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Abstract A planar open Riemann surface R admits the Schiffer span s(R, ¢) to a point
¢ € R. M. Shiba showed that an open Riemann surface R of genus one admits the hyper-
bolic span o (R). We establish the variation formulas of o (t) := o (R(t)) for the
deforming open Riemann surface R(t) of genus one with complex parameter ¢ in a disk A
of center 0, and we show that if the total space R = [J,¢ A (t, R(t)) is a two-dimensional
Stein manifold, then oz (t) is subharmonic on A. In particular, o g (¢) is harmonic on A
if and only if R is biholomorphic to the product A x R(0).

1. Introduction

Let Ry be an open Riemann surface of genus one, and let xo = {4y, By} be a
fixed canonical homology basis of Ry modulo dividing cycles. Consider a triplet
(R, x,%) consisting of a (closed) torus R, a canonical homology basis x = {A, B}
of R, and a conformal embedding i of Ry into R such that i(A4g) (resp., i(By))
is homologous to the cycle A (resp., B). We say that two such triplets (R, x,1)
and (R',x’,i") are equivalent if there is a conformal mapping f of R onto R’
with foi=14 on Ry. Each equivalence class is denoted by [R,x,4] and is called
a closing of (Ro, Xo)-

As is well known, the closing [R, x, ] carries a unique holomorphic differen-
tial ¢® with [, ¢ = 1. It will be called the normal differential for (R,x). We
put

PRy xi] = /B oF,

which is referred to as the modulus of [R, x,]. We denote by C(Rp, xo) the set
of closings of (R, xo0) and put

m(ROaXO) = {T eC | T= T[R7X7i]’ [R,X,’L] € C(R07XO)}'

The set 9 (Rp, xo) obviously lies in the upper half-plane H.
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THEOREM 1.1 (M. SHIBA, [10, P. 306], [11, P. 123])
(1) M(Ro,x0) s a closed disk (which may degenerate to a singleton); there
exists T € H and p € R such that 0 < p < I7* and

M(Ro, x0) = {TGH‘ |7 — 77 §p}.

(2) The hyperbolic diameter o (Rg) of M(Ro, xo) in H is determined solely
by the surface Ry; it is invariant under any change of canonical homology basis

Of Ro.

We call M(Ry, xo) the moduli disk for (Ro,xo0) and call o (Ry) the hyperbolic
span for the open torus Ry. We shall study how oy (Ro(t)) varies when Ry(t)
deforms with complex parameter ¢ from the several complex variables point of
view.

Let (ﬁ, 7, A) be a holomorphic family such that R is a two-dimensional com-
plex manifold, A ={t € C; | |t| < r} is a disk, and 7 is a holomorphic projection
from R onto A. We assume that the fiber R(t) := 7 1(t),t € A, is noncompact,
irreducible, and nonsingular in R, so that }Ni(t) is an open Riemann surface. Let
(R,m,A) be a holomorphic subfamily of (ﬁ, 7, A) such that R C R,ORinRisa
C* smooth real three-dimensional (open) surface, R(t) :=71(t) € R(t), t € A,
and R(t) is a bordered Riemann surface of genus one with C* smooth boundary
OR(t) in R(t). We set

R=JtR®)cR,  oR=[](tOR({)CR.

teA teEA

We identify R with the deformation of the open torus R(t),
R:teA— R(t)€R(t).

Each R(t), t € A, admits the hyperbolic span oy (t) := oy (R(t)). Then we have
the following main theorem.

THEOREM 1.2
If R is a pseudoconvex domain in R, then

(1) the hyperbolic span oy (t) is subharmonic on A,
(2) og(t) is harmonic on A if and only if (R,m,A) is a trivial holomorphic
family; (R,m,A) ~ A x R(0).

In the appendix we prove the following corollary as a generalization of this theo-
rem. Let (R, 7, A) be a holomorphic family such that R is an (n + 1)-dimensional
complex manifold, A is a domain in C?, and R(t) =n~1(t), t € A, is irreducible
and nonsingular in R such that R(t) is an open torus with finite v (independent
of t € A) ideal boundary components. We denote by s (t) the hyperbolic span
for R(t).
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COROLLARY 1.3

(1) Assume that, for each to € A, there exists a small ball 6 of center ty in
A such that R|s is a Stein manifold. Then sg(t) is plurisubharmonic on A.

(2) Assume that

(i) R is a Stein manifold and A is a pseudoconvex domain in C},

(ii) R is a topologically trivial family modulo dividing cycles,

(iii) the ideal boundary component of R(t), t € A, is nonparabolic.
Then sg(t) is pluriharmonic on A if and only if (R, m, A) is a trivial holomorphic
family.

2. Variation formulas of the second order for 37 () and Sy (¢)

Let R be a bordered Riemann surface of genus one in a Riemann surface R such
that R € R and OR consists of C% smooth contours, R =C1+---+C,. Let ¢ be
a holomorphic differential on R = RUJR, precisely, on a neighborhood of R in R.
If ¢ is semiexact on R and S¢=0o0n Cj, j=1,...,v, then ¢ is called a canonical
differential on R in the sense of Kusunoki; in other words, on a thin tubular
neighborhood V; of C}, the branch on V; of the abelian integral ®(z) = |, CZU ¢ is
a single-valued holomorphic function on V; such that S®(z) = const on C; (see
[7, p. 241], [1, Chapter III]).

