming set. Our definition is slightly less
general than that which would be considered analogous to (M, N)-Schreier
in [16]. Our goal is to tailor the definition of (M, N, q)-Schreier so as to make
it as apparent as possible that the spaces found in [3] and [13] are (M, N, q)-
Schreier for specified gq.

Definition 2.2. For sequences M = (m;)$2, and N = (n;)$2, satisfying (i)
and (ii) we call a norming set N, (M, N,q)-Schreier (for 1/¢+1/p=1 and
1< p,q < o0) if for the following sets, with k € N,

1
N: E— Z;k i) B 6 5
k {m2k % Yiz; ¢ (7:)i € Ba(ly)

v € Q, (27); i Sp,, admissible and (x}); C J\/},
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> 1
s = Of ol St s o2ty n e

m
k=0 2R

oo
E is an interval C N, (z7); is an Sy,,,, admissible C U J\/j}

j=1
we have V' C 72, Nj UNEL U {*e, : n € N} and Nj C N for all j.

In the case of the Banach space constructed in [3], there are fixed sequences
M = (m;)$2, and N = (n;)2,. We suppose further that M and N satisfy
conditions (i), (ii). It follows directly from the definition that the norming set
for this space is (M, N,2)-Schreier.

For the asymptotic £, HI space, X(;), found in [13] the reasoning is sim-
ilar. Assume that the sequences M and N prescribed in [13] satisfy con-
ditions (i), (ii). For a fixed p and 1/¢ + 1/p =1, we must show that the
norming set A (denoted K in [13]) is (M, N, q)-Schreier. The reader should
refer to [13] for the precise definitions of K, K™, and K7. K ={J;; K" where
K" = U‘;‘;l K}'. By definition, for j,n € N, K3; CNj, and K3, CNZ (for
the latter inclusion the factor 2'/? in the definition of N\ 4 is required). Thus,
K CU;N;UNL U{+te, : n €N} If o € Nj, then a* = 1/mo; 3, viw; where
(z}); CN =K, so again by the definition of K, we see that N; C V.

It is convenient to view an element of N as successive blocks of the ba-
sis (ef);. This decomposition into blocks is not unique, and thus our goal is
to find a decomposition that is the most suitable. To this end, we associate
each element of N with a rooted tree. A finite set with a partial ordering
(7,=) is called a tree if for every v € T the set {8 € 7T : < a} is linearly
ordered. Each element of the tree 7 is called a node. A node o € 7, such that
there is no 8 with a < (3 is called terminal (« < 8 means o < 3 and « # ().
If 8 < «, we say « is a successor of 5. For a« € 7, let D, (7) denote the set of
immediate successors of o in 7. A branch of 7 is a maximal linearly ordered
subset.

For each o € T, we define corresponding v, € Q, mq € (m;)52; and ny €
(n;)$2,. We associate to each z* € N a rooted tree 7 (ie., a tree with a
unique first node) in the following way: Let g be the root of 7. There is an
z}, €N, such that z* = y,,2}, and

* 1 *
J}ao = E ’Yﬂl'ﬂ
My,
BEDA,(T)

In this definition (23)sep,, (1) 1S Sn,, admissible, mq, =m; for some j € N
and (Vﬁ)ﬂeDmo(T) € Ba({,) if j is even and ('Yﬁ)ﬂeDao(T) € 21/1’Ba(€q) if j is
odd. Thus, for any pairwise incomparable collection A of 7 which intersects
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every branch of 7 we have

acA Hﬁ<a mﬁ “

Call (z},)aeT the functional tree of z*. For € 7, the functional x5 has
a corresponding tree 73, which is a subset of 7.

3. Main results

We start this section by stating the main theorem of the paper. The proof
of this theorem can be found at the end of this section. The majority of this
section is devoted to proving auxiliary lemmas and remarks.

THEOREM 3.1. Let N be a norming set which is (M, N, q)-Schreier and X s
be the corresponding Banach space. There is an operator on X which is not
a compact perturbation of a multiple of the identity. If X is HI, this operator
is strictly singular. Moreover, Lo, embeds isomorphically into L(X ).

