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AN AREAL ANALOG OF MAHLER’S MEASURE

IGOR E. PRITSKER

Abstract. We consider a version of height on polynomial spaces
defined by the integral over the normalized area measure on the

unit disk. This natural analog of Mahler’s measure arises in con-
nection with extremal problems for Bergman spaces. It inherits

many nice properties such as the multiplicative one. However,

this height is a lower bound for Mahler’s measure, and it can be

substantially lower. We discuss some similarities and differences
between the two.

1. Definition and main properties

Let Cn[z] and Zn[z] be the sets of all polynomials of degree at most n with
complex and integer coefficients, respectively. Mahler’s measure of a polyno-
mial Pn ∈ Cn[z] is defined by

M(Pn) := ‖Pn‖H0 = exp
(

1
2π

∫ 2π

0

log |Pn(eiθ)| dθ

)
.

It is also known as the H0 Hardy space norm or the contour geometric mean.
An application of Jensen’s inequality immediately gives that

M(Pn) = |an|
∏

|zj |>1

|zj |

for Pn(z) = an

∏n
j=1(z − zj) ∈ Cn[z]. This height on the space of polynomials

is extensively used in number theory. Recall that a cyclotomic (circle dividing)
polynomial is defined as an irreducible factor of zn − 1, n ∈ N. Clearly, if Qn

is cyclotomic, then M(Qn) = 1. A well-known and difficult open problem
related to Mahler’s measure is the Lehmer conjecture on the lower bound for
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the measure of irreducible noncyclotomic polynomials from Zn[z]. Lehmer [24]
carried out extensive computations of the values of M(Pn), Pn ∈ Zn[z], but
found no noncyclotomic polynomial with Mahler’s measure smaller than that
of the polynomial L(z) := z10 + z9 − z7 − z6 − z5 − z4 − z3 + z + 1, which
he conjectured to be always true. Eight zeros of L lie on the unit circle,
one inside and one outside. The latter zero ζ is believed to be the smallest
Salem number, with the value M(L) = ζ = 1.1762808 . . . , which is the smallest
Mahler’s measure according to the Lehmer conjecture. More history of this
conjecture may be found in [6], [7], [13], and [17].

A natural counterpart of Mahler’s measure is obtained by replacing the
normalized arc length measure on the unit circumference T by the normalized
area measure on the open unit disk D. Namely, we define the A0 Bergman
space norm by

‖Pn‖0 := exp
(

1
π

∫ ∫
D

log |Pn(z)| dA

)
.

This also gives a multiplicative height of the polynomial Pn. Furthermore,
it has the same relation to Bergman spaces as Mahler’s measure to Hardy
spaces:

‖Pn‖0 = lim
p→0+

‖Pn‖p,

see [18], where

‖Pn‖p :=
(

1
π

∫ ∫
D

|Pn(z)|p dA

)1/p

, 0 < p < ∞.

In addition, it arises in the following version of the extremal problem consid-
ered by Szegő [35] for the Hardy space H2:

inf
Q(0)=0

1
π

∫∫
D

|1 − Q(z)|p|Pn(z)| dA(z) = ‖Pn‖0, 0 < p < ∞,

where Q is any polynomial vanishing at 0; see [16, page 136].
Using the fact that the integral means of log |Pn(reit)| over |z| = r are

increasing with r [11], we immediately obtain that

‖Pn‖0 ≤ M(Pn).(1.1)

Also, if Pn(z) =
∑n

k=0 akzk then

‖Pn‖0 ≥ |a0|,(1.2)

which follows from the area mean value inequality for the subharmonic func-
tion log |Pn| (cf. [11]). Hence,

‖Pn‖0 ≥ 1 for all Pn ∈ Zn[z], Pn(0) �= 0.(1.3)

In fact, there is a direct relation between Mahler’s measure and its areal
analog, given below.
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Theorem 1.1. Let Pn(z) = an

∏n
j=1(z − zj) =

∑n
k=0 akzk ∈ Cn[z]. If Pn

has no roots in D, then ‖Pn‖0 = M(Pn) = |a0|. Otherwise,

‖Pn‖0 = M(Pn) exp
(

1
2

∑
|zj |<1

(|zj |2 − 1)
)

.(1.4)

This shows that the value of ‖Pn‖0 is influenced by the zeros inside the
unit disk more than that of M(Pn). We immediately obtain the following
comparison result from Theorem 1.1.

Corollary 1.2. For any Pn ∈ Cn[z], we have

e−n/2M(Pn) ≤ ‖Pn‖0 ≤ M(Pn).(1.5)

Equality holds in the lower estimate if and only if Pn(z) = anzn. The upper
estimate turns into equality for any polynomial without zeros in the unit disk.

A well-known theorem of Kronecker [20] states that any monic irreducible
polynomial Pn ∈ Zn[z], Pn(0) �= 0, with all zeros in the closed unit disk, must
be cyclotomic. One can write that statement in the form: M(Pn) = 1 for such
Pn if and only if Pn is cyclotomic. A direct analog of this result exists for
‖Pn‖0.