Let x ={A, B} be a canonical homology basis of R modulo dividing cycles
such that the orientation of A and B are equal to the z- and y-axis in C,. It is
simply written A x B =1. For s, —1 < s <1, there uniquely exists a holomorphic
differential ¢5 on R such that

(i) e~ %3¢, is a canonical differential on R,

(i) fA os=1.
We set 75 = [}, ¢5. Then there uniquely exists a closing R, {As, By}, is] of (R, x)
such that the transplant of ¢, by i;' extends to the normal differential ¢ for
(Rs,{As, Bs}), so that 7[Rs, {As, Bs},is] = 7s. In the special case s =1 (resp., 0)
we simply call ¢; (resp., ¢g) the Li- (resp., Lo-) differential for (R, A), so that
Rep1 =0 (resp., S¢pg=0) on Cj, and 1 = fB @1 (resp., 10 = fB ®0)-

THEOREM 2.1 ([10, P. 306], [11, P. 123])

(1) §RT1 :%To.
(2) OM(R,x)={T €H||r — 7*| = p}, where
1 1
T*:§(’Tl +’7’0), p= 2—i(7'1—7'0)>0.

(3) Ty =7"+pes=2)m 1 <5<,
(4) The hyperbolic span o (R) is written into o (R) = log 37

Now let (7%, 7, A) be the holomorphic family stated in Section 1 for Theorem 1.2.
For t € A, we fix a canonical homology basis x(t) = {A(t), B(t)} of R(t) modulo
dividing cycles such that A(t) and B(t) move continuously in R with ¢ € A. Then
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we have the Li- (resp., Lo-) differential ¢ (¢, z) (resp., ¢o(t,2)) for (R(t), A(t)),
so that fA(t) o1(t,2) = fA(t) oo(t,z) =1. We set

Tl(t) = (bl(th)u TU(t) = ¢0(t72).
B(t) B(t)

As usual we write ¢;(t, z) = fi(t,z)dz, i = 1,0, by use of the local parameter of
R(t). Then we have the following variation formulas for 37 (t) and S7y(t).

LEMMA 2.2
Forte A,

W S s el P+ |28

(2) ;;;t ( /8R(t 2(t,2) | fo(t, 2)| |d|+H3¢otz HR(t)7
where

ko(t,2) = w(t,z)/‘a—“"]?’ on OR,

82418 8 dp O? 9
Lot 2) atz;i ai‘ - {afa_gazai} ‘atrazgz OR,

o(t,z) is the C2 smooth defining function for OR in R.

The Levi form Lo(t,z) on OR depends on the choice of the defining function
o(t,z) of IR, but ka(t, z) does not depend on it. Further, ka(t, z)/|dz| is a form
on OR with respect to the holomorphic family (R, m, A), so that ka(t, 2)|fi(t, 2)],
i=1,0, is a real-valued function on OR (see [8, (1.2)]).

3. Proof of Lemma 2.2

For Lemma 2.2, it suffices to prove it at ¢ = 0. By Gunning and Narasimhan [2],
E(O) is conformally equivalent to a sheeted Riemann surface D over C, without
branch points. Thus, if necessary, take a smaller disk A (of center 0) in C;. We
may assume the following.

(a) R is an unramified domain over A x C, (i.e., R C A x D) so that each
R(t),t € A, is arelatively compact domain of genus one in D such that OR(t) con-
sists of C“ smooth contours C;(t), j =1,...,v. We write R(t) = R(t) UOR(t) =
R(t)U (UL, ;1)) €D.

(b) A(t) = A(0) and B(t) = B(0) for t € A such that A(0) and B(0) are
smooth Jordan curves and A(0) N B(0) consists of a single point ¢y with A(0) x
B(0) =1. We write A(0) = A and B(0) = B.

For t € A, we have the L;- (resp., Lo-) differential ¢ (¢, z) (resp., ¢o(t, z)) for
(R(t), A). If necessary, take a smaller disk A. Since each Cj(t) is of class C* in
R(0), we have a tubular neighborhood V; of C;(0) in D such that ¢ (t,2) (resp.,



Hyperbolic span and pseudoconvexity 169

¢0(t,z)) is holomorphically extended to R(0) UV;. We set
(3.1) v=JV; ad R=R(0)UV(eD).

