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Abstract In this paper, we prove the “local e-isomorphism” conjecture of Fukaya and
Kato for a particular class of Galois modules, obtained by interpolating the twists of a
fixed crystalline representation of Gq,, by a family of characters of Gq,,. This can be
regarded as a local analogue of the Iwasawa main conjecture for abelian p-adic Lie
extensions of Qy, extending earlier work of Kato for rank one modules and of Benois and
Berger for the cyclotomic extension. We show that such an e-isomorphism can be con-
structed using the 2-variable version of the Perrin-Riou regulator map constructed by
the first and third authors.
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1. Introduction

1.1. Aims

In this paper, we prove a special case of the “local e-isomorphism conjecture”
of Fukaya and Kato [12, Conjecture 3.4.3]. This conjecture asserts the existence
of a canonical trivialization of the determinant of a cohomology complex asso-
ciated to any representation M of the Galois group Gq, = Gal(ﬁp/ Q,) with
coefficients in a p-adically complete local ring R. This trivialization is required
to be compatible with a specific “standard” trivialization of the corresponding
complex for representations with coefficients in finite extensions of Q, obtained
by specializing M at ideals, or more generally at representations, of R. This stan-
dard trivialization contains information about the e-factor of the corresponding
Weil-Deligne representation, hence the terminology “c-isomorphism.”
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The main result of this paper is a proof of this conjecture for a specific
class of modules M: we consider the case where M is obtained by tensoring
a lattice in a crystalline Galois representation with an R-linear representation
of the abelianization G = Gal(ng /Qp). This specific instance of the local e-
isomorphism conjecture can be thought of as a “local Iwasawa main conjecture”
for T' over the extension Qi"/Q, (cf. [24. Section 2]).

The key ingredient in the construction of the local e-isomorphism is the
two-variable regulator map introduced by the first and third authors in [17].
Essentially, the local e-isomorphism is obtained by taking the determinant of the
two-variable regulator and afterwards dividing out by certain correction factors
determined purely by the Hodge—Tate weights of the Galois representation. The
details of the construction are slightly tortuous, so we give an outline below.

In particular, our results generalize those of [2] (and contain independent
proofs of those): via the usual functorial properties of determinants, our results
imply the conjectures Cry (K (pp)/K,V) and Cgp(F/K,V) of [2] for all finite
subextensions Q, € K C F' C Q;b. However, our approach gives compatibilty
with the standard e-isomorphisms for twists by arbitrary unramified characters,
not just those of finite order as in [2].

We note also that, since the first draft of this paper was written, Nakamura
[18] has formulated a generalization of the Fukaya-Kato conjecture for (¢,I')-
modules over the Robba ring and proved this conjecture in many cases. His
conjecture is more general than the one considered here (since it applies also to
nonétale (o, I')-modules), but in the cases where both conjectures apply it asserts
slightly less, as it predicts an equality of determinants over a ring in which p is
invertible.

1.2. Outline of the paper

In Sections 2.1-2.3 we fix notation, recall the formalism of determinants used in
the statement of the conjecture, and recall some definitions and results concerning
e-factors of de Rham representations. In Section 2.4 we describe the “standard”
e-isomorphism, for representations with coefficients in a finite extension of Q,,
with which the general e-isomorphism is required to be compatible. In Section 2.5
we give an alternative, more convenient description of this isomorphism in the
cases that are relevant in the present work.

In Section 3 we recall the definition and properties of the cyclotomic regulator
map and of the two-variable version defined in [17]. Some of the formulae we need
for these maps are a little stronger than those that can be found in the literature,
so we give the proofs of these formulae in Appendix A.

In Section 4 we construct our determinant isomorphism for the “universal”
case when R is the Iwasawa algebra of an abelian p-adic Lie quotient G' of Gq, .
We begin (in Section 4.1) by constructing an isomorphism of determinants over a
rather enormous ring (the total ring of quotients of the distribution algebra of G);
in Section 4.2 we show that this descends to the Iwasawa algebra (but only after
inverting p). The final descent to an isomorphism over Ap(G) is accomplished in
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Section 4.3. We then obtain isomorphisms for more general R by (derived) base
change.

Section 5 deals with the compatibility of our determinant isomorphism over
Ao (G) with the “standard” e-isomorphisms for V' and all of its twists by de
Rham characters of G. We divide up the set of characters into classes depending
on V', which we refer to as good, somewhat bad, and extremely bad; we deal with
each of these classes separately. The first two cases can be handled by direct
computation using the properties of the one-variable and two-variable regulator
maps; for the extremely bad characters, we use induction on the dimension and
the results of the second author in the case of one-dimensional representations

(cf. [24]).

2. Preliminaries

2.1. Notation
Let p be an odd prime. For H a p-adic analytic group, and L a complete discretely
valued extension of Q, with ring of integers O, we write Ap(H) and Ar(H) =
L ®p Ao(H) for the Iwasawa algebras of H with O- and L-coefficients, and
H(H) for the algebra of L-valued locally analytic distributions on H, which is
the completion of Az (H) in a certain Fréchet topology (cf. [23]). We shall only
use these constructions in cases where H is abelian and p-torsion-free, in which
case all of these algebras are reduced commutative semilocal rings and can be
interpreted as algebras of functions on the p-adic analytic space parameterizing
characters of H.

We shall also need the notation Kr,(H), signifying the total ring of quotients
of Hr(H), which is a finite direct product of fields.

Let Qpoo = Qplpp~) and T'= Gal(Qp,o/Qp), and let x : T' = Z be the
cyclotomic character. For j € Z, we define the element /; of Hq,(I') by

_ log(y)

- logx(v)
for any nontorsion element v € I'. (The element ¢, is independent of this choice.)
We also fix a norm-compatible system of p-power roots of unity £ = (§,)n>1 €
Qp,OO'

If peHp(T), and n is a character of ', we define p'(n) by

J

i A00°) = pln)

s—0 S

' (n) =

)

where (-) denotes the projection Z) — 1+ pZj,. This limit exists for all x, and
we have

(1) W () = / n(r) log x(r) du().

If 1 is not a zero divisor, we may define p*(n) to be the value of the lowest
nonvanishing derivative of p at 7.
We write y_1 for the unique element of I such that x(v—;)=-1.
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2.2. K-theory and determinants

Let R be a ring. We define Ky(R) and K;(R) in the usual way, as in [12,

Section 1.1]. If R is commutative, then there is a canonical surjective map

K1(R) — R*, and the kernel of this is the special Whitehead group SK;(R).
The following statements are well known.

PROPOSITION 2.2.1
Let L be a complete discretely valued extension of Qp, and let O be its ring of

integers. Then for any p-torsion-free abelian p-adic Lie group H, the Iwasawa
algebras Ap,(H) and Ao(H) have trivial SK; .

REMARK 2.2.2

We do not know whether, in the above setting, the distribution algebra H(H)
also has trivial SK;. If this were known, it would allow certain arguments below
to be shortened somewhat.

For R aring, let Ch(R)pers denote the category of perfect complexes of R-modules
(chain complexes quasi-isomorphic to a bounded complex of finitely generated
projective R-modules). We denote by Det(R) the category denoted by Cg in [12],
which is equivalent to the universal Picard category for the category of finitely
generated projective R-modules.

We denote by Det the canonical functor Ch(R)pers — Det(R). This factors
through the derived category D(R)pert 0f perfect complexes.

2.3. Epsilon factors
We recall the definition of e-factors associated to representations of the Weil
group of Q,, for which the canonical reference is [9]. These are constants

EE(QpaDaq/}adx) 6E><7

where E is a field of characteristic zero containing p,e, v is a locally constant F-
valued character of Q,, dz is a Haar measure on Q,,, and D is a finite-dimensional

E-linear representation of the Weil group W (Q,/Q,) which is locally constant
(i.e., the image of the inertia group 1(Q,/Q,) is finite).

Following [12, Section 3.2], we shall restrict to the case when dz is the usual
Haar giving measure 1 to Z;, and 1 has kernel equal to Z,; the data of such a
character v is equivalent to the data of a compatible system of p-power roots of
unity £ = (€,)n>1, via the map sending ¢ to (¢ (p~"))n>1. Since dz and Q, are
fixed, and v is determined by &, we shall drop them from the notation and write
the e-factor as eg(D, ).

REMARK 2.3.1
Note that our conventions here, which were chosen for compatibility with [12],
differ slightly from the conventions of [17], which were chosen for compatibility
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with [7]: in [17] we defined e-factors using the additive character mapping p—"

to &1, which is more convenient for global purposes.

We are interested in the case when D =D (W) for a de Rham representation
W of Gq,, with the linearized action of the Weil group given as in [11]. If W is
an L-linear representation of dimension d, for L a finite extension of Q,, then
D, (W) is naturally a free module of rank d over Q)" ®q, L, and we may
obtain the necessary roots of unity by extending scalars to Gp ®q, L; but this is,
of course, not a field but rather a finite product of fields indexed by embeddings
f:L— Gp. Following [12, Section 3.3.4], we define

e (Dpst (W), €) = (q, (Q, ©(requ.f) Dpst(W),€)) , €(Q, ®q, L) = HQ;.
f

PROPOSITION 2.3.2
The functor Dps has the following properties:

. it commutes with tensor products;

- if V is crystalline, then the linearized action of Wq, on Dpst(V) =2 Q) ®q,
D.is(V) is unramified, and the action of arithmetic Frobenius o € WQP/IQP
coincides on Deyis(V') with the inverse of the crystalline Frobenius;

- if n is finitely ramified, then Wq, acts on Dy (n) via the character n;

- if n=x, then Wq, acts on Dy (n) via the unramified character mapping
arithmetic Frobenius to p.

Proof

The compatibility of D,e with tensor products follows from the corresponding
statement for Dy, which is standard. The remaining statements follow immedi-
ately from the definition of the linearized action of the Weil group on Dp. O

PROPOSITION 2.3.3

Let n be a de Rham character of Gq, with values in L. Write n = nomx’ for
some finite-order character ng of I' of conductor n, some unramified character
m, and some j € Z. Then we have

(Do (L) £) =m ()2 7(0:8),
where o denotes the arithmetic Frobenius of Gal(Q'/Q,) and the Gauss sum
7(no,€) is defined by

7(no,§) == Z (o) 1€

yeT /T,

Proof
From Proposition 2.3.2, the action of Wq, on Dy (L(n)) is given by the character

of Wq, whose restriction to Gal(Q,,/Q}") coincides with 79, and which takes the
value p/n; (o) on the arithmetic Frobenius element of Gal(Qp* (1p)/Qp(fip=)).
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Thus we may apply property (7) of local e-factors in [12, Section 3.2.2] to
see that!

gL (Dpst (L(1)),€) =n1(0) "p " 7(no,&) =m (o) "p "eL(L(no),€). O

We shall write e7,(n,€) for er,(Dpst(L(n),£)); this should not cause confusion,
since the quantity er(Dpst(L(n),&)) agrees with e1,(L(n),€) whenever the latter
is defined.

PROPOSITION 2.3.4

Let V' be a d-dimensional L-linear crystalline representation of Gq,, and let
n be a de Rham character of Gq, with values in L. Write n = nomx’ as in
Proposition 2.5.5. Then we have

EL (Dpst (V(’?))vf) = EL(nag)d : detL (QD : Dcris(V) — Dcris(V))n~

Proof
Using the property (5) of e-factors stated in [12, Section 3.2.2], we have

)
EL( pst( 77)) )
= e (Dpst (V) @quer Dpst (L(1)),€)
e1(Dpst (L(n)),€)" - det(qurory (07 Dpst (V) = Dyt (V)

=er(Dpst (L(n)), g) ~detr, (¢ : Deris(V) = Deyis (V)"

since the arithmetic Frobenius ¢ on Dy« (V') acts as the inverse of the crystalline
Frobenius ¢ on De,is(V). O

n

2.4. Epsilon isomorphisms for de Rham representations
Let V' be a de Rham representation of Gq, with coefficients in a finite extension
L/Q,. Let L= L®q, QI“r and let £ = (&, )n>0 be a compatible system of p-power
roots of unity as before.

