Equivariant Schrodinger maps in two
spatial dimensions: The H* target

loan Bejenaru, Alexandru lonescu, Carlos Kenig, and Daniel Tataru

Abstract We consider equivariant solutions for the Schrodinger map problem from
R2+1 to H? with finite energy and show that they are global in time and scatter.

1. Introduction
The Schrédinger map equation in R**! with values into S, C R? is given by
(1.1) u =1u %, Au, u(0) = o,
where y = £1. The connected Riemannian manifolds S, are
S1=8*= {v=(y1,92,43) ER:yf +ys 415 = 1},

(1.2)
So1=H*={y=(y1,92,y3) ER®: —yf — 5 +y3 =1,y3 > 0},

with the Riemannian structures induced by the Euclidean metric g; = dy? +dy3 +

dy3 on S; and the Minkowski metric g_1 = dy? + dy3 — dy3 on S_;. Thus, S is

the 2-dimensional sphere S?, while S_; is the 2-dimensional hyperbolic space H?.

With n,, = diag(1, 1, 1), the cross product x,, is defined by v x, w:=mn, - (v X w).
This equation admits a conserved energy

1 2
E(u) = 5 /}R? |Vulj, dz
and is invariant with respect to the dimensionless scaling
u(t, r) = u(\*t, \x).

The energy is invariant with respect to the above scaling; therefore, the
Schrédinger map equation in R**! is energy critical.

The local theory for classical data was established in [22] and [18]. We recall
the following result.
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THEOREM 1.1 (MCGAHAGAN)
If ug € H' N H3, then there exists a time T > 0 such that (1.1) has a unique
solution in L°([0,T]: H' N H?).

The local- and global-in-time Schrédinger map problem with small data has been
intensely studied for the case = 1, which corresponds to S? as the target (see
[4]. [3]. [5], [6], [9], [14], [15]). In [6] the authors proved that classical solutions
(and in fact rough solutions too) with small energy are global in time. These
results are expected to extend to the case u = —1, corresponding to H? as the
target.

To gain some intuition about the large data problem, one needs to describe
the solitons for (1.1). The solitons for this problem are the harmonic maps which
are solutions to u x Au = 0. Since H? is negatively curved there are no finite-
energy nontrivial harmonic maps. In the case of S? there are finite-energy har-
monic maps, but they cannot have arbitrary energy. The trivial solitons are
points, that is, u = @ for some Q € S?, and their energy is 0. The next energy
level admissible for solitons is 47; the corresponding soliton is, up to symmetries,
the stereographic projection. Based on this, it is natural to make the following
conjecture.

CONJECTURE 1.2

(a) Global well-posedness and scattering for Schrédinger maps from R? x R
into H2 hold for all finite energy data.

(b) Global well-posedness and scattering for Schrédinger maps from R? x R
into S? hold for all data with energy below 4.

In full generality this remains an open problem. Recently, some progress was
made for the problem with large data in the case of S?. Smith [21] established
a conditional result for the global existence of smooth Schrodinger maps with
energy less than 4.

In this article we confine ourselves to a class of equivariant Schrodinger maps.
These are indexed by an integer m called the equivariance class, and they consist
of maps of the form

(1.3) u(r,0) = ™ Ra(r).

Here R is the generator of horizontal rotations, which can be interpreted as a
matrix or, equivalently, as the operator

0 -1 0 N
R=|1 0 0], Ru=Fk x,u.
0 0 O

- = =
Here and hereafter we denote by i, j, k the standard orthonormal basis in R3,
that is, the vectors with coordinate representation (1,0,0), (0,1,0), and (0,0,1),
respectively. The case m =0 corresponds to radial symmetry.



Equivariant Schrodinger maps 285

The energy for equivariant maps takes the following form:

(1.4) BE(u) = W/OOO (|ara(r)|2 n T—j(ai(r) +a§(r)))rdr.

m

If m #0, then F(u) < co implies better information about the behavior of u
versus the radial case m = 0; in particular, it implies that u; and us have limit
0 as r— 0 and r — oo.

The global regularity question in the case m = 0 with target S?, correspond-
ing to radial symmetry, has been considered recently by Gustafson and Koo [13].
The global regularity in the case m =1 with target S? was considered by the
authors in [7] where they have shown that the l-equivariant solutions of (1.1)
with energy less than 47 are globally well-posed.

In this article we consider the case when the target manifold is H? and prove
the following result.

THEOREM 1.3

(i) Let p=—1, let m#0, and let ug € H* N H? be an m-equivariant function.
Then (1.1) has a unique global-in-time solution u € L>°(R : H' N H?). In addition
Vu, in a particular frame, scatters to the free solution of a particular linear
Schrddinger equation.

(ii) The above solution is Lipschitz continuous with respect to the initial data
in H. In particular, if ug € H' is an m-equivariant function, m #0, then (1.1)
has a global solution u(t) € L>H! defined as the unique limit of smooth solutions
in H' N H3. Scattering also holds for this solution in a suitable frame.

The statement of the scattering cannot be made precise at this time. We need to
introduce a moving frame on H?, write the equation of the coordinates of Vu in
that frame, and identify there the linear part of the Schrodinger equation. This
will be carried out in Section 2.

The result in Theorem 1.3 is natural since the failure of the well-posedness of
(1.1) is expected to be closely related to the existence of finite-energy harmonic
maps. In the case of H? there are no harmonic maps, so no obstacles are present.
In the case of S? (= 1) the lowest nontrivial energy is 47 and it was shown in
[19] that blowup can occur for maps with energy greater than 4.

1.1. Definitions and notations

While at fixed time our maps into the sphere or the hyperbolic space are functions
defined on R?, the equivariance condition allows us to reduce our analysis to func-
tions of a single variable || =r € [0,00). One such instance is exhibited in (1.3)
where to each equivariant map u we naturally associate its radial component .
Some other functions will turn out to be radial by definition (see, for instance,
all the gauge elements in Section 2). We agree to identify such radial functions
with the corresponding 1-dimensional functions of r. Some of these functions are
complex-valued, and this convention allows us to use the bar notation with the
standard meaning, that is, the complex conjugate.
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Even though we work mainly with functions of a single spatial variable r,
they originate in two dimensions. Therefore, it is natural to make the convention
that for the 1-dimensional functions all the Lebesgue integrals and spaces are
with respect to the r dr measure, unless otherwise specified.

Since equivariant functions are easily reduced to their 1-dimensional com-
panions via (1.3), we introduce the 1-dimensional equivariant version of H',

(15) Hf”i](} = ||8Tf||%2(rdr) +m2||r_1f||%2(rdr)'

This is_)natural since for functions u: R? — R? with u(r,0) = e™Ru(r) (here
Ru =k X u or, as a matrix, it is the upper left 2 x 2 block of the original
matrix R) we have

1.
[l o = 2m) 2 [|al] gz

It is important to note that functions in H, L enjoy the following properties: they
are continuous and have limit 0 both at r =0 and r = co (see [11] for a proof;
for further details, see [12]).

We introduce H; ! as the dual space to H} with respect to the L? pairing,
that is,

1l = i [(f. )]

Pl =1

The elements from H - ! can be represented in the form f =9, f; +r~!fy with

fla f2 S L2-
Three operators which are often used on radial functions are [0,]7!,

[r~™0,]7!, and [rd,]~! defined as

0.7 = | " f(s) ds,
8, () = / " fls)s™ds,

1017 1) = [ 1G5}
A direct argument shows that
1107 o Sp 1 fllzes 1 <p<oo,
(1.6) e 0 T e Sp If e, 1<p < oo,

1107 £l o S UF Il

The equivariance properties of the functions involved in this article require
that the 2-dimensional Fourier calculus is replaced by the Hankel calculus for
1-dimensional functions, which we recall below. For an integer k > 0, let Ji be
the Bessel function of the first kind,

1 s
Je(r) = —/ cos(nt — rsinT)dr.
0

™
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If H, =09+ %6,. — 'j—j, then J; solves HyJ, = —Ji,. We recall some formulas
involving Bessel functions:

1 — m J mJ m
(1.7) 8er=§(Jk71—Jk+1)» (r'o,) (T_Z):(_l) rfim’

where J_ = (—=1)*Jj.
For each integer k > 0, one defines the Hankel transform Fj by

Fif©= [ Rrofwrar

The inversion formula holds true:

f(r) = /0 ) Fuf (€€ de.

The Plancherel formula holds true; hence, in particular, the Hankel transform is
an isometry.
For a radial function f and an integer k we define its 2-dimensional extension

(1.8) Ry(r,0) = eikgf(r).

If f € L2, then Ry f € L?; if R), f has additional regularity, then this is easily read
in terms of Fj f. Indeed for any integer s > 0 the following holds true:

(1.9) Rufe H* & & Ff € L2

For even values of s this is a consequence of ARy f = Ry Hy. f, while for odd values
of s it follows by interpolation.
By direct computation, we also have that, for k # 0,

(1.10) RifeH's feHY, RyfecH'©0d,.fcl?
We will use the following result.

LEMMA 1.4
(i) If f € L? is such that Hyf € L?, with k # 1, then the following holds true:

f
+ k| 25]| , S 1 e

(ii) If f € L? is such that Hy f € L?, then the following holds true:

2 T
102l + | =2

O,
621+ |2~ L)) <1 e

(iii) If f € L? is such that 0, Hyf € L2 then the following holds true:

102 1lze + | L 21| <o o e

(iv) If f € L? is such that H f € H , then the following holds true:
‘ o0f f

r3

102 flee + | )|+

SIH -
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(v) If f € L? is such that Hyf € H}, then the following holds true:
2f  0.f of 2f

r r2

102 122 + | L < Haf | s

(vi) If f € L? is such that Hyf € Hel, with k > 3, then the following holds
true:

r2  r3liz2

kA

r3

2%
T

r2

102 122 + |

|
L2

< Hyfl
(vii) If f,0.f € L?, then for any 2 < p < +oo the following holds true:

1fllze Sp 19-F 2 + [ £l 22

(viii) If f, H,.f € L?, with k >0, then for any 2 < p < +o0 the following holds
true:

L2 L2

10, Flle Sp 1 Hk fll 2 + 11 £ 22

Proof
Part (i) for k € {0,2} is established in [7, Lemma 1.3], and the general result for
all k> 3 follows along the same lines.

For part (ii) we use the inversion formula for f and (1.7) to compute

02 f = / (Js — 3) (rE)E2 Ff(€)€ de

and the first part of the estimate follows. The estimate for the second term follows
from the form of Hi f.

For part (iii) we proceed as above, that is, use the inversion formula for f
and (1.7) to write

o f = / (Js — 3.1)) (rE)EX Fo (€€ de

and conclude with the estimate for |03 f||;2, while the estimate for the second
term follows from the expression of 0, Hy.

Parts (iv)—(vi) follow in a similar manner by using the Hankel transform and
(1.7) to derive the estimates. The details are left to the reader.