Then ¢1(t,2) (resp., ¢o(t,2)) is defined in the product domain A x R and is
holomorphic for z € R, but not for t € A in general.
Let us prove Lemma 2.2(1). Each ¢1(t,2), t € A, is written in the form

¢1(t,z) = fi(t,z)dz on R,

where fi(t,z) is a single-valued holomorphic function for z on R. Fix t € A,
and consider the abelian integral @4 ( =’ ‘o ¢1(t,-) on R. The branch ®;(¢,z)
with ®4(¢,(o) =0 is a single-valued holomorphlc functlon for z on R\ (AU B).
We have 9(R(0) \ (AUB)) =0R(0) + [ATBTA~B~|, where [ATBTA B |isa
simple closed curve in R(0). From Cauchy’s theorem we have

/ Dy (t, 2) f1(0,2)dz=0.
OR(0)+[ATB+A~B-]

Since ¢1(t,z) is a semiexact holomorphic differential on R(0), we have by the
bilinear relation that

/AM? By (t,2) f2(0,2) dz = (—/Bq’)l(t,z)) (/A¢1(0,2)> —)
(3.2) /B+B_ B (t,2)f1(0,2)dz = (/A(bl(t,z)) (/}3(1)1(0,2)):71(0),

() — 7 (0) = /BR(O) By (1,2)d®y(0,2), tEA.

We set
Qq(t,z) =Ui(t,z) +iUf (t,z) on R\ (AU B),

where Uy (t,2) and U (t,2), t € A, are single-valued harmonic functions on R\
(AU B). Since ¢1(0, z) is the L;-differential on R(0), we have

/ dU7(0,2) =0 and
c;(0)

U1(0,2) = consta;(0) on C;(0),

so that

S71(t) — 31 (0 Z/ 1(t,2)dUT(0,2), teA,

6237'1(75) (‘3 Ul(t Z)
s = —— = dU{(0,z), teA.
/C(O) oror 01 (0:2)
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Since Uy (t, z) = const a;(t) on C;(t), we apply Hamano’s formula (see [3, (1.2)])
to obtain

PUy o, Uy |2 «f OUL O*U;
by 0 dUT = 2ka(t,2) ’ jax] +43{ 5 5 e
' 92a da; 9°U,
long C(t).
ior Ut~ 43 G Gz =} along G50

It follows that

oU; |2
0 22/ ko(0,2)|—| |dz| + 4 /
© OR(0) 2(0,2) 0z ) 421 { OR(0

Y. 8%, / da, U
dUy 4(\ - /
o Z c;(0) 8t8z

ﬁtat
EI1+I2+I3+I47

o 9°Uy

0237y
otot

dz}

where each integrand is evaluated at ¢t =0 and z € 9R(0) or C;(0). From % =

1f1 on A xV we have I; = 2f8R k2(0,2)|f1(0, 2)|?|dz|. Since U;(t,z2), t € A,
is single-valued in V}, we have fcj(o) dU; (t,z) =0, and I3 = 0. Since Ui (t, z) is of
PUi(t2) 7., _

ot 07 =55 fc (0) 4®1(t,2) =0,
and I, = 0. It remains to calculate I5. Since 9, 92Uy t € A, is a single-valued
function of class C* on R\ (AU B), we have by Green’s formula that

class C¥ for (t,z) € A x V;, we have fcj(o)

ot 9tdz’

/ oU, 8%Uy
———dz
(3.4) OR(0)+[A+B+A-p-] Ot Ot0z
’ 2
:// d(ga,[]ldz), teA.
R(0)\(AUB) ot 0toz

Since dz(%) = 2R{¢1(t,2)} is a semiexact harmonic differential on R(t), we

have

Uy 82U1 1 0

=1 (t, - (t,

/Am, ot 570z - (a /¢>1 2 28t/¢1 2
1
-3 (5 0) (51) =0

Similarly,

o, 0°U;

fyeo

ot 0toz

Since U (t,z) is harmonic for z € R(0

Ly
ot 0582

Phnnm
R(0)\(AUB)

dz = (%m{/ 1 (t,2)

26t/¢1t2

, we have aUl dz = 2¢1 and

// 32U1 8U1 93U,
R(0)

8t82 ot azazaz) dz A dz
=]y

4 H R(0)
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By (3.4) we have I, = H d’l (0, Z)||?g(0)a and

R 1 2 oloN 2
&m<m—iémmmmJnhmJMw4+H5fmemw

which is formula (1) at t =0.
Let us prove Lemma 2.2(2) by a method similar to that for (1). We write

(bo(t,Z):fo(t,Z)dZ on Ra

where fo(t,2), t € A, is a single-valued holomorphic function for z € R. We con-
sider the abelian integral ®q(t,z) of ¢o(t,2z) on R with ®y(t, (o) =0, which is a
single-valued holomorphic function on R\ (AU B). By the same way we obtained
(3.2), we have

mm—m@:/’ Bo(t,2)fo(0.2)dz,  tEA.
OR(0)
We set, for t € A,

O (t,z) =Uo(t,z) +iUj(t,z) on R\ (AU B).