Theorem 1.3. Suppose that Pn ∈ Zn[z], Pn(0) �= 0, is an irreducible poly-
nomial with all zeros in the closed unit disk. It is cyclotomic if and only if
‖Pn‖0 = 1.

The next natural question is whether one can find a uniform lower bound
‖Pn‖0 ≥ c > 1 for all noncyclotomic Pn ∈ Zn[z], Pn(0) �= 0. It is especially
interesting in view of Lehmer’s conjecture because of (1.1). However, the
answer to the question is negative, as we show with the following example.

Example 1. Consider Pn(z) = nzn − 1. It has zeros zj , j = 1, . . . , n that
are equally spaced on the circumference |z| = n−1/n. Note that M(Pn) = n
and

‖Pn‖0 = n exp
(

n(n−2/n − 1)
2

)
,

by (1.4). Since

n−2/n = exp
(

−2 logn

n

)
= 1 − 2 logn

n
+ O

(
log2 n

n2

)
,

we obtain that

‖Pn‖0 = exp
(

O

(
log2 n

n

))
→ 1 as n → ∞.

Similarly, we have for the reciprocal polynomial P2n(z) = z2n + nzn + 1
that

M(Pn) =
n +

√
n2 − 4
2

∼ n as n → ∞,
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and

‖Pn‖0 =
n +

√
n2 − 4
2

exp
(

n

2

((
n −

√
n2 − 4
2

)2/n

− 1
))

→ 1 as n → ∞.

One may notice that for both sequences of polynomials in this example the
zeros are asymptotically equidistributed near the unit circumference. This is
a part of a more general phenomenon discussed in the next section.

We conclude this section with a remark on the arithmetic nature of ‖Pn‖0.

Proposition 1.4. If Pn(z) =
∑n

k=0 akzk ∈ Zn[z] has at least one zero in D,
then ‖Pn‖0 is a transcendental number. Otherwise, ‖Pn‖0 = M(Pn) = |a0| is
an integer.

2. Asymptotic zero distribution

Consider a polynomial Pn(z) = an

∏n
j=1(z − zj) ∈ Cn[z], and define its nor-

malized zero counting measure by

νn :=
1
n

n∑
j=1

δzj ,

where δzj is the unit pointmass at zj . Our main result on the asymptotic zero
distribution is as follows.

Theorem 2.1. Suppose that Pn ∈ Zn[z], degPn = n, is a sequence of poly-
nomials without multiple zeros. If limn→∞ ‖Pn‖1/n

0 = 1, then νn converges to
the normalized arc length measure dθ/(2π) on T in the weak* topology, as
n → ∞.

This result extends a theorem of Bilu [4] for Mahler’s measure; see also
Bombieri [5] and Rumely [30]. From a more general point of view, Theorem 2.1
is a descendant of Jentzsch’s result [19] on the asymptotic zero distribution of
the partial sums of a power series, and its generalization by Szegő [36]. This
area was further developed by Erdős and Turán [12], and by many others.

As an immediate application of Theorem 2.1, we obtain a result on the
growth of ‖Pn‖0 for polynomials with restricted zeros.

Corollary 2.2. Suppose that Pn ∈ Zn[z], degPn = n, is a sequence of
polynomials with simple zeros contained in a closed set E ⊂ C. If T �⊂ E, then
there exists a constant C = C(E) > 1 such that

lim inf
n→∞

‖Pn‖1/n
0 ≥ C > 1.

This exhibits the geometric growth of ‖Pn‖0 for many families of polyno-
mials such as polynomials with real zeros, polynomials with zeros in a sector,
etc. Corresponding results with explicit bounds for Mahler’s measure were
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obtained by Schinzel [31], Langevin [21], [22], [23], Mignotte [26], Rhin and
Smyth [29], Dubickas and Smyth [10], and others.

In a somewhat different direction, we have the following result on the as-
ymptotic behavior of zeros.

Theorem 2.3. Suppose that Pn(z) = anzn + · · · + a0 ∈ Cn[z], |a0| ≥ 1, n ∈
N, is a sequence of polynomials.
(a) If limn→∞ ‖Pn‖0 = 1, then

lim inf
n→∞

min
1≤j≤n

|zj | ≥ 1.(2.1)

(b) If |an| ≥ 1 and limn→∞ M(Pn) = 1, then

lim
n→∞

min
1≤j≤n

|zj | = lim
n→∞

max
1≤j≤n

|zj | = 1.(2.2)

Thus, part (a) of Theorem 2.3 indicates that all zeros of Pn are pushed out
of D as n → ∞, while in part (b) they all tend to the unit circumference.