The existence of the following sequence in the space X3, is the main in-
gredient in the construction of the desired operator. The definition below is
tailored to fit our construction.

Definition 3.2. Let (xy); be a block basic sequence of (ey)g. If there is
a C >0 such that for all [ e N, F C N with F > and (zy)rer being Sy,
admissible we have || >, cp Brorl| < C[|(Br)rerllq for every scalar sequence
(Br)ker, we say (xy)x satisfies an upper £; estimate with constant C'.

For the rest of the section, we fix p, ¢, and A/, such that 1/p+1/¢g=1and N’
isa (M, N, q)-Schreier norming set. It follows easily that any normalized block
sequence (z;)I"; with m <suppz; in Xy, satisfies a lower £, estimate with
constant 1/mg. The next remark demonstrates that X s is an asymptotic ¢,
space by verifying that is satisfies an upper /,, estimate on normalized blocks.

REMARK 3.3. Let (x;), € Xn be a normalized block basic sequence of
(ei)i. For any sequence of scalars (a;);, the following holds:

m 5
<12 <Z |a¢|p> .
N i=1

Proof. For z* € N, let o(z*) denote the height (i.e., the length of the longest
branch) of the tree 7 associated with z*. We proceed by induction on o(z*).

m
E ;T4
i=1
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We will show that for all z* € N, such that o(z*) =n, z*(> 1", a;z;) <

120°0", |az|p) holds for any normalized block basic sequence (x;)7*, of (e;);

and any sequence of scalars (a;);. For z* € N, such that o(7) =1, the asser-

tion follows easily. Assume the claim for all y* € N, such that o(y ) <n and

let a* =1/my 3 ;725 € N with o(z*) =n. By definition of NV, (z7); is Sy,
admissible and (v;); € 21/ Ba(¢,). Define the following two sets:

Q(1) ={1 <i<m: there is exactly one j such that r(z}) Nr(x;) # 0},

and Q(2) ={1,...,m}\ Q(1). Apply the functional z* to Y., a;x; to obtain
Z,y] (Z ale) ‘

< — .

= ; |'YJ‘ x Z ;T

i€Q(1)
r(x})Nr(z;)#0

E QT4

zeQ(2)

ZW}‘(I )

12 P 1

SWZW( Z |ai|p> + Z |ai —

J i€Q(1) 1€Q(2)
r(z})Nr(z:)#0

The first inequality follows from the triangle inequality. The second follows
from applying the induction hypothesis for x;f(Z{iEQ(l):r(m;)m(Ii#@} a; ;)
and using the definition of Q(2). We may apply the induction hypothesis since
the height of the trees associated with the functionals z7 are each less than n.
Before continuing, notice that for each i € Q(2) the set J; = {j : 7(z}) N
(x;) # 0} is an interval, and therefore

e Y .
@ i 2 e s <A

The above estimate continues as follows

NS |) Zm(Zw)

i€Q(1) i€Q(2) Jed;
r(wf)ﬂr(mi);ﬁ@

1
_4(Zm|q) (Z > lar)
J j 16@(1
r(z;)Nr(z;)#0

() (5 5

1€Q(2) 1€Q(2)JES:

=
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1 1
(S’ (2 = wr) (S wr) (2
J ] i€Q(1) 1€Q(2) J
r(z})Nr(z;)#0

m 5
<12 (Z ai|”>
i

In the first inequality, we used the fact that 3 <m; in the first term and (2)
in the second term. For the second inequality, we applied Holders inequality.
For the third inequality, we used the fact that for each j there are at most
two values of i € Q(2) such that r(z}) Nr(z;) # 0. For the final inequality, we

used (3", |7¢|7)1/7 < 2. This finishes the proof. O

The following is a compilation of remarks (variants of which can be found

n [16]) regarding the sequences (m;)$24,(n;)2; and (f;)$2,. In the interest

of completeness, we have included the proofs.