Parts (vii) and (vili) are consequences of the standard Sobolev
embeddings. O

1.2. Afew calculus rules
We recall that, given p = +1 and two vectors v = ¢(vy, v9,v3) and w = *(wy, wa, w3)
in R3, the inner product is defined as

(1.11) v, w=g,(v,w)= ty . Ny - W= VW1 + VaWa + (U3W3,
where 7, = diag(1,1, ). We define also the cross product

(1.12) v X wi=1, (VX w),
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where v x w denotes the usual vector product of vectors in R3. Simple computa-
tions show that, for y =41 and v,w € R3,

v, (v xw)=w-, (vXx,w)=0,

(1.13) (0% w) (X w) = (v 0) (W -y w) = p(v -, w)?,

(ax,b)-pe=a-,(bx,c).
1.3. Energy estimates
In this section we derive properties of u from the finiteness of its energy F(u)

in (1.4) in the case p = —1. (In the case y =1 the corresponding estimates are
trivial as all terms come with a positive sign.) We recall that

oo m2
BEu)=m |0, () |* + [8rti2(r) | — |0yas () |* + S (@3 (r) + a3 (r)) ) rdr-
0 T

Since u10,11 + u20, s = u3O,uz and ﬂ?,) =1+ u? + u2 it follows that

o) ” 2 - 2 = Y — 2
E(u):ﬂ/o <|(9Tu1(7‘)\ + 0, o (7)) +(uzaru1 uzarul)

—
u3

us

m2

+ = (ﬁ%(r) + ﬂ%(r)))rdr.
We also have that

aﬂn+aﬂm—aﬂn—@arzﬁémﬁ+ﬂ@w
5/ (1] + |@a]) (10,2 | + |0, 2]) ds
1

" U Uz |Ora Oyt
5/ (|’U/1|+‘ﬂ2‘)|u1|+|U2|| u1|j_‘ u2|8d8
1 s u3

< sup (|ﬂ1(s)‘ + ’ﬂg(s)’)E(u),
s€(l,r]

from which we conclude that sup,.c (g oo [u1(r)| + |ua(r)| < @1 (1) + (1) + E(u).
Therefore, sup,.¢(o,00) [#3(r)| < m + @1(1) + @2(1) + E(u); hence, from the last
expression of E(u), we obtain that @,us € He1 In particular, it follows that
%1(0) = @2(0) = 0 (in the sense that the limits exist and equal 0); hence, rewriting
the above argument on (0,r] instead gives |G1|pe~ + |tU2|r~ < E(u), |Us|pe S
m + E(u). Recalling the last expression of E(u) we obtain
1

a1l gy + 2]l g S E(u)? (m+ E(w)).

In addition we obtain @3 — 1 € H! with

s — 1|52 < B(u)® (m+ E(u)).

2. The Coulomb gauge representation of the equation

In this section we rewrite the Schrodinger map equation for equivariant solu-
tions in gauge form. This approach originates in the work of Chang, Shatah, and
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Uhlenbeck [9]. However, our analysis is closer to that in [5] and [8]. The compu-
tations in Sections 2.1 and 2.2 follow exactly the same lines as those used in [7].
Then we fix p = —1 as the analysis becomes more specific to this case.

2.1. The Coulomb gauge

The computations below are at the formal level as we are not yet concerned with
the regularity of the terms involved in writing various identities and equations.
Implicitly we use only the information u € H'. In Section 2.4 we prove that
if w € H3, then all the gauge elements, their compatibility relations, and the
equations they obey are meaningful in the sense that they involve terms which
are at least at the level of L2.

We let the differentiation operators 0y, 01,02 stand for 0y, 0., 0y, respectively.
Our strategy will be to replace the equation for the Schrodinger map u with equa-
tions for its derivatives 0iu, O2u expressed in an orthonormal frame v,w € T,,S,,.
We choose v € T}, S, such that v-, v=1 and define w=u x, v €T,S,; to sum-
marize,

(2.1) vo,v=1, v, u=0, w=u X, .

From this, we obtain

(2.2) w-,v=0, wo,w=1, VX, W= pu, w X, u=".

Since u is m-equivariant it is natural to work with m-equivariant frames, that is,
v=em"5(r), w=e""Rw(r),

where 0, (as well as @ from (1.3)) are unit vectors in R3.
Given such a frame we introduce the differentiated fields 3, and the connec-
tion coefficients A by

(2.3) Y = Okt -, v+ 10k - W, Ay =0kv - w.

Due to the equivariance of (u,v,w) it follows that both ¢y and Aj are spher-
ically symmetric (and, therefore, subject to the conventions from Section 1.1).
Conversely, given ¢, and Ay we can return to the frame (u,v,w) via the ODE
system

Opu= (%1/)}6)’0 + (%’lbk)’w7
(2.4) Okv = —pu(Rpg)u + Apw,
8kw = —,LI,(%?/)k)u - Akv.

If we introduce the covariant differentiation
Dy, =0 +iAyg, kE{O,l,Q},
then it is a straightforward computation to check the compatibility conditions

(2.5) Dihy = Dythy, 1,k=0,1,2.
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The curvature of this connection is given by
(2.6) DyDy, — Dy Dy = (0 Ap — Oi Ar) = inS(idr),  1,k=0,1,2.

An important geometric feature is that 1o, Ao are closely related to the original
map. Precisely, for Ay we have

— — —
(2.7) Ay=m(k x,v)-,w=mk -, (vx,w)=mk -, (pu) =mus,
and in a similar manner,

(2.8) g = mpu(ws — ivg).

Since the (u,v,w) frame is orthonormal, it follows that |12|? = m?(u? + u3) and
the following important conservation law holds:

(2.9) pal? + pA3 = pm?.

Now we turn our attention to the choice of the (7,w) frame at 6 = 0. Here
we have the freedom of an arbitrary rotation depending on ¢ and r. In this article
we will use the Coulomb gauge, which for general maps u has the form div A = 0.
In polar coordinates this is written as 0141 + r— 20, A5 = 0. However, in the
equivariant case As is radial, so we are left with a simpler formulation 4; =0,
or equivalently

(2.10) 0y - w =0,
which can be rearranged into a convenient ODE as
(2.11) O = (0 -, 0)0ptt — p(0 -, Op )t

The first term on the right vanishes and could be omitted, but it is convenient
to add it so that the above linear ODE is solved not only by v and w, but also
by 4. Then we can write an equation for the matrix O = (v, w, u):

(2.12) 9,0 =Mn,0, M=0,uiAt:=0,0Q0°—1u® d,,

with an antisymmetric matrix M.

An advantage of using the Coulomb gauge is that it makes the derivative
terms in the nonlinearity disappear. Unfortunately, this only happens in the
equivariant case, which is why in [6] we had to use a different gauge, namely, the
caloric gauge.

The ODE (2.11) needs to be initialized at some point. A change in the
initialization leads to a multiplication of all of the v;’s by a unit-sized complex
number. This is irrelevant at a fixed time, but as the time varies we need to be
careful and choose this initialization uniformly with respect to ¢ in order to avoid
introducing a constant time-dependent potential into the equations via Ag. Since
in our results we start with data which converges asymptotically to k as r— oo
and the solutions continue to have this property, it is natural to fix the choice of
v and w at infinity,

(2.13) lim o(r,t) =4,  lim @(r,t) = —pj.

r—00 r—00
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The existence of a unique solution ¥ € C((0,+00) : R?) of (2.11) satisfying
(2.13) is standard, so we skip the details. Moreover, the solution is continuous
with respect to u in the following sense:

(2.14) 10— 0llz S llu—all g

2.2, Schrodinger maps in the Coulomb gauge

We are now prepared to write the evolution equations for the differentiated fields
11 and 9 in (2.3) computed with respect to the Coulomb gauge. By writing the
Laplacian in polar coordinates, a direct computation using (2.3) shows that we
can rewrite the Schrédinger map equation (1.1) in the form

(2.15) o = Z‘<D1?,/11 + %7/11 + T%Dzﬁjz)-

Applying the operators D, and Dy to both sides of this equation and using the
relation (2.6) for [,k = 1,2 we obtain

Dyt Zi(D1 (D1 + %)% + T%DzDﬂﬁz) - T%%(l/}ﬂz&)%,
(2.16)
Dypg :i<(D1 + %)Dﬂh + T%DQDQ#&) — uS(Porpr )1 .

Using now (2.5) for (k,1) = (0,1) and (0,2), respectively, on the left and for
(k,1) = (1,2) on the right, we can derive the evolution equations for ¢,,, m =1,2:

Doy = i(Dl (D1 + %) + %D2D2)¢1 - %%(1#1?[12)1[12,
(2.17)
Dy = i((D1 + %)D1 + %D2D2)¢2 — uS(2th1 ).

In our setup all functions are radial and we are using the Coulomb gauge A; = 0.
Then these equations take the simpler form

; . 1 1 2 -
Opihr + iAoy =iAyy — ZT—QASM gt g A - %%(wlw)lﬂz,
. . ! .
Oh2 + 1A =ilipy — Zr—zAgﬂfz — pS(2t01) .
The two variables ¢ and v, are not independent. Indeed, (2.5) and (2.6) for
(1) = (1,2) give
(2.18) Or Az = pS(W1h),  Opha =iAain,

which at the same time describe the relation between 1, and ¥ and deter-
mine As.
From the compatibility relations involving Ag, we obtain

(2.19) Oy Ao = =550, (| * = [al)
from which we derive

1 1
(2200 Ao==5 (1l = Slwal?) = ulro) 7 (Jea? - 5 leaf?).
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This is where the initialization of the Coulomb gauge at infinity is important. It
guarantees that Ag € LP, provided that [1)1]? —r~2|g|? € LP for 1 <p < o0o. In
particular, without any additional regularity assumptions, we know that Ay € L*.
A direct computation using integration by parts gives that

(2.21) /Ao(r)rdrzo.

The system satisfied by 1, and % (this being in fact the correct variable
instead of 1) is given by

(z@t ) 2umzw2

A3 Ag + : )
= Ao + ———5— w +2i QT—M¢ —w%(wl%)%
. m2—|—1 2umai
SREIINEEY

AZ —m? Aos+um . -
a2y 272@ g2t w%(@m)wl.
r r r r

The problem with this system is that its linear part is not decoupled. This can
be remedied by a change of variables. Indeed, consider

b= i, gt 2

It turns out that variables ¢* satisfy a similar system (described below) whose
linear part is decoupled. The relevance of the variables 1)* comes also from the
following reinterpretation. If W#* is defined as the vector

=0u+ Lux Ogu € Ty, (Sy),
T

then 9T is the representation of W= with respect to the frame (v,w). On the
other hand, a direct computation leads to

e’} 2
_ 2, mo 12
E(u) = 71'/0 (|8Tu| + r—2|u x R )rdr

= 7| W7 F 2mm (s (00) — u3(0)),

where we recall that u(r,0) = e™Ta(r) and u3(c0) = limr_>OO us(r) and u3(0) =

lim,_,q u3(r) are well defined since @1, s € H1 and if f € H}, then lim,_q f(r) =
lim, o f(r) =0 (see [L1] or [8]). From Section 1.3 it follows that, in the case
u=—1, u3(c0) =uz(0) = 1. In the case p =1 one needs the energy restriction

E(u) < 47 to obtain that as(o0) = a3(0) =1 (see [7]). In both cases we obtain
the following identity:

_ E
(2.22) 12 = V. = 20,

From (2.14) it follows that the following continuity property holds true:
(2.23) [ = * |2 S lu— @ g



294 Bejenaru, lonescu, Kenig, and Tataru

A direct computation yields the following system for ¢:

- H%‘(%%))w—,

2A2—|—2um+A§—2
T T

(10 + H, )¢~ = (Ao -

A —i— m A2
(z@t+H+)w+—<A Loz 1“2 %%(W/Jl))qp 7
where
- (m +p)* (m — p)?
Hm:A_T) H;L:A_T.