Since ¢ (0, z) is the Lo-differential for (R(0), A), ®o(t, z) is a single-valued holo-
morphic function on R\ (AU B) with U;(0,2) = const b;(0) on C;(0). We have

S1o(t) = Sm(0) = Y /C o Ui(t:2)a0000.2)

:_Z/ Ug(t.2)d(UG(0,2)", teA,
j=17C4(0)

9*So(t 82U0 t,z) . .
8t8t Z / s AU50.2)) ", teA.
Since Ug (t, z) = const b (t) on C;(t), similarly to (3.3) we have

823, oU; o 92U
— (2 2 dz| + 45 04
oot ) ( /8R(0) 2(0,2 ‘ " |+ { /aR(O) ot dto- Z}

“. 9%b; 62U
+ J / d(U; / 0
= otot C;(0) O) c;(0) ataz

= —(J1+J2+J3+J4),

where each integrand is evaluated at t =0 and z € 9R(0) or C;(0). Since 8525 =

3 fo, we have J; = %IBR(O) k2(0, 2)| f0(0, 2)|?|dz|. By the same reasons that I3 =
I, =0 we have J3 = J; =0. For Jy we have by Green’s formula

/ UG O°UG . / / d(aUE’k 0°Us dz), teA.
OR(0)4[A+B+A-B-] Ot Ot0z R(0)\(AUB) ot 0tz ’
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Since [, ¢o(t,z) =1 for t € A, we have

oUs s 1 9 -
/14+A, at oi0: 6t /%” Z(E/%(t’z))—o’

oug o*ug . 0 / 1 / _
/B+B_ ot 0tz d’z*(at“{ A%(t’z 2 8t %t’z =0

It follows that

U 9*U; // U 9*Ug
—— dz = d — (
/GR(O) ot 0toz ? R(0O)\{AUB} ( ot otdz z)

8¢0tz H

4H teA,

and Jp = || (0, z)HR(O) We thus have (2) at t =0.

R(0)

COROLLARY 3.1
If the total space R is pseudoconvex in R, then

(1) S711(t) is subharmonic on A,

(2) S70(t) is superharmonic on A,

(3) the Euclidean radius p(t) of the moduli disk M(R(t), x(t)) is subharmonic
on A.

Proof
Since R is pseudoconvex in R, we have Lo(t,z) >0 on OR. It follows from
Lemma, 2.2 that, for t € A,

0°Smi(t) Haqbl(t,z) Hz 9*Smo(t) _ _Ha¢o(t,z) Hz
otot -~ ot rw — 7 otot  — ot
which proves (1) and (2). These inequalities with Theorem 2.1(2) yield (3). O

<0,

(3.5) po S

REMARK 1

In the case of deforming planar open Riemann surfaces, we showed the variation
formulas of type (1) and (2) of Lemma 2.2, for the Schiffer span (see [9] for the
definition) in [4], and for the harmonic span in [6]. In [5] we showed the relation
between both spans. We showed further in [3] and [6] that, for the deformation
of an open Riemann surface of positive genus, a formula of type (1) holds but a
formula of type (2) does not hold. Formulas (1) and (2) in Lemma 2.2 with the
remarkable contrast are the first example in the case of the deforming nonplanar
open Riemann surface.

4. Proof of the main theorem

Let R be a bordered Riemann surface of genus one with C* smooth boundary
in a larger R, R € R, and let {A, B} be a canonical homology basis of R modulo
dividing cycles. We denote by ¢1 (resp., ¢g) the Li- (resp., Lo-) differential for
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(R, A). From Theorem 2.1(1) and (2) we have
/¢1:7'11:§+i771, /¢o:7'05:f+i770,
B B

where ¢ = +/—1 and &,m1,1n9 are real numbers with 7; > 19 > 0. Consider any
canonical homology basis {A’, B’} of R:
A'=mA+nB .
modulo dividing cycles,

B'=m’A+n'B

where m,n,m’,n’ € Z with mn’ — nm’ = 1. Then we have the L;- and Lo-
differentials ¢ and vy for (R,A"): [,, 41 = [, %o =1, and

Y1 =711 :=a+if, o =74 = a + i,
B B’

respectively, where «, 1,8y are real numbers with 8; > Sy > 0. Then we have
the following result.

LEMMA 4.1
We have
(4.1) {1/}1 - %((er n&)p1 —innigo) on R,
Yo = %((m—i— né)opo —innop1) on R,
= %((m+n&)(m' +n'&) +nn'mino),
(4.2) Br=xm,
Bo = %7707
where
X = (m+n&)* +n’mung > 0.
Proof

From the uniqueness of the L;-differential for (R, A’), 1 must be written in the
form

{1/)1 =apy +1bpy on R for some a,b € R,

fA, P = 1.
We have
[oon= [ aonrivan
/ mA+nB
=a(m+nm) + ib(m + n1p)
=a(m+n&) —bnny + i((mnl +b(m+ n{)),
so that

a(m+ng) —bo = 1,
anm +b(m +n&) =0.
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Since X >0 from mn’ —nm’ =1 and 11,19 > 0, it follows that
1 1
a=—2(m+ng), b=

which yield the expression of 9 in (4.1). Hence,

o= m+ n§ / b1 —i "”71
! = _
X m’'A+n’'B /A—‘rn'B

- %{(m—k né)(m' +n'm) —inm (m’ +n'7o) }

77“71)3

1
= A (m+n&)(m' + ') +nn'mimo) +im} by ma' —nm’ =1,

which yields the expressions of a and 7 in (4.2). Since 1y must be written in
the form

Yo = tapy —l—gqﬁo on R for some E,EE R,
fA’ ¢0 = 1a

in the same way as we obtained 1)1, we have the expressions of ¥y in (4.1) and

By (4.2) we see that 1, 1o, 81, and By do not depend on the choice of m’,n’ with
mn' —nm’ =1, that is, of B’, and that g—;l) = JTl , which shows Theorem 2.1(4).