Then Fukaya and Kato have shown in [12, Section 3.3] how to construct a
canonical isomorphism

e1¢(V):Det;(0) —» L@ {Dety (RT(Qp,V)) - Detr (V)}.
This isomorphism is defined as a product of three terms

(2) ere(V)=Tr(V)-erear(V) 00(V),

T There appears to be a minor error in [12] in item (7) of Section 3.2.2: the factor x(7)" is not
well defined, since 7 is chosen as an arbitrary element of W(GP/QP) such that v(7) =1, so 7
is only determined up to multiplication by an element of 1(Q,/Qp); one needs to assume that
7 acts trivially on Qp,». With this modification, the formula is correct modulo a sign error:
the factor x (7)™ should be x(7)~™, as one sees by comparison with (5).
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where
0(V) : Dety,(0) — Detr,(RT(Q,,V)) - Dety, (Dar(V)),
erear(V): L@ Dety (Dar(V)) —=+ L& Dety(V),

T.(V)eQX.

As it will be important for the remainder of the present paper, let us recall
in detail the definitions of these terms.

Firstly, we define T'f,(V'), which depends only on the Hodge-Tate weights
of V. For r € Z let

TL(’/‘) =dimp, gI‘iT DdR(V),
0 n, is the multiplicity of r as a Hodge Tate weight' of V. We define

F*(r):{(r—l)! if r >0,

<(j>)f if r <0,

the leading coefficient of the Taylor series of I'(s) at s =r. Then

rL(V)=J[r ().
reZ
Secondly, we define er ¢ ar(V). Let e1(Dpst(V),€) € Q, ®q, L be the e-
factor of Dyt (V), as defined in Section 2.3. Then e7,(Dpgst(V), &) clearly lies in
Qp.0 ®q, L, and it transforms under I' via

0 e (Dpse(V), §) =& (Dpst(V),£7) =0(0)er (Dpsi (V). €)

where 7 is the finitely ramified character by which Gaébp acts on det(V)(—w),
where w = Y n;, and ¢ is the unique lifting of o to Gal(Q}" (up=)/Q}")-

If we let t denote the element log([¢]) of Bggr, then multiplying by
tWer,(Dpst(V),€) defines an isomorphism L @7, Dety (Dar(V)) = L ®, Det (V)
(regarding both as submodules of Bar ®q, Det(V)), and we take this to be the
definition of e, ¢ ar (V).

Thirdly, we define 81, (V'). The general definition is rather complicated. Let
C(Qyp,V) be the complex of continuous cochains with values in V' (so RT'(Q,, V)
is the image of C'(Q,,V) in the derived category). Then C;(Q,,V) is a certain
subcomplex of C(Q,,V) which is nonzero only in degrees 0 and 1, and whose
cohomology in degree 0 is H%(Q,, V) and in degree 1 is H}(Qp, V). Hence

Detr, Cf(Qp, V) = {Dety H(Q,,V)} - {Dety H}HQ,,V)} .

The fundamental exact sequence

(3) 0= H(Qy,V) = Dese(V) L2 Do (V) @ 4(V) = HH(Q,, V) = 0

f We adopt the convention in this paper that the Hodge-Tate weight of the cyclotomic char-
acter is 1.
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gives rise to a quasi-isomorphism
1-p,1
C1(Qp, V) 2 [Deris (V) =2 Deia(V) @ 4(V)]
where t(V), the tangent space of V, is defined as Dggr(V)/Fil’ Dgr (V). This
gives an isomorphism of determinants

n(Qp, V) : Detr,(0) = {Detr, C;(Qp,V)} - {Detr t(V)}.

We also have a corresponding isomorphism 7(Q,, V*(1)). Furthermore, there is
an isomorphism

Vp(Qp. V)1 Cp(Qp V) = C(Qp, V(1) /(Cr (Qp V(1)) '[-2):
On homology groups this says that
HO(Qpa V)* = H2 (Qpa V*(l)),

_HY(Q,, V(1)
H}(Q, V-(1))

Also, there is a canonical exact sequence

(4) 0 — t(V*(1))" —> Dar(V) — t(V) — 0,

Hj(Qp. V)

arising from the compatibility of the functor Dgr(—) with tensor products and
the canonical isomorphism Dgr (L(1)) 2 L. Putting all of these together, we have
an isomorphism

9L<V> : DetL(O) —_— DetL RF(QP, V) . DetL DdR(V)
defined by
—1

n(Qp V) {n(QpV*(1)"} - {Det s (Qy. V(1))

This completes the definition of the Fukaya—Kato e-isomorphism ey, (V') for
a de Rham representation V.

For future reference, we observe that the objects defined in this section are
well behaved in short exact sequences.

LEMMA 2.4.1

Suppose that we have a short exact sequence
0—>V —V —V"—0

of crystalline representations of Gq, with coefficients in a finite extension L of
Q. Then we have the equalities

erearn(V)=crearn(V') -erear(V"),
OL(V)=0,L(V')-0L(V"),
and

T(V)=TL(V')-TL(V").
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Proof
The equalities 5L,§,dR(V) = EL,E,dR(V’) 'EL’gydR(VH) and FL(V) = PL(VI) 'FL(V//)
are true by construction. Recall that 6, (V) is defined as

n(Qp V) {n(Qp V(1) } - {Detr Wy (Qp V¥ (1)}

It follows from tedious diagram chasing that each of the factors is multiplicative
in short exact sequences, which implies the result for 01,(Q,, V). (]

REMARK 2.4.2
One can check that the above statement holds more generally for any short exact
sequence of de Rham representations, but we shall not use this here.

As a corollary, we obtain the following result.

PROPOSITION 2.4.3
Under the same assumptions as in Lemma 2.4.1, we have

ene(V)=ere(V')-eLe(V").

Proof
This is immediate from Lemma 2.4.1 and (2). O

2.5. Two special cases
In this section we will give a different description of the isomorphism 6 (V)
when V' is either purely crystalline or purely noncrystalline, which are the only
two cases we shall need to consider.

Recall that the dual exponential map

eXpQ V(1) (Qpa V) — Fil’Dgr(V)

is defined by the commutativity of the following diagram:

(v
Hl(QpaV) x Hl(QpaV*(l))

(5) XPQ,, v+ (1) T XPQ,, v+ (1)
[ v

Dar(V)  x  Dar(V*(1))

The pairings (, )y and [, ]y induce isomorphisms
Yy HY(Qp, V) = H (Qp, V(1)) hs (h,—)v,
Yvyp i HYQp, V)/HFHQyp, V) = Hi(Qy, V™ (1), [A = (h,—)v,
Y HY(Qp, V(1) /Hf(Qp, V*(1)) = H}(Qp, V)", [h] = (=, k),
Uban(v) : Dar(V) = Dar (V*(1))", dw [d, ~]v,
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and
Vri0 Dyr(v) : Fil’ Dar(V) = t(V*(1))",  d—[d,—]v.
Hence, expap’v*(l) is the composite

H'(Q,,V)
H1Q,. V)

v, * « (ex p,V*(1 )" « *
LHHQ, V(1) 20 Dy (VH(1))
(6)

-1
Vpio Dggr (V)
_—

Fil’ Dggr (V).

PROPOSITION 2.5.1

If V is a de Rham representation such that Deis(V) = Des(V*(1)) =0, then we
have

HO(vav) = HZ(QP’V) =0,

Hel(va V) = H}(QP’ V) = Hgl(QZN V)’
and the morphism 01, (V') is given by

~ Dar(V
DetL<logQP,V:H}(Qp,V) ar(V) )

Fil’ Dggr (V)
* Hl (QP’ V) = :10
- Dety, (— expq,,v+(1) H}(Qp, V) Fil DdR(V)) .

Proof

Since the complex C¢(Q,, V') is reduced to H}(Qp, V)[1], the isomorphism 7(Q,,
V') is the map induced by logg_ . Similarly, 7(Q,, V*(1))*-Detr ¢ (Qp, V*(1))*
is induced by the map

—1 * *
wFilo Dar (V) © (eXprxV*(l)) © wV*(l),f == eXpr’V*(ly

where the last equality follows from comparison with (6) and taking into account
that ¢y«(1),r = =y, /5 by the skew symmetry of the cup product. (]

PROPOSITION 2.5.2

If V is a crystalline representation such that Deis(V)9~! = Deps (V)PP
0, then we again have H*(Q,,V) = H*(Q,, V) =0,H}(Q,,V) = H}(Qp, V) =
H;(QP,V), and the morphism 01, (V) is given by

DetL((]- - 90)(]- _p_1<)0_1)_1 : Dcris(v) - Dcris(v))

Dcris (V) )
Fil® Dy (V)

1

-Dety, (longV tHp(Qp, V) —

HY(Qp,V)

* . = 110 .
. DetL (— eXpr7V*(1) : W —— Fil DCHS(V)).
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Proof

Since (1 — ¢) is invertible on Des(V), there is a natural morphism of complexes
between Cf(Qp,V) and the corresponding complex with (1 — ¢, 1) replaced by
(1 — ¢,0), which is a chain homotopy and hence induces an isomorphism on
determinants; and similarly for C't(Q,,V*(1)). The proof now concludes via the
same argument as in Proposition 2.5.1. (Il

To handle the bad cases when V is crystalline but the hypotheses of Proposi-
tion 2.5.2 are not satisfied, it will be convenient to introduce a slight modification
of the exponential and dual-exponential maps.

DEFINITION 2.5.3
For V a crystalline representation, let

D.vis (V)
1 — ) Fil’ Deis (V)
be the map obtained by restricting the boundary map of the fundamental exact
sequence (3) to the summand D.;i5(V) C Deyis(V) @ ¢(V), while we write lfongp,V
for its inverse.

éﬂ)qp,vi( — H{(Q,,V)

REMARK 2.5.4
The map

6)\(1/)ij‘/ @ CXpr,V N Dcris(v) @ t(V) — H}(Qp, V)

(which is just the boundary map of (3)) is the map denoted by expy ; in [22,
p. 231].

It is clear that the kernel of E)EﬁQp’v is exactly the subspace (1 — ) Fil’ Deyis,
and we have

(7) expq,,v ° (1 —¢)=—expq, v -

However, é?(f)Qp’V may be nontrivial even when expq, v is the zero map, as the
following example shows.

PROPOSITION 2.5.5

If V =L is the trivial representation, then for any x € V. =Dq5(V), é?(f)QP’V(x)
is the element of Hom(Gq,,, L) which is trivial on inertia and maps the arithmetic
Frobenius to —z.

Proof

It suffices to assume 2 = 1. By Hensel’s lemma there exists y € 0= W (F,) such
that (1 — )y =1, where ¢ is the arithmetic Frobenius. Since O is (p,Gq,)-
I, the class expq,,v(2) is given by o — (0 —1)y,
which is clearly unramified and maps the arithmetic Frobenius to —1. O

equivariantly a submodule of B
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We define

to be the transpose of exp exXpq, v+ (1) by the analogue of diagram (5). By construc-
tion, we have

(8) expq, v-1) = —(1 —p_lsl’_l)&Jpap,v*(l),
since (1 —p~lp~1) is the transpose of (1 — ).
DEFINITION 2.5.6
We define the following subspaces of H'(Q,,V):
- The space H}(Q,,V) is defined as
{zeH'(Q,,V): gﬂ)ap,v*a)(m) €Deis (V)=

By construction, this contains the kernel of é}?f)ap’v*(l), which is H}(Qp, V).
- The space H}(Q,,V) is defined as

(1 —p lo ) Deis(V) + (1 — ) Fil’ Dy (V) }
(1 — @) Fil” D (V) '

{ee H}(Qy. V) logq, v (@) €

We now note that E@ap,v*(l) defines an isomorphism

H(Q,,V) «~ _
= L, DV N (1= p o TR Dy (V.