(1.1) If pp = 5ny + >,y sin2; for k> 2, then pp < 2fp.

(1.2) If (a;)"=! is a sequence of nonnegative integers and a € N U {0}, such
that m¢ [ [, ., mag; <mag then any + ;1 aing; < pi.

(1.3) Let (ar)f=] be a sequence of nonnegative integers, (z})!_; € N be
Sy, arny admissible and (Bi)i_, € Ba({,), then we have

1 T Z@x eN.

[Tk mai im1

The proof of (1.1) follows by induction. For k =2, we have fo =4n; + (s1 —
1)ng. Since s1 > 2, the claim follows. Suppose the statement is true for some
k>2. Let fr=vyn1 + ZKk ~in2;, and observe that

Di+1 = dn1 + Z $;N2; + SkNak
i<k

<2 (7711 + Z ’ymgi> + sgnog  (by the induction hypothesis)
i<k

<2 <7n1 + Z Vinoi + Sknzk) <2fry1.
i<k

We obtained the third inequality by noting that mJ [], <k maimyk <
mgkm% = moy+2 and using the maximality of fri1.

To prove (1.2), again proceed by induction. For k =2, deduce from the
hypothesis that a+5a; < 5s1. Clearly, a1 < s1. If a < 5, we are done. Suppose
5n < a < 5(n+1) for some n € N. This implies that a; < s; —n. The following
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inequality finishes the proof of the base step
any + aing < any + (s1 —n)ng < s1n2 4+ 5(n+ 1)ng — nng < 5ny + s1no.

The final inequality follows from 5n; < ns.

Assume the statement is true for some k > 2. By assumption,
m§ [ [;cpqp1ma; < magyz and by definition mopyo = m‘;’fjl. Clearly,

m§ [[,cpmai <ms;~ @+l Thus, s, +1> ag. This leaves two possibilities,
either sy = ay or s > ax. In the former case, m{ [[,., m5; < mar. By the
induction hypothesis, any + 3, _; aing; < px and thus, ani + Zi<k+1 a;ng; <
Pr+1- If s > ag, we claim that any + >, @ing; < spnag, which clearly
finishes the proof. To see this, we start by showing that an; + El < @in2i <

2(sp — ax + 1) fr. By assumption m§[],_, mai < my; **

that

, which implies
Ls=ard le=agr)
my kT | | Mo &~ < magy,,

i<k

where |z] is the greatest integer of x. By the maximality of fj, we have

a a;
Dum— 5 e —— N2 < Jk.
Lk—ak+1J ! KZkLk_ak_FlJ 2 < fr
Since x < 2|z] for x >0, we see that

— +y —

ny no;

s —ap+1 sgp—ap+1 "
i<k

a a;
<2l | ————|n1 + — N9 | <2f%.
- (L;g—ak—i—lJ ! sz{sk—ak—i—lJ 2> T

Finally, using 4 f, < nax to observe that

any + Z aing; < 2(sp — ag + 1) fr. + agnok < nok ((sk +1)/2 — ag) + agnog
i<k+1
< SEpNak-

The proof of (1.3) requires a complicated induction. For simplicity, we prove
the case where a; = a; =1 for some j,1 <k. Suppose, (z})!'_; € N'i8 Spy4ny;
admissible. Let (3;)i_; € Ba({,). We wish to show that

Zﬂll‘ eN.

mapma; =1

Do this by carefully grouping the functionals. Let (J)7, be successive in-
tervals of integers such that (J;—, Jx = {1,...,t}, (@})ics, 18 Sn, admissible
for each k <m and (z};, ; )iL; i Sn,; admissible. Now, define a sequence
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*\m
(Zk:)kzl by

N I
mapma; B e

Moo
i=1 27025 120 e g,

— L S |9 éi —ﬁ’ *
— Z(Z |61| > Moy Z (ZiEJk |ﬂi|q)1/qml

Mo
25 k=1 NieJy i€k

m 1

q

— Y (Tiar) s
M2j 121 Niea,

It is straightforward to check that z; € N for all k < m. The claim follows by

observing that (z})jL; is Sy,; admissible since (2}, ;. )7—1 18 Sn,; admissible

and (e, |19 Y0), € Ba(t,).