Here and whenever A acts on radial functions, it is known that A = 9?2 + %&.
By replacing ¢; = ¢* Fir~1li, and using A2 + [12|? = pm?, we obtain the key
evolution system we work with in this article,

(10 + Hy )~ = (Ag — 2425 — B (yhoip ™) )ep™,

(10 + Hyf )t = (Ag + 2824 4 EQ (™) )y

We will use this system in order to obtain estimates for 1)*. The old variables

(2.24)

11 and % are recovered from

B A At
(2:25) e T

From the compatibility conditions (2.18) we derive the formula for A,
(2.26) As(r) + pm = —u/or wsds

From (2.20) Ag is given by

(2:27) Ag==ERE V) +ulrd] R 60).

The compatibility condition (2.18) reduces then to

(2:28) Op[r(@W™ —47)] = A2 (¥ +¢7),

Next assume that ¢)* € L? are given such that they satisfy the compatibility
conditions (2.28). We reconstruct As, 9,11 using (2.25) and (2.26). From (2.26)
and (2.28) it follows that (2.18) holds true. From (2.26) it follows that Ay € L™
and it is continuous and has limits both at 0 and co. From the definition of )5
we have % € L2, and from (2.28) we derive 8,1 € L?; hence, 1, € H!. From
this and (2.26) it follows that 0,45 € L?, while by invoking (1.6) we obtain
Aﬁ# € L?; therefore, Ay + pm € He1 In particular, As(co) =lim, o A2(r) =
—pm, which implies that || 7|2 = ||| 2.

In fact one can keep track of a single variable ¥~ or % since it contains
all the information about the map, provided that the choice of gauge (2.13) was
made. To be more precise, (2.18) gives

(229) DAy =S + EaP, O —idat — Azt

We will show that, given ¢~ € L?, this system has a unique solution A, +
wm, s € HE. From this we can reconstruct t1,%", Ag. Finally, given ¢, As,
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and 19, we can return to the Schrodinger map w via the system (2.4) with the
boundary condition at infinity given by (2.13). Eventually we show that if )~ sat-
isfies its corresponding equation from (2.24), then the u obtained is a Schrédinger
map. A similar procedure can completely reconstruct u from .

The reason to keep both variables ¢)* (instead of just one) has to do with
the nonlinear analysis of the system (2.24). The reason we want to understand
how to recover all information from only one variable, say, 1 ~, has to do with

the elliptic part of the profile decomposition in Proposition 4.3.

23. Fixpu=-1

The theory with =1 was developed in [7]. From this point on we fix y=—1
as the theory becomes more specific to this case. When comparing the results
obtained here and those in [7] the reader may notice a few differences. First,
one sees that variables ¢ come with operators H,,+,, and all the associated
consequences (see for instance the regularity below). This is a consequence of the
way we chose the limits lim,_,¢ 23 = lim, _, o 43 = —u. Second, the analytic theory
of the system (2.29) with g = —1 (see Lemma 2.3) is somehow different from its
counterpart for p = 1. The Cauchy theory in Section 3 and the concentration
compactness argument in Section 4 are very similar. Finally, the arguments in
Section 5 are again specific to the case p = —1, as in particular no restriction on
the size of the energy/mass is needed to rule out the possibility of blowup.

2.4. Regularity of the gauge elements
In this section we clarify the regularity of the gauge elements. Our main claim is
the following.

PROPOSITION 2.1
Ifue H®, then Ryp19* € H? and

(2.30) lull g = | R " a2 + | Rin10 2.

The proof of this result will be provided in the Appendix.

Therefore, in the context of uw € H* N H3 we have that R,410F €
H? C L*. The H?-regularity cannot be extended to (2-dimensional extensions
of) ¢y and % since ¥+ and 1~ require different phases for regularity. How-
ever, all the Sobolev embeddings are inherited by 7 and %, in particular, i,
% C L. Since Ay = ug it follows that Ay € H' N H? and 8, A, € H'. Finally, by
differentiating the system (2.11) with respect to ¢, one can show that 9,0 € H';
hence, Ay € H', which in turn gives 9, 4¢ € L?. With these in mind, all the com-
patibility conditions in the previous two sections are at least at the level of L.

2.5. Recovering the map from ¢~

In this section we address the issue of reconstructing the Schrodinger map u
together with its gauge elements from only one of its reduced variables, say, ¥ ™.
Reconstructing s, Ay such that s, Ay —m e H L'is a unique process; however,
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the reconstruction of the actual map with its frame, that is, of (u,v,w), is unique
provided one prescribes conditions at co. The map u satisfies u(oo) = k, while
the gauge is subjected to the choice (2.13).

The main result of this section is the following.

PROPOSITION 2.2
Given ¢~ € L2, there is a unique map v : R? — H? with the property that ¢~
is the representation of W™ relative to a Coulomb gauge satisfying (2.13). This
also satisfies E(u) = |4~ ||3.

If 1;_ € L? and @ is the corresponding map as above, then the following holds
true:

(2.31) BE(u—a) Slv™ =97 |72

Here ¥* can be reconstructed from t~. Moreover, (2.29), which we use for
reconstruction, forces the compatibility condition (2.28) between ¢*. The result
remains true if we start from ™, but we would have to start the reconstruction
(described below) from the analogue of (2.29) written in terms of ¢»*. The two
problems are in effect equivalent via an inversion. The uniqueness of the recon-
struction guarantees that starting from either 1 or v~ (which are assumed to
be compatible) gives the same u.

The proof consists of several steps. The first one deals with recovering the
two gauge elements 9, Ao from ¥~ by using the system (2.29).

LEMMA 2.3
Given = € L2, the system (2.29) has a unique solution (As,1)s) satisfying
o, Ay —m € HL. This solution satisfies

A2 m

(2:32) |l gy + 142 = mil gy + || = S0 e (m o+ 7 122)-

L(dr)

In addition we have the following properties.

(i) Given € >0 and R such that ||~ | p2\[r-1,r)) < €, the following holds
true:

(2.33) 92l g1 ry -1 e=1m)) + 142 = Ml o (=1, e-1 ) S €l N2z
(ii) If (Ag,1b3) is another solution (as above) to (2.29) with ¢, then
(2.34) 63— Bl + 142 — Aol g S 16~ — 9 2
(i) If (Ag,49) satisfies 1o, Ay —m € H} and solves

~ e~ 1~ ~
6r7/12 = ZAQ”(/} — ;AQ”L/)Q + El,
(2.35)
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where |||Ex| + |E2|l| L1 (ary+r2 S€, then
(2:36) [1vo2 =Wzl g2 + 142 = Azl g S C 10 ez, 197 llz2) (I~ =97 122 +e).
(iv) If = € LP with 1 <p < oo, then T, %, AZ%m € L? and

AQ—mH
T L

¥ _ _
@371 et + | 2] | SO )19 N
(v) If Ryp—1p~ € H®, then Ry, 19t € H® for any s € {1,2,3} and
(238) ||}%rn—11/)7||HS ~ ||Rm—i-17/}+HHS

with implicit constants depending on ||y~ || 2.

We can see that (2.36) is a generalization of (2.34), in the sense that (A, )
solves (2.35), which is a more general version than (2.29). The reason we need
(2.36) is of a technical nature and will be apparent in Section 4. The equation
for Ay in (2.35) is more convenient in that form when taking differences. For
the original system (2.29) it does not matter how one writes the equation for A
thanks to the conservation law A3 — |12|?> = m?; however, in the case of (2.35)
this conservation law does not hold true. Hence, we write the system in the more
convenient form (2.35).

Proof of Lemma 2.3
Our strategy is to solve the ODE system (2.29) from zero. Since 5, Ay —m € Hel,
it follows that lim,_,g19 =0 and lim,_,y A2 = m. These two conditions play the
role of boundary conditions at zero. Since 9,.(A3 — [12|?) =0, it follows from the
conditions at oo that A% — |12]|?> = m? holds on all of R

To prove existence, we begin by solving the system in a neighborhood (0, R~1)
of the origin. By choosing R large enough we can assume without any restriction
in generality that

(2.39) 1Y~ N 20,r—1) S €
and seek (tg, Ag) with the property that
(2.40) Ieell 0.1y S

Since lim, oo Ay = m, A3 =m? + [13]? > 0, and A, is continuous, it follows
that Az = /m? + |1)2|2. We substitute this in the 15 equation and discard the
dependent A, equation. We rewrite the 1 equation as

Ao —
(8T + %)1/}2 =imp~ +i(As —m)ypT — (2T7m)¢2
or equivalently
O by = impT 4+ i(Ay —m)YpT — w

and further

o = im?‘_m[r_mar]_ll/}_ + r—m[r—maT]—l (Z(AQ —m)y — (A2 _Tm>¢2 ) .
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We know from (1.6) that 7= 1[r=™0,]~! maps L? to L%, which easily implies
that

r_m[r_mgr]_l (L2 He1

Hence, in order to obtain 1) via the contraction principle, it suffices to show that
for 1 as in (2.39) and 5 as in (2.40) the map

o i(dy — g~ - P20
is Lipschitz from H}! — L? with a small (O(e) in this case) Lipschitz constant.
But this is straightforward due to the embedding H L L®°. Thus, the existence
of ¥y in (0, R!] follows, and the corresponding A, is recovered via As(r) =
m? + |h2(r)|?. The same argument also gives the Lipschitz dependence of )9
on ¥~ in (0, R71].
The solution obtained above on (0, R~!] can be extended locally via standard

1

loc(dr). This extension is global provided we have

arguments since L?(rdr) C L
an a priori estimate which guarantees that As and s stay in a bounded set.

Indeed, integrating the equation of Ay gives

) ¥ vr?

Az (r) =m <Y 120, 7’ L200] HT‘ L2(0r]
Y =
e 2o I ||L2(07T] T L"’(Ow])7

and since Ag(r) > m it follows that ||%||Lz(07,,) < 1Y~ |20, for any r > 0. In
particular, we obtain || % L2 <||¥~||L2. From the above estimate we also obtain

(2.41) [Azll s <m+ ([ |72

This in turn guarantees that the solution (Asg,12) extends globally up to r = cc.
Also, using these estimates in (2.29) gives (2.32).
For proving (2.33) we use an energy-type argument. By denoting

its derivative satisfies

d 2m _

| PR+ 2R S I

r r

This further leads to
d i —

| (2 B S v,
Integrating from infinity we obtain

[F| Srm2mr2ma, ) e ).

Returning to 1o we get the pointwise bound

(&) < —2m[.—2m3 11|, —
(2.42) T SO
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Note that if | A:’jm| < g, then | A:’jm| ~2 |1h2]. The construction of the solution
on (0, R~1) gives the corresponding part of (2.33) since (2.42) holds on any such
interval. Getting the (0,e ! R] part of (2.33) is slightly more delicate. It suffices

to get the L2-bound for % From (2.42) we have
2] ST 20 T (Lo,m) [T ]) + 2 PO T (oo 907 )-

For the second term we use the smallness of 15 in the hypothesis. For the first
one we instead produce a pointwise bound using the Cauchy—Schwarz inequality:

R
PO T (Lo, m ) ST_Qm/ s*" |y (s)| ds
0

SR W g2 >R

This implies the desired L?-bound.

Next we turn our attention to (2.34) and (2.36). In fact, in the case of (2.34),
in light of the conservation law A2 — [1)5|2 = m2, (2.34) follows from (2.36) with
E, = E; =0. Hence, we focus our attention on (2.36). We denote

Sp=p—t,  SAy=Ar Ay, Sa=1s— .
Without any restriction in generality we can make the assumption ||69)||pz < 1
and the bootstrap assumption
5
Lo r llLee

&b 1 3
(243) 00l + 16Az] o + | 22| St +0vl7.