3. Polynomial inequalities

We discuss some general polynomial inequalities related to M(Pn) and
‖Pn‖0 in this section. For a polynomial Λn(z) =

∑n
k=0 λk

(
n
k

)
zk ∈ Cn[z], con-

sider the Szegő composition with Pn(z) =
∑n

k=0 akzk ∈ Cn[z]:

ΛPn(z) :=
n∑

k=0

λkakzk.(3.1)

If Λn is a fixed polynomial, then ΛPn is a multiplier operator acting on Pn.
More information on history and applications of this composition may be
found in [1], [2], [9], and [27]. De Bruijn and Springer [9] proved a very
interesting general inequality

M(ΛPn) ≤ M(Λn)M(Pn),(3.2)

which did not receive the attention it truly deserves. In particular, it contains
the inequality

M(P ′
n) ≤ nM(Pn)

that is usually attributed to Mahler, who proved it later in [25]. To see this,
just note that if Λn(z) = nz(1 + z)n−1 =

∑n
k=0 k

(
n
k

)
zk, then ΛPn(z) = zP ′

n(z)
and M(Λn) = n. Furthermore, (3.2) immediately answers a question about a
lower bound for Mahler’s measure of derivative raised in [13, pages 12 and 194],
see [34]. For P ′

n(z) =
∑n−1

k=0 akzk, write

1
z

(
Pn(z) − Pn(0)

)
=

n−1∑
k=0

ak

k + 1
zk = ΛP ′

n(z),
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where

Λn−1(z) =
n−1∑
k=0

1
k + 1

(
n − 1

k

)
zk =

(1 + z)n − 1
nz

.

The result of de Bruijn and Springer gives

M
(
Pn(z) − Pn(0)

)
≤ M(Λn−1)M(P ′

n),

with

M(Λn−1) =
1
n

M
(
(1 + z)n − 1

)
=

1
n

∏
n/6<k<5n/6

2 sin
kπ

n
.

There are many other interesting consequences of (3.2), which we leave for
the reader.

We obtain the following generalization of (3.2) for ‖Pn‖0.

Theorem 3.1. For any Λn ∈ Cn[z] and any Pn ∈ Cn[z], we have

‖ΛPn‖0 ≤ M(Λn)‖Pn‖0.(3.3)

Note that equality holds in (3.2) and (3.3) for any polynomial Pn ∈ Cn[z]
when Λn(z) = (1+z)n =

∑n
k=0

(
n
k

)
zk, because ΛPn ≡ Pn and M((1+z)n) = 1.

This inequality allows to treat many problems in a unified way, and it has
interesting corollaries stated below.

First, we mention an analog of the de Bruijn–Springer–Mahler inequality.

Corollary 3.2. For any Pn ∈ Cn[z], we have that

‖zP ′
n‖0 ≤ n‖Pn‖0(3.4)

and

‖P ′
n‖0 ≤

√
en‖Pn‖0,(3.5)

where equality holds for Pn(z) = zn.

Another consequence relates ‖Pn‖0 to the coefficients of Pn.

Corollary 3.3. If Pn(z) =
∑n

k=0 akzk ∈ Cn[z], then

|ak | ≤ ek/2

(
n

k

)
‖Pn‖0, k = 0, . . . , n.(3.6)

Recall that we have |ak | ≤
(
n
k

)
M(Pn) for Mahler’s measure (see, e.g., [13]),

which follows from (3.2) by letting Λn(z) =
(
n
k

)
zk. One can certainly continue

with a list of corollaries by choosing proper polynomials Λn.

4. Approximation by polynomials with integer coefficients

We consider a related question of approximation by polynomials with in-
teger coefficients on the unit disk. There is a well-known condition necessary
for approximation by integer polynomials in essentially any norm on D.
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Proposition 4.1. Suppose that Pn ∈ Zn[z], n ∈ N, converge to f uniformly
on compact subsets of D. Then f is analytic in D and f (k)(0)/k! ∈ Z ∀k ≥ 0,
k ∈ Z.

This necessary condition for the convergence is clearly equivalent to the
fact that the power series expansion of f at the origin has integer coefficients.

Define the Hardy space norm on D by

‖Pn‖Hp :=
(

1
2π

∫ 2π

0

|Pn(eiθ)|p dθ

)1/p

, 0 < p < ∞.

It is well known that approximation by polynomials with integer coefficients
is possible in Hp only in the trivial case; see [14] and [37]. More precisely, we
have the following proposition.

Proposition 4.2. Suppose that f ∈ Hp, 0 < p ≤ ∞. If Pn ∈ Zn[z], n ∈ N,
satisfy

lim
n→∞

‖f − Pn‖Hp = 0,(4.1)

then f is a polynomial with integer coefficients.

It appears an open question whether this proposition is true for p = 0,
i.e., for approximation of functions in Mahler’s measure. Generally, nontrivial
approximation by integer polynomials in the supremum norm is valid on sets
with transfinite diameter (capacity) less than 1 [14], [15], [37], and it is not
possible if the transfinite diameter is greater than or equal to 1. But the
transfinite diameter of D is exactly equal to 1, so that we deal with a borderline
case. However, we show that the Bergman space Ap is different from the Hardy
space Hp in this regard, as it does allow approximation by polynomials with
integer coefficients.