=Deis(V)?7 N Fil® Deyis (V)
=H"(Q,,V).
On the other hand lft;ngy gives an isomorphism

H}(QP? V) = _ Dcris(v)
Hy(Qp, V) (1= p ' ") Dexis (V) + (1 — ¢) Fil° Deyio (V)
which Tate duality identifies with H°(Q,, V*(1))* = H*(Q,,V).
We therefore have the following isomorphisms:

Hl
—(1 —SD)QXPQ V(1) - $

(9a)
— (1= @) (1= p ™) T R Dayia(V),
H}(Q,, =
(9b) —exXpq, . v+(1) - WZ’; — H(Q,,V),
(9¢) @Qp, .Hf(QZh V) = HQ(QP,V),

YHH(Qy V)
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(1-ple ) ogq, v HH(Q,, V)
(9d) o De.is(V)
" (1= e ) (1= @) P Do(V)'
As promised above, we can use the isomorphisms (9a)—(9d) to give a simpler
expression for 6y (V).

THEOREM 2.5.7
The isomorphism

Dety,(0) — Dety RT(Q,, V) - Dety Deyis(V)

defined by composing the determinants of (9a)—(9d) coincides with the isomor-
phism 0, (V) defined above up to the factor (—1)3c (V) In particular, if H(Q,,
V) =H*(Qp,V) =0, that is, H;(Qp,V) = H} (Qp, V) = H}(QP,V), then 0..(V)
coincides with the isomorphism defined by

. CHYQ,,V)
Det | (1 = )02, v-) - 7777

o

> (1= @)1= p ') Fil’ Dere (V)]

-Det {—(1 —p_lip_l)_lf&éQp,v : H}(va V)

= Dcris(v) :|
(1=p 1 )11 = ¢) Fil’ Derig(V)

REMARK 2.5.8
Note that this result extends Proposition 2.5.2; because of equations (7) and

(®).

As the proof of this theorem requires some rather elaborate diagram chasing, we
shall not give it here but relegate it to Appendix B below.

3. Regulator maps

3.1. The cyclotomic regulator map
Let V be an L-linear p-adic representation of Gq,. We define the Iwasawa coho-
mology

Hiyy(Qpoc,V) = L @0 lim H' (Qpn, T),

where T' is any Gq,-stable O-lattice in V. The group Hi (Qp.o,V) is a finitely
generated Ap(T')-module, which is zero if i ¢ {1,2}, is torsion if ¢ = 2, and has
rank d =dimg (V) if i =1.

For any continuous character 1 of I with values in L, we write 7, : Ar,(I') — L
for the L-algebra homomorphism which sends g € T’ to 7n(g), and similarly for
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H(T). Then we have the projection map
pry  Hiy (Qpoes V) —— L®AT).x, Hi(Qpoc, V) —> H'(Qp, V(0 ™))

arising from the inverse limit of the Hochschild—Serre spectral sequences asso-
ciated to the extension Q, ,/Q, for each n. We also write z,, for the image of
x € H} (Q,,V) under pr,,.

We now suppose that V is a crystalline representation, with all Hodge—Tate
weights > 0. We shall write H{, (Qp 00,V )o for the submodule of H} (Qp o0, V)
whose image under the Fontaine isomorphism

Hiy (Qpoo, V) — D(V)*~!

is contained in the Wach module N(V') € D(V'). By the results of [3, Appendix A],
if V has all Hodge-Tate weights > 0, then the quotient H{, (Qp,00, V)/Hi, (Qp,c0,
V)o is identified with

(rIN(V)P=! =

NV} Doy (V)¢ (1),

and in particular if V has no quotient isomorphic to Q,, then H{, (Qp 00, V)o =
Hllw(Qp»OO’ V)

THEOREM 3.1.1 (PERRIN-RIOU, BERGER)

Let V' be a crystalline representation of Gq, with all Hodge-Tate weights > 0.
Then there is a homomomorphism of Ar(T')-modules

ﬁg,f : Hllw(Qp,ooa V)O — HL(G) ®r DcriS(V)

whose values at de Rham characters n are given by the following formulae. Let
W =V(n'), and let n = xIno with j € Z and ny a finite-order character of
conductor n.

(1) If no is nontrivial, with conductor n>1, then
Lye()(n)

y ] _ ] expe (@)@t Te; if >0,
:F (1 +])EL(T] 17—§)SO { vaW (1) n . J n
logQP}W(x,,) @t e if 1 < —1.

(2) If mo is trivial, so n=x7, then
(L=p™ 7o Ly e(x)(n)

expap,w*(l)(xn) ® t_jej if >0,
logq,w (@) ®tJe; if § <-—1.

=T*(14j)(1-pp) {

In the above theorem e; denotes the basis of Q,(j) given by [(£,)n>1]%7, and ¢
denotes the element log([¢]) of Beyis. (Thus both ¢ and e; depend on the choice
of &, but t7e; € Deris(Q,(4)) does not.)
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Proof
This is well known; for a proof of the special value formulae in this form see, for
example [17, Appendix B]. O

The presence of the factors (1 — pip) and (1 — p~ 177~ is awkward for our
present purposes, since they may fail to be invertible. We will therefore use the
following strengthened version of the formulae of Theorem 3.1.1, using the map
exp” introduced in Section 2.5 above.

THEOREM 3.1.2
For any 7 >0 we have
Lye(@) () = =T (1+5)(1 — P/ 9) [exDQ, v+ (144 (Txs) © 1 5]

Proof
See Theorem A.2.3 in the appendix. (]

From the above results we see that if 1 has Hodge-Tate weight > 0, then
Lf/’g (z)(n) =0 if and only if z,, € H}(Qp, V(n~')) when 7 is noncrystalline, and
if and only if z,, € H}(Q,,V(n™')) when n is crystalline. In this case we have a
formula for the derivative of Ly, .(x) at 7).

THEOREM 3.1.3
Suppose that © € H} (Qp.00, V)o satisfies L1, (x)(n) =0, where n has Hodge—Tate
weight j > 0 and conductor n.

(1) Ifn>1, then we have
Ly (x) () =T*(1+j)er(n™,—€)¢" [logq, v -1 (@) @t e;]
(mod Q" Fil Y Doris(V)).
(2) Ifn=0, son=x7, and H°(Q,,V(—j)) =0, then we have
Lye(@) () =-T"(1+ )1 —p o 1) logg, v(—y (@) @ 7e;]
(mod(1 —p~ ™) (1 — pl) Fil 7 Deyis (V).

We note also the following twist-compatibility property.

PROPOSITION 3.1.4
The regulator maps for V. and V(1) are related by

Eg(l),g(x ®er)=Lo- (Twy-1 (ﬁgg(m)) ®t ler).

Proof
Recall that the regulator is defined by

Lye(y) =M ((1-)y),
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where 901 is the Mellin transform H(T') — (B,

rig?Qp)¢:07 and

Y E (BI&

=1
Q, & DcriS(V)) = Hllw(Qp,oov V)()'
We have the identity

bo(f) =to(f)

for f € B;‘;g Q, where 0 is the differential operator (1 + w)%. Consequently we
have

r®e =L(07 )@t ey

for any x € (Big,Qp ® Deis(V))¥=0. But 0 corresponds under 9 to Twy, so

applying 91! to both sides of the above we have
MM (z®er) =Ll Twy—1 (M (z)) @t ey

Letting z = (1 — @)y for y € (B

Se.q, @ Denis(V))¥=" gives the claimed formula.

O

REMARK 3.1.5

One can also see this twist compatibility as a consequence of the evaluation for-
mulae above, since the two sides of Proposition 3.1.4 must agree under evaluation
at x’ for all but finitely many j € Z by Theorem 3.1.1.

3.2. The matrix of the cyclotomic regulator

We now state a formula for the matrix of the cyclotomic regulator map 5{467
which will be one of the main tools we use to attack the Fukaya—Kato conjecture.
We shall first define an element £(V') € Hq, ('), depending only on the Hodge-
Tate weights of V.

DEFINITION 3.2.1
(1) For n € Z, define the element 1, € FracHq, (') by

€0~--€n_1 ifnZl,
=11 if n=0,
(0_y-0)"" ifn<—1.

(2) For V' a Hodge-Tate representation of Gq,, with Hodge-Tate weights
ni,...,Ng, let

d
(V)= H Hon-

Our goal is the following proposition.

PROPOSITION 3.2.2
Let V' be any d-dimensional crystalline L-linear representation of Gq,. Let y1,
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3 Ya € HL, (Qp,00, V) be such that the quotient
HIIW(QP,OCH V)
(Y15 Yd) AL (D)
is A (T)-torsion. Then for any L-basis v1,...,vq of Deis(V)V, the determinant
of the matriz with (i,j)-entry (E{,,E(yi),vﬁ is equal to
tV)faq
Fuz, @y

Q=

(mod H(I')*),

where fg € Ap(T') is any characteristic element of the torsion Ar(T')-module @,
and similarly for frz (q, ..v)-

This theorem has a slightly tortous history: a conditional proof was given by
Perrin-Riou in [21] modulo her local reciprocity conjecture Rec(V'), which was
subsequently proved, independently, by Colmez [8] and Benois [1].

REMARK 3.2.3

(i) In [21] the theorem is formulated not in terms of the regulator map ,C‘F/y5
but rather in terms of Perrin-Riou’s exponential map €2y, ¢, for a suitable integer
h (see Appendix A for the definition of the latter). Since the regulator and the
exponential are related by an identity (equation (11) in Appendix A) the above
formulation is equivalent to Perrin-Riou’s.

(ii) Under the simplifying hypothesis that no eigenvalue of ¢ on D5(V) is
a power of p, which forces HZ, (Qp.00, V) = HL,(Qp,00, V )tors = 0, a refinement of
this result is given by [16, Theorem D], which determines the elementary divisors
of the matrix of EE,E.

3.3. The two-variable regulator map
We now recall the main result from [17]. Let F' be any finite unramified extension
of Q,, and let F, be the unramified Z,-extension of F. We set Koo = Foo(ftpeo ),
U=Gal(Kx/Qp o), and G = Gal(K/Q,p). We regard T' as a subgroup of G
by identifying it with Gal(Ks/Fu ), so we have G=U x T

Let L=1L ®q, (5;‘\2 as above.
THEOREM 3.3.1
Assume that V is crystalline with Hodge—Tate weights > 0. Then there ezists a
regulator map

LG ¢ HEy (Koo, V) — Hz(G) @ Deyis (V)

such that for any finite extension E/Q, contained in Fy,, we have a commutative
diagram
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G

L
Hllw(KOO/QZM V) 5 E(G) ®Qp Dcris(V)

el

Ly,
Hllw (E(:upx)v V) _5' HZ(G/) ®Qp DCI‘lb(V)

Here G' = Gal(E(up=)/Qp), the right-hand vertical arrow is the map on dis-
tributions corresponding to the projection G — G', and the map EXG/I is defined
by

Lg,g = Z [o] - ﬁg,v,g(a_l ox),
ceQal(E/Q,)

where ﬁg,v,g is the cyclotomic regulator map for E(uy~)/E. Moreover, the map

E‘ng is injective.

By abuse of notation we also write Eﬁg for the induced map with source H; (G) ®
H} (K, V).

We will need a twist-compatibility property which extends Proposition 3.1.4
to the two-variable regulator map. To state this, we need to introduce a map
relating D5 for unramified twists.