Before proceeding further, we pause briefly to discuss the structure of the
proof of Theorem 3.1. The proof begins by introducing some auxiliary remarks
and lemmas. Remark 3.4 and Lemma 3.5 follow from the technical definitions
of the sequences (n;); and (m;); and the tree structure of the functionals
in M. Lemma 3.5 is quite specific to spaces which are (M, N, p) Schreier and
will be used throughout the proof of Theorem 3.1. The main task at hand
is to construct a sequence of functionals in A" which are seminormalized and
satisfy an upper £, estimate with constant 1. We do this in Lemma 3.8. The
construction of these functionals is rather straightforward; it is in proving
that they possess the desired properties that we must make use of Lemma
3.5 and Corollary 3.6. Once we have constructed these norming functionals
(and after making a few easy remarks), we are ready to define the operator.
This is done in a very natural way. The fact that the operator is bounded
and noncompact follows from the properties of the norming functionals from
which it is built.

For any functional tree 7, we define a function ¢ : 7 — N U {0} in the
following way.

ng; if ng = mng; for some i,
e(B) =< ny if ng =ngi+1 for some i,
0 if 3 is terminal.

REMARK 3.4. Let (z)aer be a functional tree for some z* € N, such that
foraeT, (xfa)ﬂeDa(T) is Sy admissible. For every subset A of T consist-
ing of pairwise incomparable nodes, the collection (z3)aca is Sq admissible
where d =max{} 5, ¢(3): a € A}.

Proof. We proceed by induction on o(7). The base step is trivial. Let k> 1
assume the statement for 7 such that o(7) < k+1 and suppose o(7) =k + 1.
Let ag be the root of 7 and for a € Do, (7) let 7, be the tree corresponding
to z% . For the given collection A and o € D, (7) we can define A, ={3: 5 €
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T, N A}. Notice that A=,cp.
hypothesis for each collection A, to conclude that (2})seca, is Sa, admissi-
ble for do =max{}_, . .3¢(7): B € Aa}. Let do, = max,ep, (1) da- The
block sequence ((xf,)ge,qa)aepao(g—) i8 S, +¢(ap) admissible by the convolu-
tion property of Schreier families. Finish by observing that d,, + ¢(ag) =
max{} 5, #(0) : a € A} and ((2)peAq)acDa, (1) = (£3)aca- O

(D) A, or A={ap}. Apply the induction

Our next lemma allows us to decompose norming functionals. Decomposi-
tions are extremely useful when attempting to find tight upper estimates on
the norm of vectors in the space.

LEMMA 3.5 (Decomposition lemma). Let k € N and z* € N such that
suppz* > 2k. There is an m €N, z% < --- < af € N, a partition 11,15 of
{1,...,m} and scalars (\;),, such that:

(a) a* = S, Ao
(b) zf ==}, foriel, and {ji: i€} € Sp, 1.
(©) (Cier, NlDY<2/may and (Zier, o, N9V < 2.

Proof. Let z* € N and k € N. Let 7 be the tree corresponding to z*. For
each node 3, there are corresponding mg, ng, and vyg. Let B denote the set
of branches of 7. For each branch b € B, let a(b) denote the node of b, such
that either a(b) is the first node 3 for which Ha<ﬁ Mg > Moy, holds, or the
terminal node of b if no such g exists. Set A= {«a(b):be€ B}. Notice that A
is a collection of pairwise incomparable nodes intersecting every branch of B.
Let A; denote the set of terminal nodes of A and As = A\ A;. Enumerate
A with the set {1,...,m} for some m € N and define I; = {i : 2} € (z})aca, }
for t € {1,2}. By (1) we have