Proof of Theorem 1.2(1)
We do not lose generality in assuming (a) and (b) stated in Section 3. By Theo-
rem 2.1(4), it suffices to show the following: if R is pseudoconvex in R, then

0? S71(t)
—1 >0, teA.
011 8 Sro(t) =
In (b), for t € A we defined the canonical homology basis {A, B} of the
Riemann surface R(t) of genus one over C,, and we considered the L;- (resp., Lo-)
differential ¢1(t, z) (resp., ¢o(t,z)) for (R(t), A), so that [, ¢1(t,2) = [, do(t,z) =
1. We put

(4.4) /B o1t 2) = (1) = E(t) + imn (2), /B bo(t, 2) = ro(t) = E(t) + ino(2),

where £(t),m1(t),no(t) are real numbers with 11 (t) > no(¢) > 0. Then, for arbitrary
m,n € Z with (m,n) ==£1 it holds that

m(t)
(m +n&(t))? + i (¢)no(t)

Mo (t)
(m +n&(t))? + > (¢)no(t)
In fact, we can find m’,n’ € Z such that mn’ —nm’ =1, and put {A’, B’} =
{mA + nB,m'A + n'B}, which is a canonical homology basis of R(t). Then
we uniquely have the Li- (resp., Lo-) differential ¢;(t,z) (resp., ¥o(t,2)) for

(4.3)

is subharmonic on A,
(4.5)

is superharmonic on A.
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(R(t),A"), so that [,,¢1(t,z) =1 and [,, ¥o(t,z) = 1. We set

P1(t,z) =71(t) == a(t) +ip1(t),

B/
tho(t,z) =7g(t) 1= a(t) + 1o (1),

B/
where a(t),1(t),Bo(t) are real numbers with B1(t) > Bo(t) > 0 from
Theorem 1.1(1) and (2). By Corollary 3.1(1) and (2), we see that 81(t) (resp.,
Bo(t)) is subharmonic (resp., superharmonic) on A. Thus, (4.2) yields (4.5).

We put
X =X (t,m,n) = (m+n&(t))? + n®ny(H)no(t) > 0.

By straightforward calculation we have from (4.5)

X(82”1X—n 32){) —2)(3%{ O aX} 2'8)( ‘>0 on A,

otot Lotot ot ot
910 *°X oo OX X |2
Ox — oxR{IOI2N L o] T2 < A.
<8t6t Oatat) %{ ot ot } | <0 on

Since 11 (t) >no(t) >0 and X >0 on A, we have

(i ) ¥~ 2R{(n5 ) 5y} 20 s

This is written into
(4.6) A(t) (m +n&(t)) + 2B(t)n(m + n&(t)) +n2C(t) > 0,

where

82 m 32770
At) = —
(8) =m0 57 otor oot

B(t)::—m{( om na—@)%},

T T
C(t):?h??o(ﬁo% gtgg) ( ‘8771 ‘0770 )

which are all real numbers independent of m,n. By (4.6) we have

m 2 m
J— — > .
AW (S +em) +2BO (=€) +CM 20, teA
This is true for every (m,n) € Z x Z with (m,n) = 1. It follows that, for t € A,
At)x® +2B(t)z+C(t) >0 for all z €R,
SA() >0 and C(t)>0 forteA.

Let us prove (4.3). Since S (t) =n1(t) > 0 and S7o(t) =1 (£) > 0, it suffices
to show, for t € A,
82

2
g~ magn) ~ (il | o)) 2o

L(t): 771770( 0 Btot
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In fact, we have two expressions of L(t) such that

_ O |2 5|0 |?
) Lty =c)+ (nd| 5| —nt|Fe] ). tea,
_ om |2 5|92
(12) L) =mmA®) - (| 5| —ni| 5| ). tea.
These yield
1
(4.7) L(t)= 5 (C(t) +mnoA(t)),
which is at least 0 on A. Theorem 1.2(1) is proved. O

Proof of Theorem 1.2(2)

Step 1: Assertion (2) holds locally. That is, at each to € A there exists a small
disk Ag of center ¢y in A such that R|a, = Ag X R(to) if o (t) is harmonic on
Ay. In fact, it suffices to prove the first step under the conditions (a) and (b) in
Section 3 (cf. the proof of Theorem 1.2(1)). For simplicity, we write 0 (resp., A)
for ty (resp., Ag). We use the same notations 0, A instead of tg, Ag in the first
step. Since oy (t) =log Z;Eg
We shall first prove

is harmonic on A, we have L(t) =0 on A.

(i) ¢1(t,2) and ¢q(t,2) are holomorphic for (¢,2) € A x R;
(ii) the moduli disk M(R(t),{A, B}) does not move with t € A.