DEFINITION 3.3.2
If n is a crystalline character of G, we let b, denote the unique isomorphism

E KRy, Dcris(v) XL L(ﬁ) i Z ®r Deris (V(n))

such that extending scalars to B,is gives a commutative diagram

b
Bcris ®Qp Dcris(V) (253 L(n) 4;,’ Bcris ®Qp Dcris(v<n))

can(V)®1 can(V(n))

xt™J

Benis ®Qp Ver L(?’]) Beis ®Qp V(T/)

o

where can(V) is the canonical isomorphism B.is ® V 2 Beyis ® Deyis(V), and the
bottom row denotes multiplication by ¢~/ in Beis.

The existence of such an isomorphism is not a priori obvious, but it follows from
the fact that we may write 7 = x71; for some unramified 7,, and the periods of
71 lie in LCL® Be:is (see [17, Section 4.3]). Note that b, in fact depends on &
(since ¢ determines the cyclotomic period t).

We can now state the twist compatibility of L‘C}V’ ¢
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PROPOSITION 3.3.3

Let V' be crystalline with nonnegative Hodge—Tate weights, and let n be any crys-
talline L-valued character with Hodge—Tate weight j > 0. Then we have a G-
equivariant commutative diagram:

£8 . ®1
wa(Koo/QmV)@L(n) L

R

ay

(bo-ti-1)"" LT ¢

Here the right-hand vertical map a,, is given by

H;(G) @ Dewis (V(0))

x®y®z'—>TWn—1(l‘)®bn(y®Z)v

where by, is as in Definition 5.5.2.

REMARK 3.3.4

The diagram above is G-equivariant, if one equips H}, (Koo /Qp, V) ® L(n) with
the diagonal action of G, and H;(G) ® Deis(V) ® L(n) with the action of G
given by

g-(z2y®2)=(lglz) @y @ (n(9)z).

Proof

It suffices to consider two cases separately: the case where 1 is an unramified
character (so j =0) and the case where n = x’. In the unramified case, the
statement to be proven is [17, Proposition 4.13]. In the case of a power of the
cyclotomic character, the result follows from the twist compatibility of the cyclo-
tomic regulator (Proposition 3.1.4) and the compatibility of the cyclotomic and
two-variable regulator maps. O

We shall also need the following simple properties of the maps Eﬁg.

PROPOSITION 3.3.5
(1) Letc€Z,, and let . denote the unique element of I' such that x(v.) = c.
Then we have

£\G/,c5 = [’Yc]_lﬁg,g-

(2) If ¢; denotes the L-linear automorphism of L=1L ®q, Qp" given by

extending scalars from the arithmetic Frobenius automorphism of @, then we
have

[E\C/;,g] YL = o] E\G/,g

where o, is the arithmetic Frobenius element of Gal(Ko/Qp,c0)-
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Proof
See Proposition 4.10 and Remark 4.17 of [17]. O

3.4. The matrix of the two-variable regulator
We now consider the two-variable regulator E‘G,’é. The result we shall prove is
formally very close to Proposition 3.2.2.

PROPOSITION 3.4.1
Let x1,...,xq € H., (Koo, V), and let vy, ... ,vq be an L-basis of Deyis(V)V. If the
quotient

Q = Hllw(KOOa V)/<x1a s 7zd>

is Ap(G)-torsion, then the determinant of the matrix A whose i,j entry is
<£€75(xi),vj> lies in £(V') - fq - H7 (G)*, where fq is a characteristic element
of Q.

Since H;(G) is not an elementary divisor domain, we cannot directly adapt
Perrin-Riou’s proof of Proposition 3.2.2 to the two-variable setting. So we shall
prove the proposition indirectly, by reducing it to Proposition 3.2.2 applied to
the twist of V' by every unramified character of G.

Let 1,...,7q € H (K, V) be as in the proposition, and denote by fo a
generator of the characteristic ideal of the quotient (). Define

C= [det(ﬁvg z;),v5)/ fo] € K7 (G)* JH; (G)*

where as usual <Evﬁ(xl) vj) denotes the matrix of Evg with respect to the bases
(x;) and (v;), respectively. So our goal is to prove that C' = [¢(V')]. Note that C
is independent of the choice of the x;.

PROPOSITION 3.4.2
Let 7 be an unramified character of U. Then the image of C in ICE(T)(F)X/
’z'-li(T)(F)X is well defined, and equal to [¢(V)].

Proof
By the twist compatibility of the regulator (Proposition 3.3.3), we may assume
that 7 is the trivial character.

By [19, Section 8.4.8.3] there are short exact sequences

0— HIiw(Koovv)U - HIiw(QP,OmV) - HIingl(KOOﬂV)U —0

for each 4. In particular, the cokernel of Hy (K, V) — H{ (Qp.00, V) is AL(T)-
torsion, so we may assume that the images x} of z; in Hy (Qp.co, V) span a
submodule of full rank d.

The exact sequences imply that the image of fg in Az (I') is not a zero divisor,
and is equal to fgr/ fH?w(Qp,oo,V)v where fg/ denotes a characteristic element for



Local epsilon isomorphisms 83

the torsion Ar(T')-module Q' = H'(Qyp o0, V)/(z},...,2,). On the other hand
the compatibility of £ ve and ﬁvg implies that the image of det(ﬁvé(xl) vj) is
det(£5, (1), vy).

By Proposition 3.2.2, det(LYy, ¢ (2}),v;) is not a zero divisor, so the image of
C is well defined, and this image is given by

det(Ly ¢ (27),v5) - [z, (Qp V) e
g 1w (Qp,o0) = [y .
T [((V)]

DEFINITION 3.4.3

Denote by K (G)° the set of f € Kr(G)* with the property that for each char-
acter 7 of U, we can find an expression for f in the form u/v where the images
of u and v in Kp(;)(I') under the evaluation-at-7 map are not zero divisors, so f
has a well-defined image in Kp (")~

PROPOSITION 3.4.4
For any coefficient field L, the natural map

Kpn(T)*

H HL(T) F

is injective (where the product on the right is over all characters T of U).

Proof

We identify Hr(G) with the algebra of L[Al-valued rigid-analytic functions on
the product of two copies of the rigid-analytic open disc B(0,1), where A is
the torsion subgroup of G. By passing to A-isotypical components, it suffices to
replace Hp(G) with O(B(0,1)%).

Let X,, be an ascending family of open affinoid subdomains of B(0,1)%.
Since O(B(0,1)2) = yLHnO(Xn), we are reduced to proving the corresponding
statement for the rings O(X,,), which are isomorphic to Tate algebras (at least
after a suitable extension of the field L). However, Tate algebras are Jacobson
rings and unique factorization domains (see [5, Section 5.2.6]). Thus for any
nonunit f € Frac O(X,,), we may write f =u/v where (without loss of generality)
there exists some irreducible element h such that h | u but htv. By the Jacobson
property, there exists a maximal ideal containing h but not containing v. This
maximal ideal must correspond to a point of X,, at which u vanishes but v does
not; since all points of X,, are of the form (7,7') for 7 a character of U and 7’ a
character of I', this shows that the image of f in Kz (I')* is not a unit either,
as required. O

Combining Propositions 3.4.2 and 3.4.4 completes the proof of Proposition 3.4.1.
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4. Construction of the isomorphism

The aim of this section is as follows. Let T' be a O-lattice in a crystalline L-linear
Galois representation V. Let O = Z3" ®z, O be the ring of integers of L. We shall
construct a canonical isomorphism of determinants over the ring A5(G),

Ono(6),¢(T) : Deta () (0)
— 06(G) ®ro (@) {Petao (@) Rt (Koo, T)

. DetAo (@) (Ao(G) Ko Dcris(T)) }7

where D ,is(7T') is a certain O-lattice in D,i5(V') determined by T (see Section 4.3
below). Our construction is to descend step-by-step in the following tower of ring
extensions:

As(G) C Az (G) CKE(G)
where H; (G) is the algebra of locally analytic L-valued distributions on G, and
K5 (G) its total ring of quotients.

4.1. Construction over K5 (G)
Over K;(G), the construction of the isomorphism © is very simple.

PROPOSITION 4.1.1
The AL(G)-module Hi (Ko, V) is finitely generated for any i, and it has rank
d fori=1, is torsion for i =2, and is zero for i # {1,2}.

Proof
See [17, Proposition A.6]. a

PROPOSITION 4.1.2
The regulator Egg induces an isomorphism

Detx_(c)(0)
—— DethL(G) (/Cz(G) ®AL(G) BRIy (Koo, V))
. DEtICE(G) (/Cz(G) QL Dcris(v)) .

Proof
From Proposition 4.1.1 we have

Det . (a) (K3 (G) @4, (¢) RT1w (Koo, V))
= Deth,:(G) (Kz(G) ®AL(G) Hllw(Koo, V))il.

However, the regulator map is injective on L 1 Hllw (Koo, V), so it is an isomor-
phism after tensoring with K7 (G). O
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DEFINITION 4.1.3
Let Ok, (c),¢(V) be the isomorphism

Det;Ci(G)(O)
—+ K;(G) @4, (@) {Deta, (@) Rl (Koo, V)
‘Deta, () (AL(G) ®r Daris(V) }
by
Ok, (@).¢(V) = UV) " Det(LT)
where (V) € K(G)* is as defined in Definition 4.1.3 above.

4.2. Descentto A;(G)
We now use Proposition 3.4.1 to show that the isomorphism Ok _ (g) ¢ (V') descends
to Az (G).

THEOREM 4.2.1
There exists a canonical isomorphism in Det(A; (G)),

OnL(c).e(V):Detp (c)(0)
— A7 (G) @4, (c) {Deta, () Rl (Koo, V)

‘Deta, (@) (AL(G) ®r Deris(V)) }

with the property that the isomorphism in Det(K;(G)) obtained by extending
scalars is the isomorphism of Definition 4.1.5.

REMARK 4.2.2
By base change, we obtain a canonical isomorphism in Det(A;(T)),

OnLr).e(V): Dety () (0)
(10) ——+ A;(T) @a, 0 {Deta, () Rl (Qpooo, V)

. DetAL(p) (AL(F) Xr, Dcris(V)) }
Since this coincides with £(V)~! Det(ﬁg,g) after base extension to K7 (I'), the
scalars descend from L to L: the above isomorphism is the image of an isomor-
phism
DetAL(p)(O) — DetAL(p) RFIw(Qp,om V) . DetAL(p) (AL(F) XL Dcris(V)),

in the category Det(Ar(I')), which we denote also by ©4, (r)¢(V). Note that
O4,(a),e(V) does not descend to Det(AL(G)).

Since for i =0 or 2 the module H}, (K, V) is pseudonull, its class in Det(A; (G))
is canonically isomorphic to the trivial object, by [24, Lemma 2.2], and this
canonical isomorphism is compatible under base extension with the isomorphism
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arising from the fact that Ky (G) ®4_ () Hiy (Koo, V) = 0. Thus it suffices to
construct an isomorphism
DetAE(G) (E Q%L Hllw(Koov V)) — DetAE(G) (Az(G) R Dcris(V))~

To shorten our formulae, let us use the notation [P] for the class of the R-
module P in Det(R); we will only use this in settings where there is no danger
of ambiguity which ring R is being considered.

We will need the following auxilliary result.

LEMMA 4.2.3

Let R S be a morphism of commutative rings such that SK;(R) = SK;(S) =0.
Let P,Q be free R-modules of equal rank d.
Then any choice of R-bases of P and Q) determines isomorphisms

Isompes(r) ([P, [Q]) = R*
and
Isompei(s) ([S @r P, [S ®r Q]) = S,
and under these identifications, the map

Isomm(R)([P], [Q]) — Isomm(s) ([S QR P], [S R Q])

given by base extension coincides with the inclusion R* < S*.

Proof

This is clear from the definitions of the categories Det(R) and Det(S) and of the
base-extension functor. |
REMARK 4.2.4

More generally, without the assumption on SK; we can assert that the image
corresponds to the image of K1(R) in K;(S), but we shall not need this.