Theorem 4.3. Suppose that f ∈ Ap, 1 < p < ∞. We have

lim
n→∞

‖f − Pn‖p = 0,(4.2)

for a sequence of polynomials Pn ∈ Zn[z], n ∈ N, if and only if f has a power
series expansion about z = 0 with integer coefficients. Clearly, this is equiva-
lent to f (k)(0)/k! ∈ Z ∀k ≥ 0, k ∈ Z.

Thus, there are many functions in Ap that can be approximated by polyno-
mials with integer coefficients. In fact, one can use partial sums of the power
series for this purpose; see the proof of Theorem 4.3. However, we do not know
whether Theorem 4.3 is valid in the case 0 ≤ p ≤ 1. Note that if f ∈ Ap, p > 1,
has a Taylor expansion with integer coefficients, then f ∈ Aq for any q ∈ [0, p)
and the partial sums Pn of this expansion satisfy ‖f − Pn‖q ≤ ‖f − Pn‖p → 0
as n → ∞.
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5. Multivariate polynomials

The definition of ‖Pn‖0 is easily generalized to the case of multivariate
polynomials Pn(z1, . . . , zd) as follows:

‖Pn‖0 := exp
(

1
πd

∫
D

· · ·
∫

D

log |Pn(z1, . . . , zd)| dA(z1) · · · dA(zd)
)

.

It is also parallel to multivariate Mahler’s measure

M(Pn) := exp
(

1
(2π)d

∫
T

· · ·
∫

T

log |Pn(z1, . . . , zd)| |dz1| · · · |dzd|
)

.

We note that many of the properties of ‖Pn‖0 are preserved in the multivariate
case. Thus, it still defines a multiplicative height on the space of polynomials.
If Pn is a polynomial with complex coefficients and the constant term a0, then
we can apply the area mean value inequality to the (pluri)subharmonic func-
tion log |Pn(z1, . . . , zd)| in each variable, which gives together with Fubini’s
theorem that

‖Pn‖0 ≥ |a0|.
Furthermore, the above inequality turns into equality if Pn(z1, . . . , zd) �= 0
on D

d, by the area mean value theorem for the (pluri)harmonic function
log |Pn(z1, . . . , zd)|. However, it is rather unlikely that some kind of explicit
relation such as (1.4) exists for general multivariate polynomials.

We now state an estimate generalizing Corollary 1.2.

Proposition 5.1. For a polynomial

Pn(z1, . . . , zd) =
∑

k1+···+kd ≤n

ak1···kd
zk1
1 · · · zkd

d(5.1)

of degree at most n with complex coefficients, we have

e−n/2M(Pn) ≤ ‖Pn‖0 ≤ M(Pn).(5.2)

Equality holds in the lower estimate for any Pn(z1, . . . , zd) = ak1···kd
zk1
1 · · · zkd

d

with k1 + · · · + kd = n. The upper estimate turns into equality for any polyno-
mial not vanishing in D

d.

It is of interest to find explicit values of the multivariate ‖Pn‖0. This prob-
lem has received a considerable attention in Mahler’s measure setting (see [8],
[13], [17], [32], [33]), and it remains a very active area of research. In particu-
lar, it is of importance to characterize multivariate polynomials with integer
coefficients satisfying ‖Pn‖0 = 1. Smyth [33] proved a complete Kronecker-
type characterization for the multivariate Mahler’s measure M(Pn) = 1. Thus,
we expect that one should be able to produce an analog for ‖Pn‖0, general-
izing Theorem 1.3. We postpone a detailed study of the multivariate ‖Pn‖0

for another occasion, and conclude with simple examples.



AN AREAL ANALOG OF MAHLER’S MEASURE 355

Example 2. The following identities hold for the multivariate ‖Pn‖0:

(a) ‖z1 + z2‖0 = e−1/4;
(b) ‖1 + zk1

1 · · · zkd

d ‖0 = 1; k1, . . . , kd ≥ 0;
(c) If the polynomial Pn of the form (5.1) satisfies

|a0···0| ≥
∑

0<k1+···+kd ≤n

|ak1···kd
|,

then ‖Pn‖0 = M(Pn) = |a0···0|.

6. Proofs

6.1. Proofs for Section 1.

Proof of Theorem 1.1. If Pn does not vanish in D, then log |Pn(z)| is har-
monic in D. Hence M(Pn) = |a0| and ‖Pn‖0 = |a0| follow from the contour
and area mean value theorems. Assume now that Pn has zeros in D. Applying
Jensen’s formula, we obtain that

logM(Pn) =
1
2π

∫ 2π

0

log |Pn(eiθ)| dθ = log |an| +
∑

|zj |≥1

log |zj |.