Then we derive the equations for them modulo error terms. We have

_ 1 1 _
0pb1pg = 16 Agtp™ +1iA20%) — ;A251/)2 - ;5142% + Fy,
0r0Ay = =(1 ™ 0¢2) — I(09eha) — ;A25A2 - ;(5142)2 + Es.

The terms A6, %(51#%) can be directly included into the error terms F1, Fo,
while the quadratic term %(6/12)2 can be included in the error term E based on

(2.43). We obtain the following linear system for (013, A2):
m - 1 1 ~
0rdtpg = — ?51/)2 + 1" 6As — ;(Az —m)otpy — ;51421/12 + En,

2 — 2
0642 = — =54z + (v 0vz) - -

(AQ — m)5A2 + Es.

By considering Rdyo and Sy separately, this is a system of the form

. 10 0
0X=—"LX+BX+F L=|0 1 o,
" 00 2

where the matrices B, F satisfy B € L? and F € L?+ L!(dr). This system needs to
be solved with zero Cauchy data at infinity. For this system we need to establish
the bound

X
(2.44) Xl + |||

Lo SN F 2 cary.
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If B=0, then
P, ! 0 0
X = 0 A (N 0 F
0 0 ,,,—2m[,r—2mar]—1

and the conclusion easily follows from an argument of type (1.6). If B is small
in either L2(rdr) or r—1L°°, then we can treat the BX term perturbatively. If
B is large, then some more work is needed. We decompose B = B; + By where
By € L'(dr) and |By| < 1. We can construct the bounded matrix e/ B as a
solution of aref Bi=¢f Bi1B;, which also has a bounded inverse. Then we can
eliminate B; by conjugating with respect to el B1_and then treat the part with
B> perturbatively.
(iv) From (2.42), (2.41), and (1.6) we obtain

o e P Py M P o 1

from which (2.37) follows since ¢+ = Qi% +1¢~ and Ay —m = Xf%‘;.

(v) Throughout this argument, the use of Sobolev embedding refers to the 2-
dimensional standard Sobolev embeddings which apply to R,,+1%*, which then
can be read in terms of 1)*. If s =1, then we use (2.28) to obtain

(2.45) (ror+ (m+1)p* = (ro, — (m—1))yp~ — (Ae —m)(¥ T +¢7)
from which
ot = O T (10 — (m = 1) YT = (Ae = m)(¥T +97)).
From the Sobolev embedding and (2.37) we obtain
H (A2 —m)(@ +97) ’

r

<

~

|

LA PP [ R 70,

L2 r

which combined with (1.6) gives |‘¢7—+HL2 S| Rm—1% " ||gr- Plugging this back
in (2.45) gives ||0,¢" |2 < ||Rm—1% " ||z from which the statement follows for
s=1.

If s =2, then we differentiate (2.45) to obtain

Hm+1w+ = (%ar - mr—l_l) (Tar + (m + 1))1/)4_

= (%@ — mT—&Q— 1) [(rar —(m— l))q/;_ — (A —m) (vt _~_¢_)}
=Hpy 1™ + (_QTmar + 2mi—g2m)¢7
- (%& - m:; 1) [(A2 —m) (¥ +47)].

From Lemma 1.4 it follows that [|(—220, + M)qﬁ‘”p SN Hm—19"||L2-

r2

From Lemma 1.4(vii) we have that ||[v7||zs S ||Rm—1® ||z and by (2.37)
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H%HU; + v s S|[Rm—1%" ||z - Hence, we estimate
_ () 1/12
S (I ee+[122] )22
”
SIRm—19™ [,

S 7 s 4+ 1% ) S W1

1
| Forte(wr +07) (197 s + 0% 2s)

AQ*’/TL
2

W +v)|,
Using Lemma 1.4 we estimate
e Pl e

o

0 e R
If s =3, then from the above expression for H,, 19" we obtain

1

2m? — 2m>¢7

1 1 2m
m+1,¢)+ = - m—ldji + - (7_87"
T T

1 m-+1 —
- <—25’r - T—) (A2 —m)(pF +97)].
If m =1, then the linear part becomes (8— — —)w € L? by Lemma 1.4. If m = 2,
then we have 1H 1w~ € L?, and from Lemma 1.4, it follows that
4(— 'r2 +3 Ly~ e L2 If m > 3, then all the linear terms belong to L? in light of
Lemma 1. 4 As for the nonlinear terms, we have

(50— ) [~ Dt +u)] =0, [ 2 0]

— ol e Pt ),

which can be easily shown to belong to L? by using Lemmas 1.4(vii) and 1.4(viii).
Finally, we apply &, to the expression giving H,,y19" and show that
O Hpi1Yt € L? in a similar manner. The details are left to the reader. O

Proof of Proposition 2.2

With vy, As constructed above, we can reconstruct ¢ =¥~ + z% Then we

solve the system (2.4) at the level of (@, 7, w). We would like to solve this system
. L. s S S 4 .

with the condition at co that u= k, v= 4, w= j . But this cannot be done a

priori. Indeed, consider the coefficient matrix in (2.4)

0 Ry SYy
M=|%s 0 0
S 0 0

Since M ¢ L'(dr), it is not meaningful to initialize the problem (2.4) at oo.
However, M has another structure which is a consequence of (2.18) rewritten as
1 = (Ag + 1)¢p1 +i0,1p2. Therefore, M = N + 0, K and, by (2.32), N, K satisfy

NNz (ar) + ||K||H; Sl ze-
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This inequality localizes on intervals [r,00) due to (2.33). This allows us to con-
struct solutions with data at r = oo by using the iteration scheme

X=>Xi, Xo=X(), Xi(r):/ooM(s)Xi_lds.

We run the iteration scheme in the space C([r,o0]) of continuous functions on
(r,00) which have limits at co. Under the assumption that X;_; € C([r,o0]) we
obtain

Xi(r)= /OO (N(s) + 0K (s)) Xi—1ds

:/ N(s)Xi,lds—K(r)Xi,l(r)—/ K(s)0sXi_1(s)ds
and further that
10r Xill 2 (fr,00)) + [ Xillo(fr,00)

S~ 2 (o0 (1 XK=l oo (fryo0)) + 10r Xiz1 ]l 22(fr,00))) -

Therefore, inductively, we obtain

107 Xill L2 (1r,00)) + 1 Xillo(troel) S N1 22 (fr00)) -

By choosing R large such that [|1)[|12(|r,cc)) is small, we can rely on an iteration
scheme to construct the solution X on [R,00). The uniqueness of this solution
is guaranteed by the conservation law |al, |9, |w| = const, which follows from the
particular form of M.

This also guarantees that the orthonormality conditions imposed at oo are
preserved. (Recall that, at oo, &= ?, =1 ,w= j.) The solution constructed
above can be extended to (0,00) by running a similar argument on intervals
where [[¢7[|2(s) is small, where the last interval is of the form (0,7]. The above
argument leads to an estimate of the form

X — Xollo(o,00) + 10- X2 S 1Y || 22

where by C([0,00]) we mean continuous functions on (0, c0) which have limits at
0 and oco.

Additional information on «,v,w will be obtained in a different manner.
Notice that @3 and { = w3 — iv3 solve the system

Opliy = =S (¥1Q),  OpC=iusyn,

which is the same as the one satisfied by As,,. Since the conditions at co are
proportional with a constant m, we conclude that mus = Ay, —m({ = 1. From
this and the fact that A% —[1)5|? = m? it follows also that m?2 (|t |> +|uz|?) = |12|?.

Next, we extend the system of vectors to u, v, w using the equivariant setup,
that is, by multiplying them with %%, By using the identification just described
above and the orthonormality conditions, it follows that (2.4) is satisfied for
k = 2. Therefore, we have just established the existence of an equivariant map u
whose vector field W™ in the gauge (v,w) is ¥~ and whose gauge elements are
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11,19, As. Moreover, we have that
E(u) =l L2

Given two fields ¢, 7~ we reconstruct X and X as above. Since the con-
struction is iterative it also follows that

1X = Xllcpo,001 + 100 (X = X)| o S 160 = e,

from which the derivative part in E(u — @) follows. Since u; = vqws — vzwa,
’ELl = 172’[1)3 — 1~)3'U~}2, wg = —m(ﬁ)g — i173)7 and ’(bg = —m(u:13 — 7;’53)7 it follows that

%]

| <2 X X K|
L2 r L2

< - T
e a1

r

A similar argument shows that || “=5|[ . < ||y~ — ¥~ || 2, which completes the
proof of (2.31). O

3. The Cauchy problem

In this section we are concerned with the nonlinear system of equations (2.24),
which we recall as

{(z@t + Hmfl)w_ = (AO - 2Azr_gm + %('(/)2@[_1_))7/}_7
(10 + Himq 1) F = (Ao + 2425 — 1S(yhop ),

where 15, As, Ag are given by (2.25), (2.26), (2.27), respectively. The problem
comes with initial data 1*(to) = ¢5 and we would like to understand its well-
posedness on intervals I C R with ¢y € I. We will be mainly interested in solutions
of this system which come from Schrédinger maps, that is, they satisfy the com-
patibility conditions (2.28).

For simplicity we denote the nonlinearities by

1
s
1
p

Ag—m

1 _
(3.1) NE W) = (Ao £2 T (¢t ) v,
We define the mass of a function f by M(f):= || f||2.. The system (2.24) formally
conserves the mass, that is, M (¢~ (t)) = M (¢~ (0)) and M (" (t)) = M(¢1(0))
for all ¢ in the interval of existence. Moreover, as discussed in Section 2.2, a com-
patible pair also satisfies |[¢oF(0)||z2 = [|¢~(0)] 2.

r2

3.1. Strichartz estimates
We begin our analysis by understanding the linear equation

(3.2) (i0, + Hy)u=f, u(0)=uo,

where we recall Hy = 92 + %QT — ’:—z Our first claim is that, for each k, u satisfies
the standard Strichartz estimates

(3.3) H|V|5Rku||LfL$ S H|V|SR’€“0H + H‘VPR’JHL{"

G’
Li

where |V|* = (—A)2 (defined in the usual manner), (p,q), (p,§) are admissible
pairs in two dimensions (Il) + % = %, 2<p<0), and (p',q") is the dual pair of
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(P,q)- Indeed, Rpu satisfies the following equation:
(i@t + A)Rku = ka, Rku(()) = Rypuy.

Then the Strichartz estimates follow from the standard Strichartz estimate in two
dimensions. We need to read the Strichartz estimates at the level of the radial
functions. For even powers of s we use the identity ARxv = Ry Hyv; hence,

(3.4) ||HkU||LfL$. = HARkUHLfLZ

and this can be extended to higher regularity but we will not need it.

For odd values of s we use that |V|* = |V|(—A)“z" and that, for k #0,

v
(3.5) [9rell e + |12

Lrrs N |||v|R’<UHLng7
while, for k=0,
(3.6) 10rvllz e S VIRV p s
In the context of additional regularity, we need to make improved versions
of the Strichartz estimates. We recall the following result from [7].

LEMMA 3.1
Assume that u satisfies (3.2) with initial data ug and forcing f.

(i) If up € L? is such that Hyug € L?, for k> 2, then the following holds
true:

162l +

Orut U
zr= - <IH 24
r ‘JF‘TQ’HLmLszALLszBLsN” wtol[z2 + [[Hefll oz

(i) If ug € L* is such that Hyug € L?, then the following holds true:

1 1
||63U||L°°L20L4L4HL3L6 + H; (&« ——u

T) HLOCLzﬁL‘IL‘IﬂLgLG
S IHHyuollpe + [Hif |l prre-

These are improved versions of Strichartz estimates from the following point of
view. In (i) the inequality for (97 + 10, — ’;—j)u = Hou is the Strichartz estimate
for Hou which follows from (3.3) and (3.4); our statement is stronger in saying
that each term satisfies the Strichartz estimate. A similar remark is in place for
part (ii). Note the consistency with Lemma 1.4.