LEMMA 4.2.5
Let M be a torsion A (G)-module, and let Qr(G) =FracAL(G). Then the mor-
phism

QL(G)X XAL(G)* IsomM(AL(G)) (0, [M]) >~ Aut%(QL(G))(O)

given by the fact that Qr(G) ®4, (o) M =0 identifies Isompet(a, (a)) (0, [M]) with
the fractional ideal félAL (G)*, where fq is any characteristic element of M.

Proof

For pseudonull modules this is [24, Lemma 2.2], and since the statement is com-
patible with direct sums, it suffices to consider the case of M = AL(G)/f for
a single irreducible element f, but this follows immediately from tensoring the
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short exact sequence
xf

0— AL(G) —> AL(G) — M — 0
with Qr(G). O
PROPOSITION 4.2.6
We have H; (G)* = Az (G)*.
Proof
This is standard (see, e.g., [14, (4.8)]). O

Proof of Theorem 4.2.1
We will consider the base-extension map corresponding to the ring extension
A7 (G) = K;(G). This gives a homomorphism (cf. [12, Section 1.2.5])

Tsompeq(a; ) ([L &1 Hiy (Koo, V)], [A7(G) @1 Deris(V)])

Z(G))

Isompet(x; () ([K7(G) @, @) H' (Koo, V)], [K7(G) ©1 Deris(V)])

This map is injective, and £(V)~! Det(£§7£) evidently defines an element of the
latter group, so it suffices to show that it lies in the image of the base-extension
map. Moreover, both rings have trivial SK;.

Let us choose z; € H}, (K, V) and vj € Dgis(V) satisfying the hypothe-
ses of Proposition 3.4.1. Writing A for A(G) and A for A7 (G) to lighten the
notation, we have an exact sequence

00— K@d - ZQBLHfW(KOO?V) - E®LQ - 0)

where @ is torsion, from which we deduce a commutative diagram of multiplica-
tion maps (where, for sanity, we let A=A7(G), A=A;(G), and K=K;(G))

Isompe, x, (@), 0) ) i
L —> Isomp,,z) ([A @ Hi, (Koo, V)], [A @1 Deis (V)
Isomm(j\)([AdL [A®L Deris(V)])
rl ,]
Aut%(ﬁ)(o) B -
L — Isomp,, g, ([K @4 Hiy, (Koo, V)], [K ®1 Denis(V)])
Isomp,, ) (K9], [K @1 Deis (V)])

By Lemma 4.2.5, the image of Isomy, z,(Det@,0) in Autp, i (0) = Kx
is fo 11~XX; but, on the other hand, Proposition 3.4.1 shows that the element
(V)T Det L, of Tsomp,, i) (K @a Hi, (Koo, V)], [K @1 Deis(V)]) is fo times
the image of an element of Isomy, ) ([A%, [A®L Deyis (V)]). Canceling the factors

of fo and fg ! it follows that £(V)~! Det Egyf is the image of an element of the
top right-hand corner, as required. O
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4.3. Integral coefficients

Let V be a crystalline representation with nonnegative Hodge—Tate weights. We
assume for now that H°(Qy 0, V) =0. Let N(V) be the Wach module of V' (cf.
[4]). Then the inclusion

N(V) C ng,Qp ®B$p Dcris(V)

induces an isomorphism of ¢-modules
i:N(V)/7aN(V) 2 Dgis (V).

Let T be a Galois-stable lattice in V'; then there is a corresponding (O ® Aap)-
lattice N(T') C N(V). We use this to define an O-lattice Deyis(T) C Deyis(V),
which is simply the image of N(T') in Dis(V) under the map <.

PROPOSITION 4.3.1
The quotient (¢*N(T))¥=%/(1 — p)N(T)¥=1 is a finitely-generated O-module.

Proof

Let h be the largest Hodge-Tate weight of V', and let d = dim; V. By the defini-
tion of a Wach module (see [4, Definition 11.4.1]), ¢*N(T')/N(T) is annihilated
by q", where ¢ = () /7. Hence the module

M = p(m)" (¢"N(T))
satisfies (M) C M.

Suppose that = € ¢(7) M. Then by induction we see that ¢"(z) € " (1) M;
but since ¢™(m) — 0 as n — 400, this implies that the series 3 ., ¢™(x) con-
verges to an element y € M satisfying (1 — ¢)y = x. Moreover, if 1/1_(96) =0, then
we evidently have v (y) = y. This implies that the image of

(1- ) : N(T)*= = (o*"N(T)) "™

contains (¢(m)M)¥=0 = (7)1 (*N(T))¥=0.
Now, as shown in the proof of [15, Proposition 3.11], for any k>0 we have
an isomorphism of A(T")-modules

Ao(1)™/prAo (1) = (p"N(T) "/ (m)* (o N(T)) ",

where

pre= 1= 7)(L=x(m) ') (L= x()" ),
with 71 a generator of I'y CT. So if k > 14 h, the quotient (©*N(T))¥=%/(1 —
©)N(T)¥=! is a finitely generated Ao (I')-module annihilated by the element py.
However, Ao (') /prAo(T) is finitely generated over O; hence (¢*N(T))¥=°/(1 —
©)N(T)¥=! must also be finitely generated over O. O
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COROLLARY 4.3.2
The characteristic ideal of the quotient
(¢"N(T))¥=°
(1—@)N(T)»=!

is equal to H?:l Dn,;, where n; are the Hodge—Tate weights of V' as above.

Proof
* =0
The characteristic ideal of the Ay (T')-module %

erated by H?zl Dn;, by [16, Theorem 4.12]. Hence the characteristic ideal of
% must be equal to this up to a power of p for each (I'/T';)-isotypical
component. However, this module is finitely generated over O by Proposition 4.3.1,

so it has zero p-invariant. (I

is known to be gen-

We now recall a theorem (due to Laurent Berger) giving a convenient basis of
N(T).

THEOREM 4.3.3 (BERGER, CF. [15, THEOREM 3.5])
There exists an O ® Aap—basis (1,...,2q4) of N(T) with the property that

(T+m)e(@1),..., (1 +m)p(za))
is a Ao(T')-basis of (*N(T))¥=0.

REMARK 4.3.4

In fact the second author together with Peter Schneider and Ramdorai Sujatha
have recently shown that every O ® Aap—basis of N(T') has this property. How-
ever, this is not immediately obvious from the definitions (as is erroneously
claimed in [2]).

PROPOSITION 4.3.5

Let x1,...,2q be a basis of N(T) as in Theorem 4.3.3. Then the images v; of
2; i Deis(T) = N(T)/7N(T) are a basis of Deis(T) over O. Moreover, if we
define a matric M € Maxa(Hr(T)) by

d
(1 +m)p(z;) = Zmij (14 m)p(vi),

then the determinant of M s
pmMUV)
H?:l Pn;

up to a unit in Ap(T).

Proof
The fact that the v; span Deis(T) is clear, since De,is(T) = N(T)/7N(T).



90 Loeffler, Venjakob, and Zerbes

For the second statement, we know that

d
Hi=1 Pn;

is an element of Ap (T')*, as a consequence of Corollary 4.3.2 and Proposition 3.2.2
(or, alternatively, by [16, Theorem A]). Let us calculate its image under a char-
acter n of " that is trivial on I';. By construction, det(M)(n) =1 since M is in
Matoyxo(H (1)) and is congruent to 1 modulo the trivial character.

On the other hand, (v; — 1) has a simple zero at n with derivative logx(y1),
which has valuation 1, and for i > 1, the valuation of 1 — x*(y1) is 1+ v,(i); so
the valuation of (Hlepk)*(n) is

m(V) + Z vp((ni — 1)1).

1<i<d
’I‘Lizl

On the other hand, £(V)*(n) is H?Zl(ni —1)! up to a sign, so the value at n of

PV () i X
T e lies in Zp . O

PROPOSITION 4.3.6
The determinant of ¢ : Deyis(V) = Deis(V) is p~ ) wup to a p-adic unit.

Proof

It suffices to consider the case where V' is 1-dimensional, in which case V is the
product of an unramified character (mapping Frobenius to a unit) and a power
of the cyclotomic character, for which the result is obvious. 0

COROLLARY 4.3.7
If H'(Qp,00, V) =0, then there is a unique isomorphism

Onro () (T) : Dety o ry Hiy (Koo, T) — Detpy ) (Ao(T') ®z, Deris(T))

whose base extension to Ap(I') is the morphism © 4y ¢(V) constructed in (10).

Proof

If n is a character of I'/T';, denote by e, the idempotent corresponding to n
in Az, (I'). It follows from Lemma 4.2.3 that for each such character 1 there is
a unique integer a, such that p®re, 0, ) ¢(V) lies in the image of the base-
extension map. Applying Propositions 4.3.5 and 4.3.6 shows that we must have
a, =0 for all 7. O

We can now pass to Ap(G)-coefficients.

COROLLARY 4.3.8

Let V' be an arbitrary L-linear crystalline representation of Gq,. As before, let
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A=Ao(G) and A= A5(G). There is a unique isomorphism
Oa¢(T) : Det; (0) —> A@p {Dety Rty (Koo, T) - Deta (A ®0 Deyis(T)) }

whose base extension to A; (G) is the morphism O, ()¢ (V) constructed in The-
orem 4.2.1.

Proof

Since the isomorphisms ©4, (¢),¢(V') are compatible under crystalline twists, we
can replace V with a suitable crystalline twist and assume without loss of gen-
erality that the Hodge Tate weights of V are >0 and that H°(Qp o0, V) = 0.
As the morphism O, (ry,¢(V) is obtained from ©,, (¢),¢(V') by base change, the
result is now immediate from Corollary 4.3.7. O

4.4, Definition of the epsilon isomorphism

Having constructed the isomorphism ©4,,(),¢(T') of Corollary 4.3.8, it is an easy
step to define the epsilon isomorphism whose construction is the main purpose of
this paper. We need only the following result, which is essentially a restatement
of a theorem of Berger.

THEOREM 4.4.1

Let V' be a crystalline L-linear Galois representation, let T CV be a Gq,-stable
O-lattice, and let Dis(T) be the corresponding O-lattice in Dis(V) defined in
Section /.3 above. Then there is a unique isomorphism from O to L whose image
under base-extension L ®g — 1is the isomorphism ep ¢ ar(V') of Section 2./.

Proof
By Lemma 4.2.3, it suffices to check that for any O-bases of T and of D;s(T),
the matrix of the canonical isomorphism

cany : Bcris ®Qp Dcris(v) = Bcris ®QP Dcris(v)

has determinant in ™(V)O* . This is precisely the result of [4, Proposition V.1.2].
O

DEFINITION 4.4.2
We define

€ro(G),¢(T) : Deta () (0)
— [DetAé(G) (6 ®O RFIW (Kooa T))] [DetA&(G) (A@ (G) ®o T)]
to be the isomorphism given by

(—y-1)4 (=)™ “Ono(@),e(T) - c0.e.ar(T),

where we regard o ¢ gr(7") as an isomorphism
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Det (@) (Ao (G) ®0 Dexis(T)) —> Detry () (Ao (G) @0 T)

via base extension.

REMARK 4.4.3

Note that (—1)™(V)(—y_1)¢ = Det(—y_1 : Ao(G) @ T). The factor —y_, also
appears in the local reciprocity formula relating L‘Cj’f and ﬁg*(l) ¢ (cf. [17, Appen-
dix B]).

4.5. Properties of the epsilon isomorphism
We note for later use some properties of the isomorphisms O, (q),¢(T) and

Ero(@)e(T).