In fact, since C(t) >0, A(t) >0, and 7;(t) > no(t) > 0 on A, it follows from
L(t)=0 on A and (4.7) that C(t) = A(t) =0 on A. On the other hand, (3.5)
yields

0 0
A(t) > nolt H (/)1 H H ¢O H >0 on A.
R(t
We have am(tt 2) — 6¢°(t 2 =0 on ’R|A7 which induces (i).
By (i), =[5 gi)l ) and 79(t) = [ ¢o(t, z) are holomorphic on A. Since

T1(t) — 10(t ) = z(m( ) — 770( )) is pure 1mag1nary, we have 71 (t) — 70(t) = constip
on A, and hence, - %Ttl = 0{;7; = 687;0 =4 887;0 on A. Tt follows from (I12) that
0=(m()? —no(t)?)|%L]? on A, so that |[ZL[> =0 on A. Consequently, neither

71(t) nor 7o(t) depends onteA:
(48) Tl(t):’rl(()), To(t):To(O) on A.

This together with Theorem 2.1(2) yields (ii).

Using (i) and (ii) we next prove the first step: R|a = A x R(0). We set
(o = AN B and use the notation R defined by (3.1). We consider the abelian
integrals

qu)l(tvz) = ¢1(ta')a (t,Z)GAXR,
o

W =dq(t,z) := oo(t,), (t,z2) e AxR,
Co

which are multivalued holomorphic functions for (¢,2) € A x R by (i).
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Let us first fix ¢t € A. Since ¢1(¢,2) (resp., ¢o(t,z)) is the Li- (resp., Lo-)
differential for (R(t), A), which is holomorphic on R, the branch of ® (¢, z) (resp.,
Do (t, z)) with ®1(t,{p) =0 (resp., Po(t, (o) =0) is a single-valued holomorphic
function on R\ (AU B) such that ®,(¢,C;(t)) (resp., ®o(t,C;(t))), j=1,...,v,
is a double wertical (resp., horizontal) segment:

1 (£,C5()) = [a;(t), a; (1) +i;(5)]
o (1, C5(1)) = [b; (1), by () +my ()] *

where £;(t), m;(t) > 0. We set
Zl(t) = @1(t7R\(AUB)), EQ(t) = (I)Q(t,R\(AUB))

If necessary, take a thin tubular neighborhood V; D OR;(t),t € A. Then %4(t)
(resp., Xp(t)) is a two-sheeted open Riemann surface over Cz (resp., Cy) with
2v branch points a;(t),a;(t) +i€;(t) (vesp., b;(t),b;(t) +m;(t)) of order one.

Next let us move t € A. Since P4 (¢, 2) is a single-valued holomorphic function
for two complex variables (¢,2) in A x (R\ (AU B)), it follows that

(4.9) Dy = J(t,®1(tR\(AUB)) = [ J (£, Z1(1))

teEA teA

)

is a (two-dimensional) two-sheeted open Riemann domain over A x Cz with 2v
holomorphic branch curves

Ci=U@aj®) and O =] (ta;(t)+il(1), j=1,...,v
teA teA
Therefore, a;(t),a;(t) +i¢;(t) are holomorphic for ¢t € A. Since ¢;(t) is a real
number, it must be a constant on A; ¢;(t) =¢; >0, t € A.

Similarly, we see that each b;(¢) is holomorphic on A and that m;(t) is
constant on A; m;(t) =m; >0,t € A. We set

Do:= | (t,®(t, R\ (AUB))) = | (,Z0(1)),
teA teA

which is a two-sheeted open Riemann domain over A x Cy with 2 holomorphic
branch curves

Co, = o) and  Cf; = (tb;(t) +my), j=1,...,v.
teA teA

We consider the holomorphic function for two complex variables
(4.10) W =4(t,Z):=(t, 27" (t, 2)), (t,Z)€D;.

Then D is biholomorphic to Dy namely, to A x (R\ (AU B) biholomorphic by
(t,Z)— (t,W) = (t,9(t, Z)) such that ¥(¢,0) =0, ¢(¢,1) =1, and

(4.11) b, [ai (), a;(8) +i6;]F) = [b;(£),0;(t) +my] ™, teA.

Let ¢t € A, and denote by R(t) the covering Riemann surface of R(t) with
respect to {A, B} modulo dividing cycles. We set R = J,c A (£, R(t)). We consider
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the abelian integral

Z==®(t,2) = Z¢1(t,-) in R(t),

o
which is univalent on R(t). We put
il(t);:q>1(t,1?z(t)):(CZ\{U[%() () il Z m+nri(t }
j=1 m,n=—oo

In our situation it becomes

v

S0 =Co\ {00 +it]+ > m+nn(©)},

Jj=1 m,n=—o00

where a;(t) is holomorphic on A and I; =[;(0). We put «;(t) = a;(t) — ai(t),
j=1,...,v, and define 4 (t) := X(t) — a1(t), so that

[ (1), () + il}] Z m+n7(0 }

m,n=—0o0

C:

Si(t)=Cy \ {[o i) +

/|
N

J

Then ¥1(t)/{1,71(0)} and ;(t)/{1,71(0)} are equivalent to R(t) as Riemann
surfaces, and hence,
Ry = U (t,il(t)/{l,ﬁ(())}) ~ R as a holomorphic family.
teA
Thus, for the first step, it suffices to show that, for ¢t € A,

(4.12) a;(t)=0a;(0), j=2,...,v

In the case in which v =1, that is, OR(t) consists of one component, the first
step is true. In the case in which v > 2, we shall use the following elementary
fact.