Furthermore,

log ‖Pn‖0 =
1
π

∫ 1

0

∫ 2π

0

log |Pn(reiθ)|r dr dθ

= 2
∫ 1

0

(
1
2π

∫ 2π

0

log |Pn(reiθ)| dθ

)
r dr

= 2
∫ 1

0

(
log |an| +

∑
|zj |≥r

log |zj | +
∑

|zj |<r

log r

)
r dr

= log |an| +
∑

|zj |≥1

log |zj | +
1
2

∑
|zj |<1

(|zj |2 − 1).

Hence,

‖Pn‖0 = M(Pn) exp
(

1
2

∑
|zj |<1

(|zj |2 − 1)
)

. �

Proof of Corollary 1.2. Inequality (1.5) follows from (1.4) after observing
that the smallest value of the exponential is achieved when all zj = 0, while
the largest value is 1 when all |zj | ≥ 1. �

Proof of Theorem 1.3. If Pn is cyclotomic, then ‖Pn‖0 = 1 by Theorem 1.1,
because |zj | = 1, j = 1, . . . , n, and M(Pn) = 1. Assume now that ‖Pn‖0 = 1.
Let zj , j = 1, . . . ,m, m ≤ n, be the zeros of Pn in D. We recall that M(Pn) =
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|an|
∏

|zj |>1 |zj | = |a0|
∏

|zj |<1 |zj | −1, where a0 �= 0 is the constant term of Pn.
Thus, we have from (1.4) that

‖Pn‖0 = |a0|
m∏

j=1

e(|zj |2−1)/2

|zj | ≥
m∏

j=1

e(|zj |2−1)/2

|zj | .(6.1)

Define g(x) := e(x2−1)/2/x, x > 0, and observe that g′(x) < 0 when x ∈ (0,1),
while g′(x) > 0 when x ∈ (1, ∞). Hence,

g(1) = 1 is the strict global minimum for g(x) on (0, ∞).(6.2)

It follows from (6.1) and (6.2) that

1 <
m∏

j=1

g(|zj |) =
m∏

j=1

e(|zj |2−1)/2

|zj | ≤ ‖Pn‖0 = 1,

which is a contradiction. Hence, Pn has no zeros in D, and M(Pn) = ‖Pn‖0 = 1
by Theorem 1.1. This implies that Pn is cyclotomic by Kronecker’s theorem.

We could also proceed in a different way, by assuming that ‖Pn‖0 = 1 and
observing from (6.1) that

exp

(
m∑

j=1

|zj |2 − 1
2

)
=

1
|a0|

m∏
j=1

|zj |.

Since the expression on the right is an algebraic number, as well as the sum
in the exponent on the left, we obtain that equality is only possible when the
latter sum is zero, by the well-known result of Lindemann that the exponential
of a nonzero algebraic number is transcendental [3]. Hence, |zj | ≥ 1, j =
1, . . . , n, and M(Pn) = ‖Pn‖0 = 1 as before. �

Proof of Proposition 1.4. Assume that the zeros of Pn in D are given by
zj , j = 1, . . . ,m, and observe from (1.4) that

exp

(
m∑

j=1

|zj |2 − 1
2

)
=

‖Pn‖0

M(Pn)
.

Since the sum in the exponent on the left is algebraic, we obtain that the left-
hand side is transcendental by the well-known result of Lindemann [3]. Note
that M(Pn) is always algebraic. If ‖Pn‖0 were algebraic, then the right-hand
side would be algebraic, too, a contradiction. When Pn has no zeros in D, we
have ‖Pn‖0 = M(Pn) = |a0| by Theorem 1.1. �

6.2. Proofs for Section 2.

Proof of Theorem 2.1. We first show that Pn has o(n) zeros in Dr :=
{z : |z| < r} as n → ∞, for any r < 1. Assume to the contrary that there
is a subsequence of n such that Pn has at least αn zeros, with α > 0, in some



AN AREAL ANALOG OF MAHLER’S MEASURE 357

Dr, r < 1. Suppose that those zeros are zj �= 0, j = 1, . . . ,m, m ≤ n, and
proceed as in the proof of Theorem 1.3 to obtain

m∏
j=1

g(|zj |) =
m∏

j=1

e(|zj |2−1)/2

|zj | ≤ ‖Pn‖0(6.3)

by (6.1). Since g(x) = e(x2−1)/2/x is strictly decreasing on (0,1), we have that
m∏

j=1

g(|zj |) ≥ (g(r))αn.

It immediately follows from (6.2) and (6.3) that

limsup
n→∞

‖Pn‖1/n
0 ≥ (g(r))α > 1,

which is in direct conflict with assumptions of this theorem. If Pn has a simple
zero at z = 0, then Pn(z) = zQn−1(z) and ‖Pn‖0 = ‖Qn−1‖0/

√
e. Hence, we

can apply the above argument to Qn−1 and come to the same conclusion that
Pn has o(n) zeros in Dr := {z : |z| < r}, r < 1, as n → ∞.