=08
H,B<o¢ mg

It is left to verify that conditions (b) and (c¢) hold. Condition (c¢) follows from
the fact that for each o, (v3)gen. (1) € 2'/PBa(l,), and observing that

= [p=a s z,

acA Hﬁ{a mﬁ

* *

so, set A\, = if ] =z,

1/q 1 N qy +
Z Z o V3 a 1 Z a
(ieIz a€As Hﬁ<a mgs M2k a€Ar ' a
2P 2
< 2

oM Mok
The second part of (c¢) follows similarly. The first part of (b) follows from
the definition. For the second part of (b), we employ Remark 3.4. Let
R =Uqea 18 B < a}. For a €R, such that m, = ma;1 for some j €N,
(z3)pen.(r) 18 S1 and hence, Sy, admissible. To see this, first note that for
all B € R, mg < may. By the injectivity of the function o (defined in VL) for
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B, € Do(R), mg # m., < may. Since suppz™ > 2k we have that (z3)sep, (r)
is S1 admissible. Thus, for a € A1, (¥})pep,(r) 18 Sp(a) admissible. By

Remark 3.4, (77,)ac4, is Sq admissible where d =max{}_;_,¢(8) : a € A1}

Let o € A;. We have H5<a mg = ml1 [Licim b21+5b2”1 < 'may, where b; =
|{ﬂ ﬁ <« ,Mp = mJ}| Apply (1 2) for b1 =“a ” and bgi + 5b2¢+1 :“ai”, to
conclude that

biny + Z(bm' + 5bait1)ne; < Zsin% = Dk
i<k i<k
We also have
> (B = ( > b2i+1)n1 + > bamg <bini+ Y (bai + Bbait1)nai.
B=<a 0<i<k 1<i<k 1<i<k

This holds for all a € Ay and thus, max{> 5, ¢(8): a€ A1} <py—1. O

COROLLARY 3.6. Let * € N and k € N. Decompose x* as

* Hajﬁ ’ya 6*

r = c .
| | 1B
Bemax T 11a=<p Ma

Then the set
2 Hajﬁ Yo
mag

{i: )12

is Sp,—1 admissible.

Proof. For k € N, we can assume without loss of generality that
suppx™® > 2k. Apply the decomposition lemma to x* to obtain I; and I,

such that
el i€la
where {j; : i € I1} € Sp,—1. We claim that,
2Hajﬁ Yo

sjp>2kp C{gi:ie b}
ok JB } {J 1}

HECHE
If this were not the case, then for some ig € I

Qnajg Yo

<l|z*(e =\ ei ) <INl
o 2" (e, )| = [Nio @iy (€5,)] < Ao

10 10
From the proof of the decomposition lemma,
8
= M for some (3 € As.
Ha<ﬁ Mo

For # € Ay, we have that ] _ 5 Ma = My, serving as our contradiction. [

;i

i0
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Before passing to the main lemma of the paper, we state the following fact
concerning the existence of a particular sequence of scalars. These scalars are
called repeated hierarchy averages and were first studied in [9] and later in
[8, 18]. These averages are defined in [3] for ¢ = 2. In [16], a similar fact is
established for ¢ =1.

Fact 3.7. For any 1 < ¢ < oo and € > 0, there exist successive subsets of N,
(F)%2,, and scalars (ak;)icr,, such that for each k € N, Fj, > 2k, Fj, € S, ,
l(an,i)ier g =1 and (3 ;cq larl?)/9 <e for G € Sp, 1.

The next lemma establishes the existence of a seminormalized block se-
quence satisfying an upper £ estimate with constant 1 in X,r. These blocks
are constructed using Fact 3.7 and used to construct the desired operator
on X .

LEMMA 3.8. Let (Fy)32, be successive subsets of N and scalars (ag,;)icr, be
such that Fy, > 2k, Fy, € Sp,., [[(ani)icrllq =1 and (e lani|9)YP < 1/may,
for all G € Sy, _1 and each k € N. The sequence of functionals (x})52, € N
defined by, xy = 1/may, Zz’eFk ak,i€e;, are seminormalized and satisfy an upper
ly -estimate with constant 1.