FACT 4.2

Let f(t,z) be a holomorphic function for (¢,z) in § x V(C C; x C,), where 6 =
{|t| <70} and V ={|z| < ri}. If there exists an open interval I C (—ry,r1) such
that, for any ¢ € 0, f(t,I) is a subset of the real axis, then f(¢,2) = f(0,z2) for
(t,z)ed x V.

Similarly to 1 (t) we define

WZ@O(tvz) = : (bO(tv') in R(t)7
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We put 53;(t) = b;(t) — by (0),5 =1,...,v, and Sg(t) := So(t) — by (), so that

io(t):cw\{[o,m1]+U[ﬁj(t),ﬁj(t)+mj]+ 3 m+n70(t)},
j=2

So(t)/{1,7(0)} ~ R(t) as a Riemann surface,

Ro = U (t,20(t)/{1,70(0)}) R as a holomorphic family.
teEA

We thus have the automorphism
W =1(t,Z) :=51(t) = So(t), teA,
such that, for j =2,...,v,
O (t,[0,ih])F) =[0,m1]F  and
~ 1t
W (t[ay(t),05(t) +il] ™) = [B;(2), B; (1) +my]

Applying the above elementary fact to the first equation we have

+

B, 2)=$(0,2), teA.
It follows from the second equation that, for each j =2,... v,

[8;(1),8;(t) + m)] " =00, [ (1), a5(t) +m;] "), teA.

This implies (4.12). In fact, if (4.12) were not true, we have «;(t) # «;(0) for
some j, 2 < j <v and some sufficiently small ¢ # 0. Hence @Z(O,Z) would be
one-to-one.

Step 2: Assertion (2) holds. In fact, we have the L;-differential ¢(¢,z) for
(R(t), A(t)) and put 71(¢t) :== fB(t) ¢1(t,-). Systematically applying the first step
we see that ¢1(t,z) is holomorphic for (¢,2) € R and 71 (¢) = 71(0) for t € A.

Since A is simply connected, we have a continuous section £ : t € A — R(t) of
R and a canonical homology basis {A(t), B(t)} of R(t) with A(t) N B(t) =&(t),
t € A, which moves continuously in R with ¢ € A.

Let t € A, denote by R(t) the covering Riemann surface of R(t) with respect
to {A(t), B(t)} modulo dividing cycles, and put R = Usea (t, R(t)). By the first
step we find small disks A, = {|[t —tx| <rp} €A, k=1,2,..., with A={J72; Ay
and limy_, o, 0A = OA such that the following statements hold.

(1) For Ay NA;#0,1,k=1,2,..., we have a disk Ag; D A UA; in A such
that R|a,, is holomorphically trivial and is realized as an unramified domain
Dy over Ay x C,, such that Dy; contains the bidisk Ag; X {Jw| <7} in which
Elay ={&() -t € A} is realized. We write Wy (¢) in R(t), which corresponds to
{t} < {lw] <7}, t € Ay, and Wy =U,cp, (6 Wi () (C Ra,)-

(2) For k=1,2,... we draw a holomorphic section (j : ¢t € Ay — (i(t) of
R|a, such that Cx(tx) =&(tk) and Ckla, C We. If we put, for t € Ay,

Ou(t,z)= [ dult,), zeR(E),
Cr (1)
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then (t) := @1 (£, R(t)) is a (univalent) domain in C and

. =N Cr (tw)
S (t) = S (1) + / fi(t,r) inC
Cr(t)

=: i\]k(tk) + hk(t) in C,

where the integral path is an arc from (j(¢) to (i (tx) in Wi (t). For a fixed t € Ay
we have

Se)/{L )} & (Srte) + hi() /{1, 71(t) } = Se(te) /{1, 71(t) }
which stands for an equality between the bordered tori. It follows that

Rla, = | (tSkte) /{1 7u(te)}).
teA,
Now let AyNA; £ 0, k,1=1,2,...,and let (¢,2) € ﬁ|AmAl- If we draw an arc
ki (t) connecting (i (t) and ¢;(¢) in Wy (t) UW,(t), then the condition (x|a, C W
yields

~

(413)  Due(t2) — Bt 2) = / bi(t) = aw(t), =€ R().
YEL(t)

We note that ag(t) is independent of the choice of vy (t) in Wi () UW,(¢) and
is a holomorphic function on Ag N A; such that ag(t) = —ayx(t).