3.2. Setup and Cauchy theory
In order to make estimates shorter, we make the following notation convention:
IFEN = 1FT1+ || £l for various f’s and || - || in the rest of the article.

Since our nonlinear analysis relies mostly on the ijr—norm, we define the
Strichartz norm of f: I x R? — C by S;(f) := ||f|\‘i4(lxR). If ty € I, then we
define Sy <t, f = [11n(~oc,t0) 74 and S1>00f = [L1nfte,00) f74-

We say that solutions )% : I x R — C blow up forward in time if S; >;9* =
+00, Vt € I. Similarly, ¥»* blow up backward in time if Sl,gtwi =4o00, Vtel.
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A possibility that may occur is that, for some interval I, S; >, ¢ =400
while St >¢,%~ < 0o, or any other combination. However, from (3.9) it follows
that for solutions satisfying the compatibility condition (2.28) we have that
Sy(¢t)~ S;(17) on any time interval J. Therefore, for such solutions (which
we will be mainly interested in) the above scenario is ruled out.

Let de € L?. We say that the solutions ¢+ : I x R — C scatter forward in
time to wf if and only if sup I = 400 and lim;_,o, M (T () — e“H’"ilwf) =0.
We say that the solutions ¥* : I x R — C scatter backward in time to ¢ if and
only if inf I = —oo and limy_, o M(¢E(t) — eitfmz19p%) =0,

Our first theorem provides the general Cauchy theory for (2.24).

THEOREM 3.2
Consider the problem (2.24) (with 9, A2, Ao given by (2.25), (2.26), (2.27),
respectively) with woi € L2. Then there exists a unique mazimal-lifespan solution
pair (YT,07) 1 I x R? with to € I and (o) = %i with the following additional
properties.

(i) I is open.

(ii) (Forward scattering) If * does not blow up forward in time, then I, =
0,00) and ¢* scatter forward in time to e™m=1)E for some T € L2,

Conversely, if ’(/Jj‘[ € L2, then there exists a unique mazimal-lifespan solution
WE which scatters forward in time to e“H"lilwf

(ill) (Backward scattering) A similar statement to (ii) holds true for the
backward in time problem.

(iv) (Small data scattering) There exist € >0 such that if M(¢E) <e, then
Sg(F) < M(WE)2. In particular, the solution does not blow up and we have
global existence and scattering in both directions.

(v) (Uniformly continuous dependence) For every A >0 and € >0 there is
§ >0 such that if Y* are a solution satisfying Sy(1b*) < A and ty € J and such
that M (pF —F) <8, then there exists a solution such that S(¥* — %) < e and
M(g(t) = 4(t) <e, Vi e J.

(vi) (Stability result) For every A >0 and € >0 there exists 6 >0 such that
if S;(F) < A, bt is an approzimate solution to (2.2/), in the sense

1G0: + Hinse)9* = N2@F) g ) gy <6
to€J, v € L?, and Sy (el =t H= (g (49) — Vi) <8, then there exists a solu-
tion P* on I to (2.24) with = (to) = and S;(b* — ) <e.

(vil) (Additional regularity) Assume that, in addition, Rmiﬂ%i € H° for
s€{1,2,3}. If J is an interval such that S;(¢vF) < A < +o0, then the solution
»*E satisfies

(3.7) | R (0)]] 1o Sa | Rimsr ¥ e, VEE T,

and it also has Lipschitz dependence with respect to the initial data.
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The above results are concerned with general solutions of (2.24). However, our
interest lies in solutions which correspond to geometric maps. The next result
completes the Cauchy theory for solutions of (2.24) which satisfy the compatibil-
ity condition (2.28). The system (2.24) does not directly involve the variable g,
which is defined in this context by (2.15).

THEOREM 3.3

(i) Ifd)oi € L? satisfies the compatibility condition (2.28), then ™ (t) satisfies
the compatibility condition (2.28) for each t € I. If, in addition, Rmiﬂ/J(:)t € H?,
then (2.5) and (2.6) are satisfied.

(ii) If the solution satisfies the compatibility condition (2.28) and it does not
blow up in time, then the two scattering states (described in Theorem 3.2(ii)) are
related by

(38) Opr (Y — ) = —m($] + 7).

Conversely, if 1/)_::_: € L? satisfies (3.8), then the unique mazimal-lifespan solution
* which scatters to e“Hiwi[ (described in Theorem 3.2(ii)) satisfies the com-
patibility condition (2.28). A similar statement holds true for the backward in
time scattering.

(iii) Ify™T satisfies the compatibility conditions, then for every interval J C I
(I being the maximal-lifespan interval) the following holds true:

(3.9) 19 sy = 197 za ),

where the constants involved in the use of =~ are independent of the interval J.
As a consequence of these theorems we are able to prove the following result.

PROPOSITION 3.4

If T € L? satisfies the compatibility conditions (2.28), Rpym1E € H?, and
YE(t) is the solution of (2.2/) on I, then the map u(t) constructed in Propo-
sition 2.2 (for each t) is a Schriodinger map.

Proof of Theorem 3.2
Parts (i)—(vi) are standard. Our particular setup is very similar to that in [7,
Theorem 3.2], and the proof there can be easily adapted to our problem.

As discussed in [7], part (vii) is usually standard, with the exception of one
term in it. We rewrite the nonlinear terms as follows:

Ay — 1 -
L F Sl )

Ao 2725

—|2 B 1 T
e L A R (T O R

Without the term [rd,]!R(¢)T1~), the analysis would be standard (see [7] for
more commentaries). We will provide a full analysis of the term

Nif =[ro,] "R Ty )yt
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This analysis can be extended to the other two terms in N+ (y%).
The analysis in the case m =1 is similar to the one in [7]. We now proceed
with the cases m > 2. Since S7(1)*) < A, the standard theory also gives that
0= || Loro(rxr) Sa l,

where here and throughout the rest of this proof <4 means that the constants
involved may depend on A. Therefore, it makes sense to define

B = o0 uess+ ||

L3Ls’
B e T e e O
TN NLELe T a2 Nl pepe TP\ T rers’
1
D = |9y H¥ g oo + | -0 |
T L3L6
We will prove the following estimates:
1
+ R Ns= <
Haer “L1L2+"TN1 ’ L2 ~A B’
(3.10) [Hype1 N5 (| iz Sa C + B2,

1 B
18y Hypsn NE|| 1 12 + H—HmjﬂN1 H <.D+ BC.
T L1L2

Similar estimates hold true for the other two terms in N*(¢)*). Based on these
estimates, the Strichartz estimates (3.3), and the result of Lemma 3.1, a standard
argument establishes the conclusion in (3.7).

We now turn to the proof of (3.10). We compute

0. Ni* = 0 ([ro, ) " R 7)) ™ + [r0:] I R($TYT)0, 9%
and estimate
v
18- NT ([ pa e S 117 (oo s 7‘ L3L6||wi||L3L6 +1F N2 Lo 10r0 | o s,

from which half of the first estimate in (3.10) follows; the second half follows in
a similar manner.
We continue with

Hypaa NiE = A([rd,) 7 ROy 7)) 0t + 20, ([rd,] ' ROy 7))9,9*
+ ([rd, ] " R 7)) Hypar 90

The last term is estimated by <4 C, the second one is estimated by <4 B2, while
the first one equals
(6,4 1) BT o ROWT0T) +RET-0T)

r r

.¢i

and its L' L?-norm is estimated by

Y- -
< (1906 oo 005~ oz ) 165 pons,

from which the second estimate in (3.10) follows.

w-f—

r

T IL3L6 ‘ L3L6
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For the third estimate we start with
OrHpnga NT° = 0, A([r0,] " R($T97)) " + A([rd,] " ROy 7)) dp9p*
+ 202 ([rd,] "R 7)) 0rp™ 420, ([rd,) " R(Y 7)) 9Fp*
+ 0, ([r0r] T RWTYT)) Hipa )™
+ ([P0 T R T 7)) O Hipesa 00

The L'L?-norm of the sixth term above is bounded by <4 D. By using the
previous arguments, the L'L2-norms of the second, fourth, and fifth terms are
bounded by <4 BC'. Since

o2 (ro i) = MO (P (5, 1)),

it follows that the L' L2-norm of the third term above is bounded by <4 BC.
The first term is further expanded,

ROWT - Y7) + R - 3#/}‘))

r

0, A([rd,]) SR YY) = ar(
_ RT-47) +2RO4T - 0,07)

r

(o D),

r

and estimated by BC. The estimate for %HmilNli is obtained along the same
lines, though the argument is much easier. The details are left to the reader. This

finishes the argument for (3.10). O

Proof of Theorem 3.3
(i) The proof follows exactly the same steps as in [7], with the only adjustments
coming from the value of ;= —1 and that we work with a general m.

It is useful to rephrase this in terms of 7, 1, which are recovered linearly
from 1% . By reverting to the algebraic computation from Sections 2.1 and 2.2, 1)1,
1) solve the system (2.17). Then we seek to show that the relation D)o = Dat)y
is preserved along the flow. For this we will derive an equation for the quantity

F = Dytp1 — D1s.
Following the lines of the argument in [7] we derive the following equation for F:

2
iDoF = (% — 0 (81 + %))F + R(Fey )by — T%%(Flﬁz)wz.

It is more convenient to recast this as an equation for

EZ_(&«-F%)%-F—wh

r

which is exactly the quantity in (2.28). We obtain

A2 —2m2)

(3.11)  (id, +Hm)§ - (Ao + F+é}e(§zﬁ1)¢1 - %%(%@)W
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In view of the L4 Strichartz bounds for ¥ and 1, and the derived L?-bounds for
Ap and 2 , standard arguments show that this linear equation is well-posed
in L2 Hence the conclusion follows provided that 1: has sufficient regularity.

Indeed, we have
F i 1+ A4 1-A
R 1 G e e

r

It is obvious that if R,,419* € H', then £ - € L2 If Ry419* € H?, then by usmg
the results in Lemma 1.4 and Sobolev embeddlngs one easﬂy shows that £ — € H !
We will show in detail that if R,,+19%* € H3, then H,, = Eer2. Indeed7

—2iHmF (8 +1+A2) m+1w++2(m+1)A ¢++2m A26¢+
9, — 19,4 , O 1-A _
f O D0 S Oay (00 + —"2) Hyp 10
r T
A —A
+25 220, 4+ 2(m )mrs 2y~
ar—l 0, A 6A
+( ;) 24 4 25 -

The above expression is easily shown to belong to L? based on R,,+1¢* € H3,
by using that R,,+1H,,+19* € H', the Sobolev embeddings ¥+, d,1* € L, and
(2.26).

Hence, we can conclude that Hm§ € L?. This allows us to run a standard
energy argument by pairing the equation with F' to conclude that

2= G+ 2] )|

r
which, by using the Gronwall inequality and the fact that F'(0) =0, leads to
F(t)=0forall tel.

In order to run the energy argument it suffices to have % € H} and use the

2

O

L2’

pairing of H, ' and H}. This is useful in the proof of Proposition 3.4 where we
assume only R,,+19* € H?.