PROPOSITION 4.5.1 (COMPATIBILITY WITH SHORT EXACT SEQUENCES)
Let

0 T T T 0
be a short exact sequence of O-linear crystalline representations of Gq,. Then

Oro(@)£(T) = Ono(6).e(T')  Onp(c)e(T")

and

ero(@),e(V) =ero0(@)£(V') er0(@) (V")

Proof

It suffices to check this after arbitrary base extension, but over K5 (G) the result
is obvious, since the regulator map Eﬁg is compatible with short exact sequences,
as are the factors £(V') and e ¢ qr(V) (the latter by Lemma 2.4.1). O

PROPOSITION 4.5.2 (CHANGE OF COEFFICIENT FIELD)
Let L' be a finite extension of L with ring of integers O'. Then

Oner ()60 ®0T) =0 ®0 Opp(c),e(T)

and
EApr (6),e(O' @0 T)=0"®0 ep,, (@),e(T).
Proof
This is clear from the definitions. O

The next compatibility property takes a little more notation to state. For brevity
let us write A for Ap(G). For i a continuous L-valued (hence O-valued) charac-
ter of G, we have a twisting homomorphism Tw, : A = A which maps a group
element g € G to n(g)g. Hence we obtain a pullback functor (Tw,)* from the
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category of A-modules to itself,
(Twy)*M = A @ Tw, M.

This can also be described in terms of tensoring with the A-bimodule A @A 1w, A,
which is free of rank one as a A-module; hence the twisting functor extends
to a functor from the category Det(A) to itself which is compatible with the
functor Det.

Note that we have an isomorphism

(Tw,)* (A®Re T) 2 A®0 T(n™"), a®@b@viaTw, (D)@ (v®@t,-1)

as (A, Gq, )-modules, if A acts on A®e T via left multiplication on the left factor,
while g € Gq, sends A® v to Ag~! ® gv where g denotes the image of g in G
(and analogously for the action on A ®p T'(n™1)).

We clearly have (Tw,)* o (Tw,-1)* =id. Similar definitions apply to other
coefficient rings than Ao (G), including Ar(G), Hi(G) or A5(G).

Finally, note that for a A-module M we have a canonical isomorphism

A®A,Twn,1 M =M ®0 Ot,, A@m = Twy(A)m®t,,

of A-modules, where the A-module structure on the right-hand side is induced
by the diagonal action of G upon it.

PROPOSITION 4.5.3 (INVARIANCE UNDER CRYSTALLINE TWISTS)
If T =T(n) for a crystalline character n with values in O, then

TW,,]—l (er(G)‘E<T)) .

Tw _, (DctAO(G) (080 Ry (Koo, T)) 1)

- w,—1(Detp () (A5 (G) ®0 Deris (1))

ex ax

_ Ony (G (T(M)
Detp () (O @0 RTpy (Koo, T(m)) ™ SR Detp (@) (Mg (F) ®0 Deris(T(m))

where we take the left vertical map as natural identification while the right vertical
map is—up to interchanging the twist and determinant functors—DetAa(G) (a)
with the notation as in Proposition 3.5.5 above.

Proof
It suffices to check the statement after base extension to L. First note that

TWn—l (m)\) = mTwn_l ()\)7
where m) denotes multiplication by A € A. In particular we have
—d
T, -1 (((V)) = (V) €(L(n)

where we omit the m for simplicity again. Hence we obtain, by applying the
determinant functor to the diagram in Proposition 3.3.3 and after base extension
to /C2<G),
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Det L£§
Det(an)Twna( KEV ) (Zl )Det an) Tw,)—1 (Detﬁ‘G/)g)
d
= iy o) Dt

— g(V(n)) B Det(ﬂv(n)7g)7

which is just the claimed statement. Here, for the second equality we used the
compatibility of twisting with taking determinants. |

PROPOSITION 4.5.4

If n is crystalline, then we have

Tw, 1 ((—y-1)%(=1)"Y)) = (—y_p)4(~1)m V),
where m(V') denotes the sum of the Hodge—Tate weights of V' (and similarly for

Vin)).

Proof
By the definition of the twisting map, we have Tw,-1(y-1) = n(v-1)7-1 =
(—1)7y_; (since 1 is x? times an unramified character), so

Ty (1) 1)) = (1) g1 = (g 1y
Since m(V(n)) =m(V) + jd we are done. O

Since the map Det(a,,) also evidently gives the twist compatibility of the maps
erear(V) and ep¢qar(V(n)), we obtain the compatibilty of ex,(q),¢(T) and
Eno(@).(T(n)); that is,

Twy-1(erear(V)) =erear(V(n))

up to the indicated identifications. We use these results to extend the definition of
€r¢,dr and O, (@) ¢ to lattices T' in arbitrary crystalline Galois representations
V Dby tensoring the corresponding maps for T'(j) with Q,(—j), where j >0 is
such that V'(j) has nonnegative Hodge—Tate weights.

4.6. Epsilon isomorphisms for more general modules
We recall the following definition from [12, Section 1.4].

DEFINITION 4.6.1
A ring R is of

(type 1) if there exists a two-sided ideal I of R such that R/I™ is finite of
order a power of p for any n > 1, and such that R = I&Hn R/I™;

(type 2) if R is the matrix algebra M, (F) of some finite extension E over
Q, and some dimension n > 1.
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By [12, Lemma 1.4.4], R is of type 1 if and only if the defining condition above
holds with I equal to the Jacobson ideal J = J(R). Such rings are always semilo-
cal, and R/J is a finite product of matrix algebras over finite fields. For a ring
R of type (1) or (2) we define

R g, 1

where Z\I’,“" denotes the completion of the ring of integers of the maximal unram-
ified extension of Q.

Now let T'C V' be a Galois-stable O-lattice of a crystalline representation of
Gq, with coefficients in some finite extension L/Q,. We set T(T) := Ao (G) ®o
T, which we consider as a A(G)-module by multiplication on the left tensor
factor and as a Gq,-module via g(A®1t) = Ag~! ® gt. The following isomorphism
(essentially a version of Shapiro’s lemma) is well known.

PROPOSITION 4.6.2
We have

RI(Q,, T(T)) 2 RT'yy, (Koo, T)
as A(G)-modules.

Proof
See, for example, [19, Proposition 8.4.4.2]. |

Let A = Ao(G), which is a ring of type 1, with A = A5(G). Then we have con-
structed an isomorphism

ere(T) : Det; (0) —» A @y {Dety RT(Q,, T(T)) - Dety T(T)}.

We shall establish that this satisfies the properties predicted by [12, Conjec-
ture 3.4.3] for the module T(T'). For that purpose it is convenient to write also
ere(T(T)) for the above e-isomorphism, and to extend it to a slightly more
general class of modules.

We consider quadruples (R,Y,T,£) where

- R is a p-torsion-free O-algebra which is also a ring of type (1) or (2) above,

. ¢ is a compatible system of p™th roots of unity (as before),

- T'is a Gq,-stable O-lattice in a crystalline L-linear representation of Gq,,

- Y is a finitely generated projective left R-module, equipped with a contin-
uous R-linear action of G.

Given such a quadruple, we define T =Y ®p T', which we equip with the
obvious left R-module structure and an action of Gq, via g- (y®t) =yg ' @ gt.
Then (R, T,¢) is a triple satisfying the conditions of [12, Section 3.4.1]. Moreover,
the action of G on Y extends to a A-module structure, and we have

T =Y & T(T),
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where T(T) is as above. So we may define
ere(T):=Y @nene(T(T)),
which is an isomorphism
Det (0) — R®p {Dety RT(Q,, T) - Dety T}
here we have used the fact that
Y @% RT(Q,, T(T)) = RI(Q,., Y @4 T(T))
by [12, Proposition 1.6.5].

REMARK 4.6.3
Note that R need not be commutative and that ¥ need not be either projective
or finitely generated as a A-module.

PROPOSITION 4.6.4

Suppose R = Op for some finite extension F/L, and suppose that the finite-
dimensional F-vector space F ®gY is de Rham as a representation of G. Then
F®e, T is also de Rham, and F @p, €r¢(T) coincides with the canonical iso-
morphism ep¢(F ®o, T) of Section 2./.

Proof

Since our e-isomorphisms commute with base change in L, it suffices to assume
F = L. We may also assume that L is sufficiently large that all the Jordan—
Holder constituents of Y are one-dimensional. By the compatibility with short
exact sequences, it suffices to assume that Y is itself one-dimensional, so Y = L(n)
for a de Rham character ) of G. This reduces the result to Theorem 5.1.1, which
we shall establish in the next section. O

COROLLARY 4.6.5
Suppose that the pair (R, T) satisfies the following condition:

. if @ is the set of all O-algebra homomorphisms p: R — M, (F) (where
F/L is a finite extension and n an integer, both depending on p) such that
F"®p, T is de Rham, then

Ki(R)— [] F*
pEDT
18 injective.
Then er¢(T) depends only on & and on the isomorphism class of T as an
R[Gq,]-module.

Proof

This is clear from Proposition 4.6.4, since the isomorphism ep¢(T) must be
consistent with the de Rham e-isomorphisms ep ¢ (F" ®g,, T), which are uniquely
determined by (R, T,¢). O
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REMARK 4.6.6

We suspect that the statement of the corollary is true for arbitrary type 1 O-
algebras R, but this is much more difficult to prove. For instance, if 77,75 are two
O-lattices in crystalline L-linear representations such that T /w" = Ty /w™ for
some n > 1, then on taking R = O/w™ this would imply that the e-isomorphisms
for Ty and Ty are congruent modulo w™. This should certainly be true, but at
present we can only prove it under the assumption that the Hodge—Tate weights
of the T; all lie in some interval [a,b] with b —a < p — 1; we hope to return to
this problem in a subsequent paper.

We shall now show that the association (R,Y,T, &) — eg¢(T) satisfies properties
corresponding to conditions (i)—(iv) and (vi) of [12, Conjecture 3.4.3].

Property (i) (additivity)
The first condition of [12, Conjecture 3.4.3] states that for any three triples
(R, T;,€),i=1,2,3, with common R and &, and an exact sequence

0 T, T, T3 0,

we have

ere(T2) =¢ere(T1)ere(Ts).

By assumption our T; are of the form Y; ® T;, for crystalline O-representations
T; and R-modules Y; with G-action. We shall consider only the cases when the
exact sequence arises from an exact sequence of Y;’s with a common 7', or an
exact sequence of T;’s with a common Y. The first case is obvious from the
construction of € ¢(—). The latter case follows from Proposition 2.4.3.

Property (ii) (base change)
The second condition is a compatibility with base change in R; this is immediate
from our construction.

Property (iii) (change of £)
Let c € Z,;, and let 7. be any element of Gq, acting trivially on Q)" and such
that x(7.) = ¢. Then we must show that

er,ee(T) =[T,7)ere(T),

where [T,7.] is the class in Kj(R) of the R-linear automorphism of T given
by 7. (This is well defined, as 7. is uniquely determined up to conjugation in
Gq,-) It suffices to check this when R = A and T = T(T'); but this is immediate
from the corresponding property of the regulator map L‘Cj’ ¢» which is part (1) of
Proposition 3.3.5, and of the de Rham e-isomorphism ey, ¢ qr (V).

Property (iv) (Galois equivariance)
Let ¢ denote the arithmetic Frobenius automorphism of @. Then we must show
that
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€R7§(T) € Isom(DetR(O),DetR RF(QP,T) -Detgr T)
KR (1 Ky (R) - (o) = [T, ) ),

where o), is the arithmetic Frobenius element of Gal(Q%’/Q,,00). Again, it suf-
fices to assume (R, T) = (A, T(T)), and the result is now clear from the Galois-
equivariance properties of the map Lﬁg (cf. Proposition 3.3.5(2)) and of the de
Rham e-isomorphism ey, ¢ qr (V') (cf. [12, Proposition 3.3.7]).

Property (v) (compatibility with de Rham e-isomorphisms)

If R is the ring of integers of a finite extension F//L, and FF®pz T is de Rham, we
must check that eg ¢(T) is consistent with ep¢(F ®g T) as defined in Section 2.4
above. This is exactly Proposition 4.6.4.