Proof. We start by making an observation concerning the decomposition
of each z}. For fixed k and ko <k, write Fj, = Uf’;l Jk,r, such that Jy 1 <
o+ < Jray, each Jy, is Sp,—p, admissible and (T )2 is Spy, admissible
(we can do this because F}, is S, admissible). Then

1
1§ ‘
Ty = E E lagq|?) 2, for

« _ M2k Ak,i *

Zp = €.
T Mg ieTn, (ZieJM |ak,i|q)1/q i

Since mak, /mak =1/ [[op,<ocor ™’ and (€])ics, , is Sp,—p,, admissible, we
conclude by (1.3) that z; , € N for all 7 <dj,. Since, min J , = minsupp ; .,

we have that (zzyr)f’“zl is Sp,, admissible.

We now show that (x}) satisfies and upper £ estimate with constant 1.
For starters, let ko € N and F' C N with F' > kg, such that (2})rer is kao
admissible. For every k € F' we apply the above (since F' > kg) to define
(zzm)f’;l. The block sequence ((zzyr)f’;l)kep is Spy,+fx, admissible, by the
convolution property of Schreier families. Hence, it is Sp,, admissible by (1.1)
and the hereditary property of Schreier families. To conclude, it suffices to
let (B)rer € Ba({y) and show that Y, . B;x; € N. We do this by observing
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the following equality:

> i = |am|q) o,

keF kGF 1€k,

Zzﬂk( ) |)

m
2ko keEF r=1 €I

Q=

Since (Br(Xie g, . lak.il? ) )k € Ba({,) and ((z,’:,r)f’“:l)kep is Sp,,,, admissible,
it follows that ZkeF Brxy, € N. Thus, (z3)r satisfies a upper f¢-estimate
with constant 1.

To show that (z7)r is seminormalized, it suffices to find a uniform lower

bound. For each k, define x =3, p, ak/J e;. It suffices to show that ||zx| <
26/mor. From this, it follows easily that ||x;| > 1/26 for all k € N. Let
z* € N be an arbitrary norming functional which we may assume without
loss of generality satisfies suppa* > 2k (since Fj > 2k). By applying the
decomposition lemma for k € N and z*, we can estimate ||zg|| from above as
follows:

S niy (o)

i€l

> Nied ()| +

i€l
1

<Z|Ai||ak,ji%+z|xi|12( 3 |ak,]—|Q)p

i€l i€l {j:j€suppy:NFi}
1
P
q)
i€y i€l

< (% w);(z ax
+12(Z|AZ—|Q)§(Z ) |ak,ﬂ)’1’

% (zx)] <

i€l i€z {j:jEsuppyiNFy }
1 2 26
<2—4+12—=—.
mag may may

The first inequality follows from the decomposition lemma and the triangle
inequality. The second inequality follows from the triangle inequality, the de-
finition of x;, and Remark 3.3. The third follows from two applications of
Hélders inequality. For the last inequality, we used condition (c¢) of the decom-
position lemma, the fact that (j;)icr, is Sp,—1 admissible (by condition (b)
of the decomposition lemma) and the definition of (ax;)ier,. This concludes
the proof. O

We make two final remarks before proceeding with the proof of the main
theorem.
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REMARK 3.9. Let (y); be the even subsequence of the seminormalized block
sequence (x}); satisfying an upper £y estimate with constant 1 defined in
Lemma 3.8. Let k€ N, F CN, with F >k such that (y)icr is Sn,, ad-
missible. Then || Y. Biyi | <1 for all (3;); € Ba(ly).