In the general case when woi € L? only, we regularize them as follows. We
produce Ry, 19, o € H* so that [|¢g — ¥, |22 < +. By using Lemma 2.3, and
particularly part (v), we obtain that the compatible pair Rm+1d):’ 0o €H 3 and
g — ¥t ollze S & We also recast the compatibility condition to

—7 = —[r, )T (T =T + A0 +97))
so that all terms involved belong to L?. Using the conservation of the compati-
bility condition for ¢ (¢) under the flow (2.24) and part (v) of the theorem, we
obtain the desired result.

(ii) The key observation is that the equation for 15 in (2.29) becomes linear
in the following sense:

7’7/]2 - qu/} +m

L2 ’

7/12‘

12 i ’
(3.12) im .
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under the hypothesis that lim; o ||t~ (t) — e®™m=147 |2 = 0. This is easily
shown to follow from the following estimate:

(3.13) lim sup ‘T_m/ etHm=1 f(5)s™ ds‘ =0,
109 1.c(0,00) 0

which holds true for f € L2. The proof of (3.13) is similar to the corresponding

statement in [7, Appendix]. Based on this, it follows that lim;_, o [|t)2(¢)|| L =0,

and that

:0)

tim [i(42 — m)v™ — (42 = m)va

t—o00

which justifies (3.12).
With the notation (essentially the linearized version of % above)

‘tHan -
ft)y=0 (eithﬂer _ eith—lwf) _ 2%
= Or + + r ’

the scattering relation (3.8) can be rewritten as limy oo || f(f)[| 7-1 = 0. A direct
computation gives that f obeys the equation

(i0; + Hy) f =0.

Since lim;—c0 || f(t)[| -1+ = 0 it follows from the conservation of the H'-norm
that f(0) =0, which is (3.8). Alternatively, one could carry out this argument as
we did in (viii).

Assume now that given 1T satisfying (3.8) we construct (as in (ii)) solutions
(1) to (2.24) on some [T, +o00) which scatter forward to e“H’"ilﬁzf Following
the argument in part (i) we construct F'; which satisfies (3.11). Assuming addi-
tional regularity on the states wf, Rmilz/zf € H?, we have by Theorem 3.2(vii)
that R,,+19%(t) € H3; hence, by the argument in (i), H,, £ € L? and the right-
hand side of (3.11) belongs to L?. Then the Duhamel formula applies to (3.11)
and in turn to the Strichartz estimate

H g
r

I ey | |

LA([T,00) xR) LA([T,00) xR)

F

where we have used that lim; || ﬁt) |2 = 0. (This follows as above because of
(3.13).) Next, by taking T large enough, we obtain that F'(¢t) =0 for ¢t > T and
the conclusion follows by invoking part (i).

For general states 1/)1: € L? satisfying (3.8) we proceed as above. We approx-
imate them by sequences wi+ with Rmil'l/)i+ € H3; this can be done by reg-
ularizing R,,_19 first and then showing that the corresponding Rm_Hwi has
the same regularity as we did in Lemma 2.3(v)—in fact, this argument involves

only the linear part of the argument there. Then we write (3.8) at the level of L?
YL =9y ==[ro] 7 ((m+ el + (m - 1)¢),

and use the above argument and a limiting argument.
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(iii) One side of (3.9) follows from the fixed time bound (2.37). The other
side is similar, and it consists of replicating the result of Lemma 2.3 starting from
1T instead. O

Proof of Proposition 5.4

With w(jf given, we reconstruct ug € H' N H? as in Proposition 2.2. The addi-
tional regularity Rmildzoi € H? implies, by (2.30), that ug € H' N H3. For the
classical Schrodinger map u(t) with data ug we construct its Coulomb gauge and
its field components and write the system (2.24) whose initial data is woi. By
invoking the uniqueness part of Theorem 3.2, it follows that 1)*(¢) are the gauge
representations of WW*(t); hence, the reconstruction in Proposition 2.2 gives the

Schrédinger map u(t) for each ¢. O

We can now identify the critical threshold for global well-posedness and scatter-
ing. For any m > 0, we define A(m) by

A(m) :=sup{Sr,.. (V) : M~)<m
where % is a solution to (2.24) satisfying (2.28)},

where ¥ is assumed to be a solution of (2.24) satisfying the compatibility con-
dition (2.28) and Iay is its maximal interval of existence.

Obviously, A is a monotone increasing function, it is bounded for small m
by part (iv), and it is left-continuous by Theorem 3.2(v). Therefore, there exists
a critical mass 0 < mg < 400 such that A(m) is finite for all m < my and it is
infinite for m > mg. Also any solution 1 with M (v)) < mg is globally defined and
scatters.

Note that, from (3.9) and the fact that M (™) = M(3)™) (due to the com-
patibility relation), it follows that we could have used S, (¥"), M(¢1) in the
definition of A(m) and arrived at the same conclusion as above with the same
critical mass my.

4. Concentration compactness

The main goal of this section is to prove that if the above critical mass my is
finite, then there exists a critical element ¥ with mass mg which blows up (see
Theorem 4.1). Moreover we can be more precise about the behavior of the scale
of the critical element (see Theorem 4.2). The information provided by these two
results will be crucial in the next section where we rule out the possibility that
myg is finite.

We start by exhibiting the symmetries of the system (2.24). The system
is invariant under the time reversal transformation ¢ (r,t) — ¢*(r, —t). This
allows us to focus our attention on positive times, that is, ¢ > 0. Next, the system
is invariant under two other transformations: scaling, 1 = A~1y(A~1r, A72¢)
with X € R, and phase multiplication, 1% (r,t) = e**(r,t) with o € R/27Z. The
phase multiplication can be ignored as the group generated is compact. This way,
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we generate the first (noncompact) group G of transformations gy defined by
o fr)=A""F(A ).
From (2.25), (2.26), and (2.27), the effect of the action g\ on ¢ is translated in
the action of g} on v, As and g3 on Ay where
aAfr)=fATr), gRif(r) = AT ().
The action of g is extended to space-time functions by
Ty f(r,t) = A" FOA T M%),

The equations in (2.24) are also time translation invariant and this suggests
enlarging the group G to G~ as follows. Given A >0 and ¢t € R, we define

Iaaf = AT M (AT ).

We denote by G’ the group generated by these transformations. Given two
sequences ¢g",g" € G7, Vn € N, we say that they are asymptotically orthogonal
if and only if

Ao An .

We are now ready to state the two main results of this section.

THEOREM 4.1

Assume that the critical mass mg is finite. Then there exists a critical element,
that is, a mazimal-lifespan solution Y* to (2.2/) and satisfying (2.28), with mass
mgo which blows up forward in time. In addition this solution has the following
compactness property: there exists a continuous function A\(t): I =[0,T4) — Ry
such that the sets

K* ::{ﬁwi<ﬁ,t),tel+}

are precompact in L?.

REMARK

As a consequence of the compactness property it follows that there exists a
function C': Rt — R* such that the above critical element satisfies

(4.2) / |wi(t,7‘)|2rdr§77, Vtely.
2CmA@)~!

One can construct critical elements whose function A(t) has more explicit behav-
ior.

THEOREM 4.2
Assume that the critical mass mq is finite. Then we can construct a critical
element as in Theorem J.1 such that one of the following scenarios holds true.
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(i) T4 =00 and A(t) > ¢ >0, ¥Vt > 0.
(i) T} < oo and limy_,7, A(t) = oco.

The proofs of Theorems 4.1 and 4.2 follow the same steps as their counterparts
in [7], which in turn were inspired by the seminal work of Kenig and Merle [16].
We will not reproduce the proofs here due to their lengthy repetitive argument.
Instead, we state the intermediate propositions which then lead to the proof of
Theorem 4.1.

It is standard (see for instance [16] and [23]) that the result in Theorem 4.1
follows from the following result.

PROPOSITION 4.3

Assume mg < +o00. Let ¥F : I,y =[0,T,+) x R—C, n €N, be a sequence of
solutions to (2.24) satisfying (2.28) and such that lim, .o M(¢¥T) = mg and
lim,, o0 SI,,,+ (zbﬁf) = 00. Then there are group elements g, € G such that the
sequence g, F (t,) has a subsequence which converges in L2.

One of the main ingredients in the proof of Proposition 4.3 is the classical linear
profile decomposition result. This type of result originates in the work of Bahouri
and Gerard [1] for the case of a nonlinear wave equation and, independently, in the
work of Merle and Vega [20] for the case of the nonlinear Schrodinger equation.
For the case of nonlinear Schrédinger equations see also [2], [17], and [23].

PROPOSITION 4.4

Let %, n €N, be a bounded sequence in L2. Then (after passing to a subsequence
if necessary) there exist a sequence ¢’, j € N, of functions in L? and g™ € G~,
n,j € N, such that we have the decomposition

l
(4.3) Yo = Zg">j¢j +w™, VieN,

=1
where w™' satisfies

(4.4) lim lim S(em-14p™1) =0.

l— 00 n—00
Moreover, g™ and g”’j' are asymptotically orthogonal for any j # j' and we have

the orthogonality condition

(4.5) weak lim (g™ lw™t =0, V1I<j<lL

n—oo

As a consequence the mass decoupling property holds,
n—oo

l
(4.6) lim (M(u") LCOR M(w"’l)> =0.

A similar statement holds true also for the operator H,, ;. We explained in [7]
how this result follows as an equivariant counterpart of [23, Theorem 7.3].
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Based on Proposition 4.4 and the results in the previous sections, one proves
Proposition 4.3 by following the same steps as in [7]. The details are left as an
exercise.

5. Momentum and localized momentum

In this section we rule out the possible scenarios exhibited in Theorem 4.2. With
the language used in Section 4, we claim the following.

THEOREM 5.1
Critical elements do not exist.

This will be based on virial-type identities. Virial identities for the Schrodinger
map problem originate in the work of Grillakis and Stefanopoulos [10] via a
Lagrangian approach. In their work the formulation of these identities is at the
level of the conformal coordinate, obtained by using the stereographic projection.
Our approach is different in the sense that we derive the virial identities at the
level of the gauge components. However, our results can be derived from [10].

5.1. Virial-type identities
This section is concerned with identities involving solutions of (2.24) which satisfy
the compatibility condition (2.28).

Given a smooth function a: Ry — R (i.e., |(r0,)%a|] <o 1) that decays at
infinity, we claim that

% a(r)(As —m)rdr = /r&.a(r)%(wl
By using Theorem 3.3(i), the proof of (5.1) goes as follows:
a
dt

W2

(5.1) 7>rdr.

a(r)(Ay —m)rdr = /a(r)@tAgr dr

- / a(r)S(Yoa)r dr
= —/a(r)g(i (&-%1 + %¢1 + %1#2)1;2)7"6”
. / a(r) (S (10, (ri1h2)) — S(irynd,9s)) dr

/&a(r)%(idqz[;ﬁrdr/r@m(r)?]?(wl%)rdr.