Property (vi) (local duality)
Let T be a free R-module with compatible Gq, -action as above. Then

T* := Homp(T, R)

is a free R°-module—for the action h+ h(—)r, r in the opposite ring R° of
R—with compatible Gq,-action given by h ho o~ 1. Recall that in Iwasawa
theory we have the canonical involution ¢: A° — A, induced by g+ ¢g~!, which
allows us to consider (left) A°-modules again as (left) A-modules; for example,
one has T*(T)* = T(T™*) as a (A,Gq,)-module, where M* := A ®, ro M denotes
the A-module with underlying abelian group M, but on which g € G acts as g~*
for any A°-module M.

Given ego _(T*(1)) we may apply the dualizing functor —* to obtain an
isomorphism

ERe _f(T*(l)) (DetRo (RF(QP,T* )) O) (DetRo( 1))7{0)* —>1RV07
while the local Tate duality isomorphism (see [12, Section 1.6.12])

¢(T) : RT(Q,p, T) = RHompg- (R (Qp,T* ), R°)[-2]
induces an isomorphism
Detr(0(T))  : ((Detre (RN (Qp T (1)) 52))

= Det (R Hompe (RT(Q,, T*(1)), R°)) 5 — Detr(RI(Q,, T)) 7

1

Here, for a map f: A — B in Det(R), we write f: B — A for its inverse with

respect to composition, while f~! =:idg—1 - f-id4-1 : A=} — B~ for its inverse

with respect to the multiplication in Det(R), that is, f- f~! = idpet(0)-
Consider the product

ene(T) ene.¢(T*(1))" - Detr(¥(T)) 5 : Detr(T(-1)) 5
= DetR(T*(l)*)R — DetR(T)é

€
and the isomorphism T(—1) ——= T which sends t ® (€271 to t.
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PROPOSITION 4.6.7 (DUALITY)
Let T be as above such that T=Y @4 T(T) for some (R,A)-bimodule Y, which
is projective as an R-module. Then

-1 €

ere(T) ero—¢(T*(1))" - Detr(¢(T)) 5 =Detr(T(-1) — T)z.

Proof
First note that the statement is stable under applying Y’ ® g —, for some (R’, R)-
bimodule Y’ which is projective as a R’-module, by the functoriality of local Tate
duality and the lemma below. Thus we are reduced to the case (R, T) = (A, T(T))
where T is a Galois stable lattice in some crystalline representation V.

Since the morphisms between Detr(T(—1))z and Detr(T)z form a Ki(A)-
torsor and the kernel

SKi(A) :=ker (Kl(K) - 11 Kl(fp)) —1
p€lrr(G)

is trivial, as G is abelian, it suffices to check the statement for all (L, V(p)), which
is nothing else than the content of [12, Proposition 3.3.8]. Here Irr(G) denotes
the set of Qp—valued irreducible representations of G with finite image. O

LEMMA 4.6.8
Let Y be an (R', R)-bimodule such that Y @r T =T’ as an (R',Gq,)-module,
and let Y* =Hompg/ (Y, R') be the induced (R'°, R°)-bimodule. Then there are

(1) a natural equivalence of functors
Y ® g Hompgo (—, R°) 2 Hompgo (Y ®pgo —, R/o)

on P(R°);
(2) a natural isomorphism Y* @go T* = (T')* of (R"°,Gq,)-modules.

Proof
This is easily checked using the adjointness of Hom and ®. O

5. Evaluation at characters

5.1. Setup

For any de Rham character  of G (which we assume to take values in L), we
write ev, : Az(G) — O for the O-linear ring homomorphism which sends g to
n(g), and we abbreviate the functor

6®k5(G),evn (_) by Spn(_)’

where the tensor product is formed via ev, as indicated.
We want to study the image under sp,, of the isomorphism £, ()¢ (T') con-
structed above. We have

SPy (RFIW(KOCM T)) = RF(Qp7 T(ﬁ_l)),
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by [12, Proposition 1.6.5], and
sp,(As(G) @0 T) =T(n™"),

(since clearly T'(n~!) is canonically isomorphic to T as a O-module, although
obviously not as a Galois representation). So Sp,, 1s an isomorphism

Det5(0) — O ®0 {Deto BRT(Q,, (")) - Deto T(n™ 1)}

THEOREM 5.1.1

Let V' be a crystalline representation of Gq, with coefficients in a finite extension
L of Qp, let T be an O-lattice in V', and let n be an L-valued de Rham character
of G, as above. Then the isomorphism

SPy (51\0 (G).¢ (T))

coincides with e ¢ (W) after extending scalars to E, where W is the de Rham rep-
resentation V(n=') and e, ¢ (W) is the canonical e-isomorphism of Section 2./.

It is clear that ev,, extends to a homomorphism Az (G) — L and that the compo-
sition of the exact functor L ®g (—) with sp, coincides with the derived tensor
product

L®ki(G),evn (=),

which (in a slight abuse of notation) we shall also denote by sp,,- So it suffices to
show that

spy (eaL(@).e(V)) =ere(W);

this implies Theorem 5.1.1 for all lattices 7' C V. By the invariance of €, (q),¢
under twists by crystalline characters, it suffices to prove the theorem under the
additional hypothesis that V has nonnegative Hodge—Tate weights.

We shall divide the de Rham characters of GG into the following three classes.
Suppose that h is the largest Hodge—Tate weight of V.

- Good characters: these are characters of G whose Hodge—Tate weights are
>h or < —1, and such that the twisted representation W = V(n~—1) satisfies
HO(Qy, V(1)) = HE(Qy, V(571)) = 0.

- Somewhat bad characters: these are characters whose Hodge-Tate weights
lie in [0,k — 1] but are still such that H°(Q,,V(n™1)) = H2(Q,,V(n~1)) = 0.

- Extremely bad characters: n is extremely bad if H (Q,,V(n~')) #0 for
1=0o0ri=2.

Note that somewhat bad characters almost always exist (they exist unless V
has all Hodge—Tate weights 0, in which case V' is unramified), but extremely bad
characters are rarer; in particular, there are none if V' is irreducible and d > 1.
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5.2. Evaluation of the Gamma factor

As a preliminary to the proof of Theorem 5.1.1, we need to compare the factor
I (V(n=1)) defined in Section 2.4 with the factor ¢(V) arising in the definition
of eAL(G),g(V).

PROPOSITION 5.2.1
Let 1 be an L-valued character of G which is de Rham, with Hodge—Tate weight
3, and let W =V (n~1). Then we have
I (144)¢ +
— (-1 Z7z,,+jd+'rrL 1774 ,
Wy Y W)

where r = #{i:n; > j} = dimg t(W).

Proof
For any n > 0, we have
o if j > n,
(o ln1) )= J[ G-k =<Sin—-1-)(-1)"1 if0<j<n—1,
= ()" if j < —1.
Hence
1 1 if j >n,
(i gy 0 b)) = {((J—ln))’!l—l—j(n 1) ifj’ <1,

)it n—g) iz,
(=) 1T (n—j) ifj<n-—1.
Taking n to be each of the Hodge—Tate weights of V' in turn and multiplying,
we obtain

d
1 . )
__(V)* —(—1 > nitjd+r r* =)= (—1 Zni-ﬁ-]d-&-rlﬂ 1574 —1,
F (V)= () T =)= (=) L(W)
since the Hodge-Tate weights of W are {n; — j}i=1, a4 O

5.3. The good characters

In this section, we prove Theorem 5.1.1 for good characters of G. As remarked
above, it suffices to assume that V' has nonnegative Hodge—Tate weights, and
that the character n takes values in L*. We write W =V (n~1).

PROPOSITION 5.3.1

Let np be an L-valued de Rham character of G whose Hodge—Tate weight j does
not lie in [0,h — 1], and such that H°(Q,, W)= H?*(Q,,W)=0.
Then we have the following.
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i The corestriction map Hi (Koo, V)gey — H! W) is an isomor-
Iw n P
phism of L-vector spaces, so

Dety, RT(Q,, W) = (Dety, HE (Koo, V)gen)

(ii) composing the regulator with the evaluation map ev, induces an iso-
morphism of free L-modules
€vy o ﬁag : E ®r Hllw(Kow V)G’:n — z ®r Dcris(V);
(iii) the isomorphism
L&y, Dety, Hi (Koo, V) gy — L &1 Dety, (V)

coming from sp,(ea, (q),c(V)) via (i) is given by the map

(—n(7=1)) "6V (1)~ Det; (evy 0 L) - er.e.ar(V);

(iv) the isomorphism of (iii) coincides with the canonical isomorphism
er,e(W) of Section 2./ above, so Theorem 5.1.1 holds for n.

Proof
For (i), we have the exact sequence

0— H' (G, Hiy, (Koo, W) — H*(Qp, W) — Hi, (Koo, W)

= Hl (Koo, W)e —> HY(Qp, W) = H (G, HE (Koo, W)) — 0

given by the Tor spectral sequence for sp,. By Tate duality, HZ (Ko, W)& =~
H°(Q,, W*(1)), which is zero by assumption. However, since HZ (Koo, W) is
finite-dimensional, it decomposes as a finite direct sum of primary submod-
ules corresponding to characters of G; if the G-invariants are zero, then the
trivial character cannot appear, and any other direct summands have zero G-
cohomology in all degrees, so we also have H!(G, HE, (Koo, W)) = 0. Thus core-
striction is an isomorphism H{, (K, W) = H'(Q,,W), and since W and V
are isomorphic as Gk __-representations, we have

Hllw(Koov W)G = (Hllw(KOC’ V)(nil))g = HIIW(KOO7 V)G:TI'
Now let us suppose that n > 1, where n is the conductor of n. By [17, The-
orem 4.16] we have a commutative diagram of free L-modules:

G
ev,oLy

E ®L HIIW(va V)G:n > Z ®L Dcris(v)

Qp.n ®q, L ®r Dar(W)

Here the vertical map is given by the isomorphism

by-1: Qpn ©q, L O Deris(V) 2 Q. ®q, L ®1 Dar(W)
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given by multiplication by #/ in Bqr ® V' (which depends on the choice of &, since
¢ determines t); ® is the unique Bggr-linear endomorphism of Bgr ® V' coinciding
with the crystalline Frobenius on Dis(V); and the bracket in the diagonal map
denotes either expg . (q) (if j > h) or logg w (if j <-1).

In either case, the diagonal map is clearly an isomorphism, which proves
(ii). Part (iii) now follows from the definition of €4, (¢),¢(V) together with the
compatibility of determinant functors and Tor spectral sequences (since the Tor
spectral sequence for sp, collapses in this case; cf. [25]). Let us prove (iv). By
Proposition 2.5.1, for j > h the determinant of log is 6,(W), and for j < —1 the
determinant of exp* is (—1)%0z(W). We write this as (—1)9~"0, (W), where r =
dim¢(W) as in Proposition 5.2.1. Passing to determinants and dividing through
by the factor £(V)(n) € L*, the diagonal arrow becomes

* d
e = den() 1, (1)

= (1) UFDIE D (W)L (W, &)L (W)

= (=)D L (W)eL (W, HOL(W),

where we have used the formula for £(V')(n) from Section 5.2 and written m(WW)

for the sum of the Hodge—Tate weights of W.
Hence the following diagram commutes:

DEt(BdR®L) (BdR sPp O (c)(V) Det(BdR®L) (BdR tm (V) .can DethR®L(BdR
H' (Q,,W)) ®qQ,Deris(V)) ®q,V)
(\1) 2y,
e, )
‘O S ’ ()
(Pp) DetZ (BdR tm (W) can DethR@)L(BdR
®q,Dar(W)) ®q,W)

where the middle vertical map is multiplication by t¥. Both the left-hand triangle
and the right-hand square clearly commute. But ™) can = er,¢,dr(V), since V
is crystalline and hence the e-factor er, (W, €) is 1. So the composition of the two
arrows on the top row is

5Py (Onn () (V))erear(V) = (=1)™ V) (=n(v-1)) " sp, (ea, (e (V)

by definition. On the other hand, the composition of the diagonal arrow and
t™W) . can is

(=) HmONT L (W)e L (W, =)0, (W)™ W) . can
= (=)™ VIn(y_1) T L (W)e L (W, )0, (W)™ ™) - can

= (1)) (=n(7-1)) T (W)0(W)eL . ar (W).