Given any point t € Ay NA;NA,, # 0, since Vg (t) 0 Yim () 0 yme (t) is a closed
curve in the simply connected domain Wy (t) U W;(t) U Wy, (¢), we have

(4.14) Ozkl(t) F am(t) + ami(t) =0 on Ay NANA,,

Since the first Cousin problem is solvable on the disk A, we find a holomorphic
function ay(t) on Ak, k=1,2,..., such that ay(t) = ar(t) — a;(t) on Ay for any
pair {k,l}. Hence,

h(t,z) = ®p(t, 2) — o(t), (t,2) €Rla,,

is independent of k£ =1,2,..., that is, h(t, z) is the (single-valued) holomorphic
function for (¢,z) in the whole R. We put

S(t) = h(tR (CZ\{U t) + il;] Z m+nr (¢ }
where @;(t), j=1,...,v, is a holomorphic function on A. Then §(t)/{1, T1(t)} ~
R(t),t € A. Since R(t) ~ R(0),t € A, we have 71(t) = 71(0) and a;(t) — ai(t) =
aj(O) —@1(0),t eAj=1,....v

If we put a; := @;(0) — @1 (0), then the univalent function H (¢, z) := h(t,z) —
a1 (t) on R(t) is written into

(4.15)  H(t,R(t)) CZ\{O [a;,a; +if,]F + i m+nn(0)}, teA.

m,n=—o0
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It follows that
(4.16)  R(t)~ H(t, R(t))/{1,na(t)} = H(0,R(0))/{1,7(0)} ~ R(0), tEA.

Since H(t,z) is holomorphic for (¢,z) € R and 7(t) =7,(0) for t € A, we prove
the second step. O

Appendix

To prove Corollary 3.1(1) we fix ¢ty € A. By the assumption we have a ball 5 of
center to in A such that R|; is an (n 4 1)-dimensional Stein manifold. Let ¢ be

a ball of center ty such that § € §. Then we have a strictly plurisubharmonic
exhaustion function 9 (¢, z) on R|;. For a sufficiently large integer k& > 1 we set

Ri={(t,2) € R|s: ¥(t,2) <k} =: | J(t, Re(t)) € R.
teo
Then Ry, is a Stein manifold such that ORy is smooth in R|s and each Ry(t),
t €4, is an open torus with v smooth contours Cig(t),...,Cur(t) in R(t). We
denote by o (t) the hyperbolic span for Ry(t). By Theorem 1.2(1), opx(t) is
plurisubharmonic on ¢. Since oy (t) \ o (t) as k — oo for ¢t € 4, it follows that
o (t) is plurisubharmonic on §, and hence, on A.

To prove Corollary 3.1(2) let (R, n, A) be a holomorphic family with condi-
tions (i), (ii), and (iii). We use the exhaustion method as in the proof of Corol-
lary 3.1(1). Then, by the standard argument under the pluriharmonicity of o g (¢)
(which is the limit of the plurisubharmonic function oy (t)) and condition (iii),
we may assume that there exists an (n + 1)-dimensional manifold R such that
R =U,ea(t,R(t)) C R= Uea(t, R(t)) and OR(t), t € A, consists of v smooth
contours C;(t) in R(t). Therefore, Corollary 3.1(2) holds locally in A by the
same argument as that of the proof of the first step in Theorem 1.2 under the
pluriharmonicity of og(t) in A. To go from locally in A to globally on A for
Corollary 3.1(2), we introduce the k-cycle.

Let R be a bordered torus with smooth contours C,...,C,. We denote by
R* the Kerékjarté—Stoilow compactification of R; in short, we consider each Cj
as one point in R*. Let v be a closed curve in R or consist of a finite number of
arcs {vk}r=1,..m in R whose closure v* in R" is a closed curve in R". We see
that such v in the second case yields a closed curve 4’ in R which is homologous
to v* in R*. If 4" is another closed curve in R homologous to v* in R", then it
holds that 4" ~~" in R modulo dividing cycles and vice versa. We call such v in R
the k-cycle in R, which is identified with v* in R* or with the closed curve v’ in
R stated above. For two k-cycles 71 and 72 in R, if 4f ~ 3 in R*, then we write
Y1 ~, Y2 in R. For two k-cycles A, B in R with A x B=1 in R, if A*, B* is the
canonical homology basis of R*, then we call {A, B} the k-canonical homology
basis of R.
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REMARK 2

The s-canonical homology basis {A, B} of R uniquely induces the L;-differential
$1(z) for (R, A) and the modulus 71 := [ ¢1.

By condition (ii) we have a continuous section £ :t € A — R(t) of R and a
k-canonical homology basis {A(t), B(t)} of R(t) with A(t) N B(t) =&(t), t€ A,
which moves continuously in R"* with ¢t € A. We uniquely have the L;-differential
¢1(t, z) for (R(t), A(t)). We put 71 (t) := fB(t) @1(t, z). Since R is locally trivial, we
see that ¢1(¢,2) is holomorphic for (¢,z) € R and 71 (t) = 71(0) for ¢t € A. Using
Remark 2 and the same argument as that of the second step of the proof of
Theorem 1.2(2), we have (4.13) and (4.14) for A(C C}). Then by the solvability
of the first Cousin problem in the pseudoconvex domain A, we have (4.15) and
(4.16) for A. Then, similar to Theorem 1.2(2) we have Corollary 1.3(2). O
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