The second step is to show that limn→∞(M(Pn))1/n = 1. Note that

1 ≤ M(Pn) = ‖Pn‖0 exp
(

1
2

∑
|zj |<1

(1 − |zj |2)
)

.(6.4)

If Pn has m = o(n) zeros in Dr, r < 1, then

exp
(

1
2

∑
|zj |<1

(1 − |zj |2)
)

≤ em/2+n(1−r2)/2.

Using this in (6.4), we obtain that

1 ≤ lim inf
n→∞

(M(Pn))1/n ≤ limsup
n→∞

(M(Pn))1/n

≤ e(1−r2)/2 lim
n→∞

‖Pn‖1/n
0 = e(1−r2)/2.

Hence, limn→∞(M(Pn))1/n = 1 follows by letting r → 1−. The proof may now
be completed by applying Bilu’s result [4] (at least when Pn is irreducible for
all n ∈ N), but we prefer to continue with an independent proof via a standard
potential theoretic argument.

Observe that Pn(z) = an

∏n
j=1(z − zj) has o(n) zeros in C \ Dr, r > 1, for

otherwise we would have lim infn→∞(M(Pn))1/n > 1 as

M(Pn) = |an|
∏

|zj |>1

|zj | ≥
∏

|zj |>1

|zj |.

This also implies that

lim
n→∞

|an|1/n = 1.(6.5)
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Hence any weak* limit ν of the sequence νn must satisfy supp ν ⊂ T. Define
the logarithmic energy of ν by

I(ν) :=
∫ ∫

log
1

|z − t| dν(z)dν(t).

Our goal is to show that I(ν) = 0, which implies that ν has the smallest pos-
sible energy among all positive Borel measures of mass 1 supported on T.
On the other hand, it is well known in potential theory that the equilibrium
measure minimizing the energy integral is unique, and it is equal to the nor-
malized arc length on T [28], [38]. Thus, ν = dθ/(2π) and the proof would be
completed.

Define the discriminant of Pn as Δn := a2n−2
n

∏
1≤j<k≤n(zj − zk)2. Observe

that it is an integer, being a symmetric form with integer coefficients in the
roots of Pn ∈ Zn[z]. Since Pn has no multiple roots, we have Δn �= 0 and
|Δn| ≥ 1. Therefore,

log
1

|Δn| = −(2n − 2) log |an| +
∑
j �=k

log
1

|zj − zk | ≤ 0.(6.6)

Let

KM (z, t) := min
(

log
1

|z − t| ,M
)

, M > 0.

It is clear that KM (z, t) is a continuous function in z and t on C × C, and that
KM (z, t) increases to log 1

|z−t| as M → ∞. Using the monotone convergence
theorem and the weak* convergence of νn × νn to ν × ν, we obtain that

I(ν) = lim
M →∞

∫ ∫
KM (z, t)dν(z)dν(t)

= lim
M →∞

(
lim

n→∞

∫ ∫
KM (z, t)dνn(z)dνn(t)

)

= lim
M →∞

(
lim

n→∞

(
1
n2

∑
j �=k

KM (zj , zk) +
M

n

))

≤ lim
M →∞

(
lim inf
n→∞

1
n2

∑
j �=k

log
1

|zj − zk |

)

= lim inf
n→∞

1
n2

log
|an|2n−2

Δn
.

Hence, I(ν) ≤ 0 follows from (6.5) and (6.6). But I(μ) > 0 for any positive unit
Borel measure supported on T, with the only exception for the equilibrium
measure dμT := dθ/(2π), I(μT) = 0, see [38, pages 53–89]. �

Proof of Theorem 2.3(a). We use the same notation and approach as in
the proof of Theorem 1.3. If Pn has no zeros in D, then min1≤j≤n |zj | ≥ 1.
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Otherwise, let zj , j = 1, . . . ,m, m ≤ n, be the zeros of Pn in D. It follows
from (6.1)–(6.2) that

‖Pn‖0 = |a0|
m∏

j=1

e(|zj |2−1)/2

|zj | ≥ g
(

min
1≤j≤n

|zj |
)

> 1.

Thus, we obtain the result by the continuity of g(x) = e(x2−1)/2/x, x > 0, and
(6.2).

(b) Note that limn→∞ ‖Pn‖0 = 1 in this case too, by (1.1) and (1.2). Hence,
(2.1) holds true. Furthermore, we have for any zero zk ∈ C \ D that

1 ≤ |zk | ≤ |an|
∏

|zj |>1

|zj | = M(Pn).

Thus,

lim
n→∞

max
1≤j≤n

|zj | = 1,

and (2.2) follows. �

6.3. Proofs for Section 3.

Proof of Theorem 3.1. Using (3.2) for the polynomial Pn(rz), r ∈ [0,1], we
obtain that∫ 2π

0

log |ΛPn(reiθ)| dθ ≤ 2π logM(Λn) +
∫ 2π

0

log |Pn(reiθ)| dθ.