This computation is valid in a classical sense provided that Rmilz/}i € H?. For
general functions ¢* this is done by using a regularization argument as we did
in the proof of Theorem 3.2(i). Note that the quantities involved on both sides
of (5.1) are meaningful in light of the fact that vy € H' and a € H..
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We now introduce the two momenta, the radial and the temporal one, as

R(¢1¢2) M R(orb2)

My = ——"2 =07
! A2+m’ 0 A2+m

By using the covariant calculus, the time momentum can be further written as
(A +m) Mo = R(vot)2)
. 1 1 -
= §R(Z <D1¢1 + ;wl + T—2D2¢2)¢2)

_ A
S(1ep2) — T—22|¢2‘2

S

= =30 11p2) —

= 0, 3(ra) — S(iD ) + 10,40 — 22

1 2
=0%Ay + -0, Ay — A2(|¢1|2 + @)
T

r
which leads to

. 8TA2 2 A2 2 |7;/}2|2
(5.2) MofAln(A2+m)+(A2+m) 7A2+m(|1/11| +3 )

The following identity plays a fundamental role in our analysis:
(5.3) Ot My — 0. My = —0,-Ag.
This is established by using the covariant rules of calculus,

R(Dot11)2) " R(W1Dop2)  R(¥1ye)
Az +m Az +m (A2 +m

)
_ R(D1¢ota) n R(1p1D2to) n R(V112)
Ay +m Ay +m (A2+m)2

R(100rh2) R(1otho) oA
At m (A +m)2 " 2

8,;M1 =

SO As

S(Yob2)

— 0, My —

R(1p1Darbo) R(11P2)
AsS(ot1)  R(thotds)

= 0rMo — Ag+m (A2 +m)? 3(192)

5 S (1hote)

AsS(1vo) | R(P1eo)
T hdm T Atm)

AsS (o) n [V2*S(ot1)

5 S(tot2)

=0, My—2

A2 +m (A2 +m)2
= 0, Moy — S(¢oth1)
= 0,My — 0, Ap.

The above computation is meaningful provided that R,,+19* € H3.
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Next we derive a localized version of (5.3), which has also the advantage
that it makes sense for ¢* € L? only. We take a: R, — R to be a smooth func-
tion which decays at infinity and satisfies also |[19,a| <1 and |82a] S 1. As a
consequence we have that if f € Hel, then %fara € H;

We multiply (5.3) by a and integrate by parts as

(5.4) /a() L) dr|T + //aa Modr—/ /aa ) Ay dr.

This identity is now meaningful for 1»* € L2. Indeed, each term is well defined
for the following reasons:

e the first since a is bounded and %Ml €L?,

e the second since vy € H ' and 10ra -1y € H!,

e the third since %&a is bounded and Ay € L".

The justification of (5.4) for general 1* € L? is done by regularizing * as
above. It will be useful to rewrite the second term on the left-hand side as

/&,a(r)Modr
- Bt st s () e

_ / ar(%ara(r))ar In(As +m)rdr — / ~0,a(r)G(r) dr.

where

G<T>=—(A?fil)2 A+ (W [*+ ml )

Using (2.29) one can easily see that G is positive definite,

A |1ha|? Ay l?
> 2 -
(5.5) G = | (Ag—!—m (A2+m)2)+A2—|—m r2
|,¢) |2 1|¢2\2
~ m4mg ’

where m + mg is an upper bound for AQ, obtained from (2.26).

5.2. Proof of Theorem 5.1
The argument is in the spirit of the corresponding one in [16].

Based on a localized version of (5.1) and (5.4) we rule out the possibilities
exhibited in Theorems 4.2(i) and 4.2(ii). By using (2.25) and (2.33), the concen-
tration property (4.2) implies that all of the differentiated variables 11, 9, and
A, are concentrated in a compact set,

(5.6) />C( - (‘1&1(7“)’24— Y2 (r)l” + (AQ(T)Q_ m)Q)rdrgn, vtel,.

r2 r

We start by ruling out the existence of a critical element from Theorem 4.2(i),
that is, the global element with A(t) > ¢ >0, V& > 0. In (5.4), we take
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a(r) = r?¢(%) where ¢ is smooth and equals 1 for 7 <1 and 0 for r <2, and
we obtain

/a(T)Ml(T)dr|OT/T/&,(%ara(r))&nln(flger)rdrdt

(5.7) //8(1 r)rdrdt
+/0 /&a(r)AOdrdt.

In this identity there are two main terms which we compare against each other:
the only term on the left-hand side and the second term on the right-hand side.
All the other terms are controlled by one of the two main terms just mentioned.

We choose ) < 1 small enough (the exact choice is derived from the inequali-
ties on the error terms below) and R = C'(n)c 'n~1 > ¢!, We estimate the main

terms in the above expression by
@‘
r

| [attiar 5 [ 2]rar $ Rn]os

which is valid at both t =0 and ¢t =T, and by (5.5) and (5.6)

/ / =0ra(r)G(r)rdrdt 2 T.

By choosing T > R?>mg we obtain a contradiction, provided that we establish
that all the other terms involved in (5.7) are of error type.
The first term on the left-hand side of (5.7) is bounded as

< RQ’/no7

~

L2

T 1 T
]/ /3r<76'7na(r)>8rln(A2+m)rdrdt’5/ / 10, As| drdt <Tn < T.
r ~R

For the third term on the right-hand side of (5.7) we use (2.21) and write

\/ /aa Aodrdt’f‘// 24 aa))

which is then bounded by

< [ Wilman |2

We have just shown that the other two terms in (5.7) are of error type and
this finishes the contradiction argument. With this we conclude ruling out the
possibility exhibited in Theorem 4.2(3).

Next we rule out the critical element of type exhibited in Theorem 4.2(ii).
In this case the assumption is that we have a critical element with T < oo,
limy 7, A(t) = 4o0.

For fixed R we claim that
(5.8) lim /(;5(%)(142 —m)rdr=0.

t—T4

dtST’I]<<T.
L2[R,00)
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Indeed, for given e > 0, pick 5 such that n%RQ < e. Using (2.33) we obtain
Jo(F) 42 =m)

Ll

NN i

=

L2[0,C(m)A~1(t)n—1]

+ R?

L2[C(mA~(t)n~1,R]

< (Copm A ™) mg +nt B2,
By choosing t close enough to 7'y, we obtain (C(n)n’l)\(t)’l)Qmé <€, and this
establishes (5.8).

Next we choose a(r) = ¢(5), fix n >0, integrate (5.1) on [t,Ty), and use
(5.8) to obtain

/¢ A2 (r,t) =m)rdr < (Ty — t)H’(/Jl(t)HLz(\x\zR)‘

S (T =),

provided that R > C(n)n~tA(t)~!. By fixing ¢ and taking 7 — 0 (which also forces
R — c0), it follows that

2

L2(|z|~R)

/(A2(7”7t) —m)rdr=0

which implies As(t) = m. Hence, by (2.9) and then by (2.18) it follows that
Po(t) =0 and () = 0. Finally this implies by (2.25) that *(¢) = 0, which
contradicts the blowup hypothesis at time T (since the solution is globally in
time equivalent to 0).

6. Proof of the main result

This section is dedicated to the proof of Theorem 1.3. Given an initial data
ug € H' N H3, by using Theorem 1.1 it follows that it has a unique local solu-
tion on [0,7] for some T > 0. On this interval we use Sections 2.1 and 2.2 to
construct the associated compatible fields ¢)* obeying system (2.24). By using
Theorem 5.1 (and the previous reduction from Section 4), it follows that the
solution ¢* is globally defined on [0, +00) with [|[t)%||p4(r, xr,) < +00. By The-
orem 3.2(vii), the H2-regularity of Rmiﬂ/)(:)t is propagated at all times ¢ > 0.
Through Proposition 2.1 this implies that u(t) € H' N H? with bounds depend-
ing on ||1/1i||L4(R+XR+), ||Rmi1d)0i||H2, and t. By again using Theorem 1.1, this
means that the solution u(t) can be continued past time 7" and in fact for all
times ¢ > 0 with u(t) € L°(Ry : H' N H?). The scattering statement refers to
the scattering for ¢/* (t), which follows from the Cauchy theory for system (2.24)
(see Theorem 3.2).

Theorem 1.3(ii) is standard (see [7] for details) and it follows from (2.23),
the Cauchy theory for the system (2.24) and (2.31).
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Appendix

Proof of Proposition 2.1
We write the arguments below in a qualitative fashion in order to have a concise
argument. However, one easily sees that the argument below provides quantita-
tive bounds which lead to (2.30).

We first read the information u € H2. Using the equivariance property of u,
we obtain

(7.1) Hpui, Hypus € L2, Houg € L2
Since u3 =1+ u? + u3 it follows that

u10pU1 + UgOpUa _ u30,U3 c LQ,

r r

and by invoking (9, — 2)(u1,uz) € L?, we obtain # €L
Since D,.(v +iw) =0, it follows that

O =0, (W* - (v +iw)) = (BWF) - (v +iw),
where we recall that
WE =0,u+ %u x Ogu € T,y (S?).
From this we compute

b= {(0 2 2

:I:m((u?’_ Duy (uz —1)ug _u%—i—u%)

r2 ’ r2 ’ r2

From (7.1), Lemma 1.4, and the fact that # € L?, it follows that WTi e L?if

+
m > 2 and WT+ € L? if m = 1. This implies the corresponding result for 1/’7
A direct computation gives

uxRu)

r

O, W* = 92u + m@r<

_>
Orus - u + us - O, u k —usg-u
Fm

=PuFm 5

r r
%
9 m m uz — 1 k n
= (8T F —aTi—Q)uIFm—&u:Fm—Q + fFu,
r r r r
where

O -1
fi::Fm :S:I:mUBQ .

r
We then continue with

BppE = ((aﬁ ¥ %ar + %)ul, (a,% ¥ %ar + %)UQ (aﬁ =S %a,n)ug) (v +iw)

Uus ug —1

~1
P i
r T

Fm Yo
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ug—1(m—1)Y" +(m+1)y~

r 2 ’
where F* € L? from (7.1). From the expression of W* and the Sobolev embed-
dings, it follows that |[¢*||ps < |lullgiqpe- Hence, H%HLA; S Nl griage-

2, .2 2 . . .
Therefore, “3;1 = uglﬂ ul—:uz = u31+1 l;zler € L* which implies that

e (m— 1)¢++(m+1)w € L? and we conclude with 9,4* € L?.

Hence, we have just established that R,,+19* € H'. The procedure can be
easily reversed; that is, if R,,41¢0F € H', then u € H?2. The details are left to the
reader.

:Fi:Fm

Next we transfer third derivatives of u to second derivatives for ¢)* and vice
versa. From Au € H', by using the equivariance properties of u, it follows that

(7.2) Hyuy, Hyuy € HY, O, Hyus € L.
Using the above computation for 9,4, we have

uz — 1 (m—1)0" + (m+1)0,4~

Hypr b (a + = )Fi

r 2
9 Az (m — gt + (m+ 1)~
:F
T 2m
+1)2
_ (mr2 ) W,

The derivative in 0, F* can fall on either term in the expression of F*. From (7.2)
and Lemma 1.4 it follows that in all cases 0,.(07 F 20, £ H)uy,
Or (07 T 0, £ B )ug,8,(82 F ™0, )us € L*. By using Lemma 1.4, it follows that
if m# 1, then 0,u1,0rug, 0rug € He1 C L*; hence, (2.11) implies that 9,v € L*°,
and similarly d,w € L. If m = 1, then by the same Lemma 1.4 (0% F o £
" )uy, (02 F 20, £ B )us, (02 F 29, )us € HE C L™, and since 9,u € L2, by (2 11)
0rv,0vw € L2 Hence we have completed the proof of the fact that 0, F* ¢ L?.
Next, if m =1, then from (7.2) and Lemma 1.4 it follows that 1 F* € L?. The

other linear term left is 41ﬁ—j (in the expression of Hatp™"), which is estimated from
+ 1
LA —2((& - @)ul, (ar - T)u%aru?)) (v + iw)
r r r T
u? 4+ ul —uz(uz — 1)
_ 3

Indeed, from Lemma 1.4 it follows that (9, — 7 )u1, (9, — ™ )ug, Opus € L?, and
from |w(vg + iws)| < |1€,23|3 and the Sobolev embedding %2 € L° it
follows that all the linear terms in H,,+19* belong to L.