Proof. Let k € N, F be a subset of N, with F' > k and (y});cr being Sy,
admissible. Set G ={i:i=2j,j € F} and note that (y;)icr = (2} )icc. Since
F >k, we have i > k + 1 for all i € G. Since (z]); satisfies an upper 0,
estimate G > k+1 and (2] );eq is Sy,, admissible and thus, Sy, admissible

we have:
> Bwr|| = Bixy

i€eF ieG

<1

This concludes the proof. O

REMARK 3.10. Let (y;); be the subsequence from Remark 3.9. For every
xeS(X), keN, FCN with F >k and (y])icr being Sp,, admissible we
have (y}(x))icr € Ba(ly).

Proof. Let x € S(X), k€ Nand F C N with F' > k such that (y});cr is Sp,,
admissible. By Remark 3.9 for all (3;)icr € Ba({y), we have || Y, Biy7 || < 1.
Apply this for
5, = ly; (x)[P/4 sign(y; («))

L *
(Xjer ly;(@)[P)H/e

and estimate || ), Biy;|| from below with z. O

Proof of Theorem 3.1. We are now ready to define the desired operator
on Xy. Let (y}); be the seminormalized block sequence from Remark 3.9.
For z € ¢y, define the operator T : cog — cog by Tx = Zfil v (z)e;. Once we
show that T is a bounded operator, it can be extended as on operator defined
on X .

Since (y); is a seminormalized block sequence, it follows that 7" is noncom-
pact. In the case that X is an HI space, T must be strictly singular. Since
dim(KerT') = oo, if there was an infinite dimensional subspace Y of X s, such
that T'|y was an isomorphism. Y + Ker(T) would be a direct sum. Contra-
dicting the fact that X is HI. (It is known that the spaces constructed in [13]
have few operators. Using similar techniques, it can be further shown that
the space constructed in [3] has few operators.)

Our final task is to demonstrate that T is bounded. Let z € S(X) and
z* € N. If x* = +e for some j, then [z*(Tz)| < 1. Thus, assume z* € N,
such that |suppz*| > 1. Suppose z* has the following decomposition:

* Hajﬁ Vo *

xr = .

| | JB
m
BEmax T t1a=<B "¢
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Define
. 21_[ < Ve * H < Yo
o= {ia s T < ooy ) < T2
For k > 2, define

2]la<57% 211 <8 Ve
Hk:{' LIS Y k(e <a7—}.
ot e S o)) < 2
For k > 2, define Gy, = {js € Hy : js > 2k}. Clearly, suppz* = ;- Hr. Ap-
ply Corollary 3.6 to deduce that Gy € Sp,—1. By (1.1) and (ii), Gj € Sy, -
By the spreading property of Schreier families, (y;)ieq, 18 Sn,, admissible for
all k. For each k, apply Remark 3.10 to deduce that

1

(3) (Zlyz ) <1, (Zy:<x>|p)‘°<1.

1€Gy i€ Ho

Estimate |x*(Tx)| from above in the following way:

x*(_zy:( ><Z|yz =" (e)]

+HZ PITEIEE " i@l )]
< (ZHL i@l ) : (ZHJ 1|:c*<en|Q) % |
03 (z yf(r)lT’)lp (S ) |
+ (HZ\G ir)’ (Hz\G )]
()
Sl )

§—+Z (kfl) - M.

my 3 M2(k—1) mz(k 1)
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The first inequality follows from the triangle inequality and the definitions of
Hy,Gy. For the second, we apply Holders inequality to each of the terms.
For the first and second terms of the third inequality, we used (3) and the
definition of Hy. For the third term of the third inequality, we used the
fact that |z*(e;)| <1 for all i, |[Hx \ G| <k — 1 and the definition of Hj.
For the final inequality, we used the fact that (|[[,<57al)sea € 2Ba({y) for
A= Hy, Gy or Hi\ Gi. Thus, ||T|| < max{M,1}. B

We conclude by noting that ¢, embeds isomorphically into £(X ) via the
mapping

n
(a;)i2, — SOT- lim Zaiy;" ® ;.
Here, “SOT-lim” denotes the strong operator topology limit. To see that this
is a bounded isomorphism one merely follows, almost identically, the previous
calculation. O
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