Hence, (3.3) follows immediately, if we multiply this inequality by rdr/π and
integrate from 0 to 1. �

Proof of Corollary 3.2. We follow [9] by setting Λn(z) = nz(1 + z)n−1 =∑n
k=0 k

(
n
k

)
zk. This gives ΛPn(z) = zP ′

n(z) and M(Λn) = n. Hence, (3.4) is
a consequence of (3.3). In order to deduce (3.5) from (3.4), we only need to
observe that ‖zP ′

n‖0 = ‖z‖0‖P ′
n‖0 = ‖P ′

n‖0/
√

e. �

Proof of Corollary 3.3. Let Λn(z) =
(
n
k

)
zk,0 ≤ k ≤ n, where k is fixed.

Then ΛPn(z) = akzk and M(Λn) =
(
n
k

)
. It follows from (3.3) that

‖akzk ‖0 = |ak |e−k/2 ≤
(

n

k

)
‖Pn‖0,

because ‖zk ‖0 = e−k/2. �
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6.4. Proofs for Section 4.

Proof of Proposition 4.1. Recall that the uniform convergence of Pn to f

on compact subsets of D implies that f is analytic in D, and that P
(k)
n converge

to f (k) on compact subsets of D for any k ∈ N. In particular,

lim
n→∞

P (k)
n (0) = f (k)(0) ∀k ≥ 0, k ∈ Z.

But P
(k)
n (0) = k!ak, where ak ∈ Z is a corresponding coefficient of Pn. Hence,

the result follows. �

Proof of Proposition 4.2. We have that

‖Pn − Pn−1‖Hp ≤ ‖f − Pn‖Hp + ‖f − Pn−1‖Hp

by the triangle inequality for p ≥ 1, and

‖Pn − Pn−1‖p
Hp ≤ ‖f − Pn‖p

Hp + ‖f − Pn−1‖p
Hp

for 0 < p < 1. In both cases, (4.1) implies that

lim
n→∞

‖Pn − Pn−1‖Hp = 0, 0 < p ≤ ∞.

If Pn �≡ Pn−1 then we let akzk be the lowest nonzero term of Pn − Pn−1, where
|ak | ∈ N. Using the mean value inequality [11], we obtain

‖Pn − Pn−1‖Hp ≥ |ak | ≥ 1, 0 < p ≤ ∞.

This is obviously impossible as n → ∞, so that we have Pn ≡ Pn−1 for all
sufficiently large n ∈ N. Hence, the limit function f is also a polynomial with
integer coefficients. �

Proof of Theorem 4.3. If (4.2) holds then Pn converge to f on compact
subsets of D by the area mean value inequality:

|f(z) − Pn(z)|p ≤ 1
π(1 − |z|)2

∫∫
|t−z|<1− |z|

|f(t) − Pn(t)|p dA

≤
|f(t) − Pn(t)‖p

p

(1 − |z|)2 → 0, n → ∞, z ∈ D.

Hence, f has a power series expansion at z = 0 with integer coefficients by
Proposition 4.1.

Conversely, suppose that f ∈ Ap is represented by a power series with
integer coefficients. Since the partial sums of this series converge to f in Ap

norm for 1 < p < ∞ by Theorem 4 [11, page 31], we can select the sequence Pn

be the sequence of the partial sums. �
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6.5. Proofs for Section 5.

Proof of Proposition 5.1. We apply (1.5) in each variable zj , j = 1, . . . , d,
and use Fubini’s theorem to prove (5.2). Indeed, (1.5) gives that

1
2π

∫
T

log |Pn(z1, . . . , zd)| |dz1| − k1

2
≤ 1

π

∫
D

log |Pn(z1, . . . , zd)| dA(z1)

≤ 1
2π

∫
T

log |Pn(z1, . . . , zd)| |dz1|

is true for all z2, . . . , zd ∈ C. Integrating the above inequality with respect
to dA(z2)/π, interchanging the order of integration in the lower and upper
bounds, and applying (1.5) in the variable z2, we obtain

1
(2π)2

∫
T

∫
T

log |Pn(z1, . . . , zd)| |dz1| |dz2| − k1 + k2

2

≤ 1
π2

∫
D

∫
D

log |Pn(z1, . . . , zd)| dA(z1)dA(z2)

≤ 1
(2π)2

∫
T

∫
T

log |Pn(z1, . . . , zd)| |dz1| |dz2|

is true for all z3, . . . , zd ∈ C. After carrying out this argument for each
variable zj , we arrive at (5.2) in d steps. When Pn(z1, . . . , zd) �= 0 in Dd,
we have that ‖Pn‖0 = M(Pn) = |a0···0| by the iterative application of Theo-
rem 1.1. If Pn(z1, . . . , zd) = ak1···kd

zk1
1 · · · zkd

d , where k1 + · · · + kd = n, then we
evaluate directly that M(Pn) = |ak1...kd

| and ‖Pn‖0 = |ak1···kd
|e−n/2 because

‖zj ‖0 = e−1/2, j = 1, . . . , n. �

Proof of Example 2. (a) Applying (1.4), we have that

1
π2

∫
D

∫
D

log |z1 + z2| dA(z1)dA(z2) =
1
π

∫
D

|z2|2 − 1
2

dA(z2) = − 1
4
.