If m =2, then %F"’ € L? through Lemma 1.4 and f—: € L? is shown as above.
On the other hand,

1 1
F

(v + iws).
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belongs to L? through Lemma 1.4.

If m > 3, then it is a simple exercise to show that all the linear terms belong
to L2.

Moving on to the nonlinear terms in the expression of H,,+1%*, we notice
that ¢* € L* N L® by using the Sobolev embeddings. By using (2.18), it then
follows that 8*:‘2 (m_1)¢+;;fm+l)¢7 € L? by using the LS-estimate for all terms
involved.

For the last term we claim that 0O,¢* € L3, from which
ua =1 (m=1)0, ¢*+(m+1)6w c 2

follows by using the LS-estimate for “ “2. The
clalm follows from the formula above for 9,1*, the LS-estimate for ¢»*, and the
Sobolev embedding (07 F 28, £ % )uy, (97 F 20, + % )ug, (02 T 20, )us € L
(which can be derived using the Hankel calculus along the lines of the arguments

in Lemma 1.4). O
References
[1] H. Bahouri and P. Gérard, High frequency approximation of solutions to critical

nonlinear wave equations, Amer. J. Math. 121 (1999), 131-175. MR 1705001.

2] P. Bégout and A. Vargas, Mass concentration phenomena for the L?-critical
nonlinear Schrédinger equation, Trans. Amer. Math. Soc. 359, no. 11 (2007),
5257-5282. MR 2327030. DOT 10.1090/S0002-9947-07-04250-X.

[3] 1. Bejenaru, Global results for Schriodinger maps in dimensions n > 3, Comm.
Partial Differential Equations 33 (2008), 451-477. MR 2398238.
DOT 10.1080/03605300801895225.

[4] , On Schrédinger maps, Amer. J. Math. 4 (2008), 1033-1065.
MR 2427007. DOI 10.1353/ajm.0.0014.
[5] I. Bejenaru, A. D. Tonescu, and C. E. Kenig, Global ezistence and uniqueness of

Schradinger maps in dimensions d > 4, Adv. Math. 215 (2007), 263-291.
MR 2354991. DOI 10.1016/j.aim.2007.04.0009.

[6] I. Bejenaru, A. D. Tonescu, C. E. Kenig, and D. Tataru, Global Schrddinger
maps in dimensions d > 2: Small data in the critical Sobolev spaces, Ann. of

Math. (2) 173 (2011), 1443-1506. MR 2800718,
DOI 10.4007/annals.2011.173.3.5.

[7] , Equivariant Schrodinger Maps in two spatial dimensions, Duke Math.
J. 162 (2013), 1967-2025. MR 3090782, DOI 10.1215/00127094-2293611.
8] 1. Bejenaru and D. Tataru, Near Soliton Fvolution for Equivariant Schrodinger

Maps in Two Spatial Dimensions, Mem. Amer. Math. Soc. 228, Amer. Math.
Soc., Providence, 2014. MR 3157482.

9] N.-H. Chang, J. Shatah, and K. Uhlenbeck, Schridinger maps, Comm. Pure
Appl. Math. 53 (2000), 590-602. MR 1737504.
DOI 10.1002/(SICI)1097-0312(200005)53:5<590:: AID-CPA2>3.3.CO;2-1.


http://www.ams.org/mathscinet-getitem?mr=1705001
http://www.ams.org/mathscinet-getitem?mr=2327030
http://dx.doi.org/10.1090/S0002-9947-07-04250-X
http://dx.doi.org/10.1090/S0002-9947-07-04250-X
http://www.ams.org/mathscinet-getitem?mr=2398238
http://dx.doi.org/10.1080/03605300801895225
http://dx.doi.org/10.1080/03605300801895225
http://www.ams.org/mathscinet-getitem?mr=2427007
http://dx.doi.org/10.1353/ajm.0.0014
http://dx.doi.org/10.1353/ajm.0.0014
http://www.ams.org/mathscinet-getitem?mr=2354991
http://dx.doi.org/10.1016/j.aim.2007.04.009
http://dx.doi.org/10.1016/j.aim.2007.04.009
http://www.ams.org/mathscinet-getitem?mr=2800718
http://dx.doi.org/10.4007/annals.2011.173.3.5
http://dx.doi.org/10.4007/annals.2011.173.3.5
http://www.ams.org/mathscinet-getitem?mr=3090782
http://dx.doi.org/10.1215/00127094-2293611
http://dx.doi.org/10.1215/00127094-2293611
http://www.ams.org/mathscinet-getitem?mr=3157482
http://www.ams.org/mathscinet-getitem?mr=1737504
http://dx.doi.org/10.1002/(SICI)1097-0312(200005)53:5<590::AID-CPA2>3.3.CO;2-I
http://dx.doi.org/10.1002/(SICI)1097-0312(200005)53:5<590::AID-CPA2>3.3.CO;2-I

322

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

21]

22]

23]

Bejenaru, lonescu, Kenig, and Tataru

M. G. Grillakis and V. Stefanopoulos, Lagrangian formulation, energy
estimates, and the Schrédinger map problem, Comm. Partial Differential
Equations 27 (2002), 1845-1877. MR 1941660. DOI 10.1081/PDE-120016130.

S. Gustafson, K. Kang, and T.-P. Tsai, Schréodinger flow near harmonic maps,
Comm. Pure Appl. Math. 60 (2007), 463-499. MR 2290708.
DOI 10.1002/cpa.20143.

, Asymptotic stability of harmonic maps under the Schréodinger flow,
Duke Math. J. 145 (2008), 537-583. MR, 2462113.
DOI 10.1215/00127094-2008-058.

S. Gustafson and E. Koo, Global well-posedness for 2D radial Schrodinger maps
into the sphere, preprint, arXiv:1105.5659v1 [math.AP].

A. D. Ionescu and C. E. Kenig, Low-regularity Schridinger maps, Differential
Integral Equations 19 (2006), 1271-1300. MR 2278007.

, Low-regularity Schrédinger maps, 11: Global well-posedness in
dimensions d > 3, Comm. Math. Phys. 271 (2007), 523-559. MR 2287916.
DOI 10.1007/s00220-006-0180-4.

C. E. Kenig and F. Merle, Global well-posedness, scattering and blow-up for the
energy-critical, focusing, non-linear Schrodinger equation in the radial case,
Invent. Math. 166 (2006), 645-675. MR 2257393.

DOT 10.1007/s00222-006-0011-4.

S. Keraani, On the defect of compactness for the Strichartz estimates of the
Schrodinger equations, J. Differential Equations 175 (2001), 353-392.
MR 1855973. DOI 10.1006/jdeq.2000.3951.

H. McGahagan, An approximation scheme for Schrédinger maps, Comm.
Partial Differential Equations 32 (2007), 375-400. MR 2304153.
DOI 10.1080/03605300600856758.

F. Merle, P. Raphaél, and 1. Rodnianski, Blowup dynamics for smooth
equivariant solutions to the critical Schrédinger map problem, Invent. Math.
193 (2013), 249-365. MR 3090180. DOT 10.1007/s00222-012-0427-y.

F. Merle and L. Vega, Compactness at blow-up time for L* solutions of the
critical nonlinear Schridinger equation in 2D, Int. Math. Res. Not. IMRN
1998, no. 8, 399-425. MR 1628235. DOI 10.1155/51073792898000270.

P. Smith, Conditional global regularity of Schrédinger maps: Subthreshold
dispersed energy, Anal. PDE 6 (2013), 601-686. MR 3080191.

DOI 10.2140/apde.2013.6.601.

P.-L. Sulem, C. Sulem, and C. Bardos, On the continuous limit for a system of
classical spins, Comm. Math. Phys. 107 (1986), 431-454. MR 0866199.

T. Tao, M. Visan, and X. Zhang, Minimal-mass blowup solutions of the
mass-critical NLS, Forum Math. 20 (2008), 881-919. MR 2445122.
DOI 10.1515/FORUM.2008.042.

Bejenaru: Department of Mathematics, University of California, San Diego, La Jolla,

California, USA; ibejenaru@ucsd.edu


http://www.ams.org/mathscinet-getitem?mr=1941660
http://dx.doi.org/10.1081/PDE-120016130
http://dx.doi.org/10.1081/PDE-120016130
http://www.ams.org/mathscinet-getitem?mr=2290708
http://dx.doi.org/10.1002/cpa.20143
http://dx.doi.org/10.1002/cpa.20143
http://www.ams.org/mathscinet-getitem?mr=2462113
http://dx.doi.org/10.1215/00127094-2008-058
http://dx.doi.org/10.1215/00127094-2008-058
http://arxiv.org/abs/arXiv:1105.5659v1
http://www.ams.org/mathscinet-getitem?mr=2278007
http://www.ams.org/mathscinet-getitem?mr=2287916
http://dx.doi.org/10.1007/s00220-006-0180-4
http://dx.doi.org/10.1007/s00220-006-0180-4
http://www.ams.org/mathscinet-getitem?mr=2257393
http://dx.doi.org/10.1007/s00222-006-0011-4
http://dx.doi.org/10.1007/s00222-006-0011-4
http://www.ams.org/mathscinet-getitem?mr=1855973
http://dx.doi.org/10.1006/jdeq.2000.3951
http://dx.doi.org/10.1006/jdeq.2000.3951
http://www.ams.org/mathscinet-getitem?mr=2304153
http://dx.doi.org/10.1080/03605300600856758
http://dx.doi.org/10.1080/03605300600856758
http://www.ams.org/mathscinet-getitem?mr=3090180
http://dx.doi.org/10.1007/s00222-012-0427-y
http://dx.doi.org/10.1007/s00222-012-0427-y
http://www.ams.org/mathscinet-getitem?mr=1628235
http://dx.doi.org/10.1155/S1073792898000270
http://dx.doi.org/10.1155/S1073792898000270
http://www.ams.org/mathscinet-getitem?mr=3080191
http://dx.doi.org/10.2140/apde.2013.6.601
http://dx.doi.org/10.2140/apde.2013.6.601
http://www.ams.org/mathscinet-getitem?mr=0866199
http://www.ams.org/mathscinet-getitem?mr=2445122
http://dx.doi.org/10.1515/FORUM.2008.042
http://dx.doi.org/10.1515/FORUM.2008.042
mailto:ibejenaru@ucsd.edu

Equivariant Schrodinger maps 323

ITonescu: Department of Mathematics, Princeton University, Princeton, New Jersey,
USA; aionescu@math.princeton.edu

Kenig: Department of Mathematics, University of Chicago, Chicago, Illinois, USA;
cek@math.uchicago.edu

Tataru: Department of Mathematics, University of California at Berkeley, Berkeley,
California, USA; tataru@math.berkeley.edu


mailto:aionescu@math.princeton.edu
mailto:cek@math.uchicago.edu
mailto:tataru@math.berkeley.edu

	Introduction
	Deﬁnitions and notations
	A few calculus rules
	Energy estimates

	The Coulomb gauge representation of the equation
	The Coulomb gauge
	Schrödinger maps in the Coulomb gauge
	Fix µ=-1
	Regularity of the gauge elements
	Recovering the map from psi-

	The Cauchy problem
	Strichartz estimates
	Setup and Cauchy theory

	Concentration compactness
	Momentum and localized momentum
	Virial-type identities
	Proof of Theorem 5.1

	Proof of the main result
	Appendix
	References
	Author's Addresses