(b) is an immediate consequence of (c).
(c) Let a0···0 = |a0···0|eiφ. Observe that Pn(z1, . . . , zd) + εeiφ �= 0 in D

d for
any ε > 0, because

|Pn(z1, . . . , zd) + εeiφ| ≥ |a0···0| + ε −
∑

0<k1+···+kd ≤n

|ak1···kd
| > 0

by the triangle inequality. We obtain that ‖Pn + εeiφ‖0 = M(Pn + εeiφ) =
|a0···0| + ε by the area and contour mean value properties of the (pluri) har-
monic function log |Pn(z1, . . . , zd) + εeiφ| in D

d, and the result follows by let-
ting ε → 0. �
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analytique et élémentaire des nombres, 1986–1987, 52–68, Publ. Math. Orsay, 88–01,

Univ. Paris XI, Orsay, 1988. MR 0950948
[24] D. H. Lehmer, Factorization of certain cyclotomic functions, Ann. Math. 34 (1933),

461–479. MR 1503118
[25] K. Mahler, On the zeros of the derivative of a polynomial, Proc. Roy. Soc. London

Ser. A 264 (1961), 145–154. MR 0133437

http://www.ams.org/mathscinet-getitem?mr=1132526
http://www.ams.org/mathscinet-getitem?mr=1093133
http://www.ams.org/mathscinet-getitem?mr=0422171
http://www.ams.org/mathscinet-getitem?mr=1470340
http://www.ams.org/mathscinet-getitem?mr=1694981
http://www.ams.org/mathscinet-getitem?mr=1912495
http://www.ams.org/mathscinet-getitem?mr=0485771
http://www.ams.org/mathscinet-getitem?mr=0644535
http://www.ams.org/mathscinet-getitem?mr=1879666
http://www.ams.org/mathscinet-getitem?mr=2033762
http://www.ams.org/mathscinet-getitem?mr=0033372
http://www.ams.org/mathscinet-getitem?mr=1700272
http://www.ams.org/mathscinet-getitem?mr=0560902
http://www.ams.org/mathscinet-getitem?mr=2225473
http://www.ams.org/mathscinet-getitem?mr=1824892
http://www.ams.org/mathscinet-getitem?mr=0046395
http://www.ams.org/mathscinet-getitem?mr=0812558
http://www.ams.org/mathscinet-getitem?mr=0867930
http://www.ams.org/mathscinet-getitem?mr=0950948
http://www.ams.org/mathscinet-getitem?mr=1503118
http://www.ams.org/mathscinet-getitem?mr=0133437


AN AREAL ANALOG OF MAHLER’S MEASURE 363
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vergieren, Sitzungsber. Ber. Math. Ges. 21 (1922), 59–64.
[37] R. M. Trigub, Approximation of functions with Diophantine conditions by polynomials

with integral coefficients, Metric Questions of the Theory of Functions and Mappings,
No. 2, Naukova Dumka, Kiev, 1971, pp. 267–333. (Russian) MR 0312121

[38] M. Tsuji, Potential Theory in Modern Function Theory, Chelsea Publ. Co., New York,
1975. MR 0414898

Igor E. Pritsker, Department of Mathematics, Oklahoma State University,

Stillwater, OK 74078, USA

E-mail address: igor@math.okstate.edu

http://www.ams.org/mathscinet-getitem?mr=1024420
http://www.ams.org/mathscinet-getitem?mr=1954841
http://www.ams.org/mathscinet-getitem?mr=1334766
http://www.ams.org/mathscinet-getitem?mr=1257579
http://www.ams.org/mathscinet-getitem?mr=1710794
http://www.ams.org/mathscinet-getitem?mr=0360515
http://www.ams.org/mathscinet-getitem?mr=0615132
http://www.ams.org/mathscinet-getitem?mr=0644534
http://www.ams.org/mathscinet-getitem?mr=1400355
http://www.ams.org/mathscinet-getitem?mr=1544404
http://www.ams.org/mathscinet-getitem?mr=0312121
http://www.ams.org/mathscinet-getitem?mr=0414898
mailto:igor@math.okstate.edu

	Definition and main properties
	Asymptotic zero distribution
	Polynomial inequalities
	Approximation by polynomials with integer coefficients
	Multivariate polynomials
	Proofs
	Proofs for Section 1
	Proofs for Section 2
	Proofs for Section 3
	Proofs for Section 4
	Proofs for Section 5

	References
	Author's Addresses