Canceling out the factor (—1)™(")(—n(y_1))¢, we deduce that spy(Ea (e e(V)) =
er,¢(W) as required.

We now consider the case n =0, so n is 7/ times an unramified character.
In this case one obtains a diagram very similar to the above, but with ®" in the
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diagonal map replaced by the operator

(1 - pj??(ffp)‘l’) (1 - p_l_jn(ap)_lq)_l)
Since pin(o,)® coincides with the Frobenius ¢ of Deyis(W), the determinant of

-1

exp*

(1—p'n(op)@) (1 —p‘l‘jn(op)_l¢_1)_l{log

is the base extension to L of (—1)4=", (W), by Proposition 2.5.2, and the proof
goes through as before. 0

5.4. The somewhat bad characters

Let us now suppose 7 is “somewhat bad” in the sense above (recall that “some-
what bad” excludes “extremely bad,” so H°(Q,,W) = H?*(Q,,W) = 0). By
the twist compatibility of the e-isomorphisms we may assume that n factors
through I'. Let p be the ideal of Ay (I") corresponding to n, and define

_ =)
n(7)logx(7)’
so w is the unique uniformizer of p such that w’(n) = 1. Note that w is not a
zero divisor in A(T).

We also denote by p the ideal of H(I') above 7. The inclusion Ap(T) —
Hr(T) induces an isomorphism after localization at p and completion. (Both
completions are isomorphic to L[[zo]].)

Since 7 is not “extremely bad,” we know that the localization of HZ, (Qyp.c0, V)
at the prime ideal p corresponding to 7 is zero; the localization of Hf (Qp, 00, V)
at p is free of rank d; and reduction modulo p determines an isomorphism

A(F)/p ®A(F) Hllw(Qp,OO7 V) = Hl(va W)
Let y1,...,y, be any basis of H}(Qp, W), and let y,41,...,yq be any basis of the

1
quotient % Then there exists a lifting x1,...,x4 of y1,...,y4 to a basis

of the localization Hf, (Qp,00, V)p-
By Theorem 3.1.1 (resp., Theorem 3.1.2 if 7 is crystalline) we know that for
1 <i<r we have EE}E(JJJ‘)(’/]) =0, and hence (by the definition of w) we have

E?f,g(xj) = wﬁ?g(wg‘)’(n) mod P2-
Let A denote the unique A(T"),-linear map
Hllw(Qp,Oov V)P - A(F)p & Dcris(v)
such that

Ale) = Ly (x;) if1<j<r,
’ L’I‘})g(mj) ifr+1<j5<d.
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This is well defined, since x4, ...,z are a free basis of H{, (Qp,0c, V)p over A(L),.
We write B for the morphism obtained by reducing modulo p.

PROPOSITION 5.4.1
The determinant of A is equal to the image of w™" Det(ﬁ%ﬂ,’g) under localization
at p.

Proof
This is clear from the definition of the map A. O

We shall show that the reduction B is an isomorphism; it follows that A is also
an isomorphism and that the image of the determinant of Det(A) modulo p is
just Det(B).

PROPOSITION 5.4.2
The image of H}(QP,W) under B is a subspace of Deis(V) complementary to
the subspace

Mo @ Fil ™ Dyis (V) ifn>1,
Tl =pie) 1 —p e )T Rl Deo(V)  if n=0.

Moreover, the induced morphism H(Q,, W) =, Deis(V) — DCT(V) is an
isomorphism, and it is given explicitly by

D*(1+)eln ™, —€)- {5” loBaw LTl o I
—(L=p o ) logq, w @t 7e;] ifn=0.

Proof

The fact that the composite map is given by the formula above follows directly

from Theorem 3.1.3, since the uniformizer w is chosen such that @w’(n) =1. It

remains to check that the composite is an isomorphism. For n > 1, the map

z=T 1+ )e(n™, ="tz ®e;)

defines an isomorphism ¢(WW') & DC%‘(V), and the map of the proposition is the
composite of this and

o

1Ong,W : H}(vaw) — t(W).

Similarly, in the case n =0 the map H}(QP,W) . Dais(V) — D“T(V) is

the composite of the twisting isomorphism s(W') = DC“IV—S[(V) given by tensoring

with t‘jej and the morphism

—(1—pte ™) Mogq, w : HHQp W) — (W)
of (9d) above. O
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PROPOSITION 5.4.3
The image of the subspace N C HY(Q,, W) spanned by y,41,...,yq under B is
M, and the composite isomorphism
751@?’% S N B
#(Qp, W)
is given by

@”’[expap,w*(l) @t el ifn>1,

(1 j 717_ ’ j /
(L+5)e(n, =€) {_(1_p]<p)[é)\qj)qp7w*(l)®t_J€j] ifn=0.

Proof

The explicit formula follows from Theorems 3.1.1 and 3.1.2, and it follows from
equation (9a) that the composite morphism is an isomorphism (via an argument
very similar to Proposition 5.4.2). O

Combining these two propositions we have the following.
PROPOSITION 5.4.4

The image of Det(A) modulo p is

T*(1+ )% (n™t, —&)* Detr (¢ : Deris(V) = Deris(V))

H'(Qp. W)
Hi(Qp, W)

n

Det, (log : H}(Qy, W) = t(W)) - Det,, (exp* : S Fil® DdR(W))
ifn>1; and if n=0 it is

(1 + j)? Dety, (—(1 —p ) tog: HH(Q,, W)

Dcris(W)
%
(1 - ‘P)(l - p_lﬁo_l)_l Fil’ DcriS(W))
. H! W .
-Detp, (—(1 —@)exp : % — Fil° DdR(W)>.

We now combine this with the result of Proposition 5.2.1, which shows that £(V)
has a zero of degree r at ), and

Ly

This shows that for n > 1, the image of ©,, (¢),¢(V) = Det ﬁ modulo p is
(=1 (Wer (n™!, —€)? - Detr (¢ : Dexis (V) = Dexis(V))"
Dety, (log: Hj(Qp, W) — t(W))
HY(Qp, W)
H}(Qp, W)

- Detp, (exp* : Fil’ DdR(W))
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or (grouping the (—1)’s differently)
(=1) T (W)er (W, —€) - Dety (log : H{(Qp, W) —> t(W))

N H! W
.DetL<—eXp :H}EEZW;

In the case n = 0 the result becomes

(=)D L (W)L (W, =€)

Fil° DdR(W)) .

- Det, (-(1 —pte ) og: HH(Q,, W)

. Dcris(W) )
(1 _ S0)(1 —p_]'QO_l)_l Fllo DcriS(W)
L HY(Q,W)
-Det, ((1 —p)exp”: HYQp W)

(1) (1 —plp )L F Dms(W)).

Using Proposition 2.5.1 for n > 1, and Theorem 2.5.7 in the case n =0, and
invoking again the compatibility of determinants with Tor spectral sequences, we
see that in both cases the specialization of £(V) ™! Detc(ry 55,5 at 7 is

(=) VI L (W)eL (W, =)0 (W),

as in the case of good characters in Section 5.3. The remainder of the proof
continues exactly as before, and we deduce that

sP, (ea,(6).e(V)) =ere(W).

5.5. The extremely bad characters
Let 1 be an extremely bad character of G, and let W =V (n~!). Recall that our
aim is to prove the following statement.

PROPOSITION 5.5.1
We have

D, (OaL(@),e(V)) -eLear(V) = epim).c (W),

where sp,, denotes specialization at 1.

We prove the proposition by induction on d =dimy W. If d =1, then W =1L
or W = L(1), and the result is the content of [24, Theorem 2.13], once having
checked that the epsilon isomorphisms defined in [24] and here agree. This can
be seen from the fact that both agree with the Fukaya—Kato e-isomorphism after
specialization at any good (or somewhat bad) character, together with the fact
that good characters are Zariski-dense in Spec A, (G); however, we give a more
direct proof in Appendix C.
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Now assume that d > 1 and that the proposition is true for all d’ < d. Then
the assumption that H*(Q,, W) # 0 for i =0 or i =2 implies that we can find a
subrepresentation W’ of dimension < d such that we have a short exact sequence

0 W W W/W' — 0.

After twisting, this induces a short exact sequence
0— W'(n) — V — V/W'(n) — 0.

Note that as V is crystalline, so are W’(n) and V/W’'(n). By induction hypoth-
esis and the results in Sections 5.3 and 5.4, Proposition 5.5.1 is true for the
representations W’(n) and V/W'(n). As we know that

Or1),e(V)=0On,(c) (W' () On,(c)e(V/W'(n)),
eredr(V)=crear(W'(n)) -eL.e.ar(V/W'(n)),
er(n) (W) =crim,eW') - erm) e (W/W')

by Proposition 4.5.1, Lemma 2.4.1, and Proposition 2.4.3, this finishes the proof.

Appendix A: A formulary for the p-adic regulator map

In this appendix, we will prove a strengthening of the explicit formulae of [17,
Appendix B] which determines, loosely speaking, the “leading term” of the p-
adic regulator map at every de Rham character of I'; including the case of “bad”
characters where there are Frobenius eigenvalues equal to 1 or p.

A.1 The big exponential map
We will begin by quoting results regarding Perrin-Riou’s big exponential map
and its relation to the regulator map E{/,E introduced in Section 3 above.

Let V be a crystalline representation whose Hodge—Tate weights lie in [—o0, h)
for some integer h > 1. Define a map

cris(V>
©)Deis(V)

i D
A:H(D) @ Dexis(V) = P T (k)
k=0

as the direct sum of the obvious projection maps.
Then the Perrin-Riou exponential map is the map

A=0
Qne: (HT) @q, Deris(V))™ — H(T) ®rq, (1) Hiw(Qp, V)
defined by
Qvpg(2) = (Uho1 00 lo)(1— )71 (2),
where z denotes the image of z under the isomorphism

H(I) ®q, Dexis(V) = (B, o ® Dcris(V))wZO

rig,Qp
which sends Y f; ®d; to Y fi(14+7) ®d;.
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(This is not quite the definition of Qyj, ¢ originally given in [21], but it is
shown in [3, Theorem I1.13] that the above formula does give a well-defined map
and that this map agrees with Perrin-Riou’s original definition, modulo choices
of signs.)

THEOREM A.1.1 (PERRIN-RIOU, CF. [22, THEOREME 3.3])

There exists an extension of Qv ¢ to a morphism of H(I')-modules

Hi, (Qp, V)

H(T) S, Dasa(V) —+ M) S, ) 7' 2
Iw D> ors

coinciding on ker(A) with the map defined above.
Moreover, the values of Qv ¢(2) at all de Rham characters n of Hodge—Tate
weights j < h — 1 are given by the following formulae, which hold modulo the

image of Hi (Qp,V)tors in H'(Qy,V(n™1)).
(1) If n has positive conductor n > 1, then
pr, (Qn.e(2))

= (1) (= j = Dlexpq, v (700.8) - p "0~ () @ Hey)),

where the Gauss sum 7(no,§) is as in Proposition 2.5.3 above.
(2) If n=1x’, then we have

Pry (vihyé(z))
= (=)' (h—j—1)!exDq, vy [(1—p e ) (2(n) @ e )],

where exp is as defined in Section 2.5 above.

Proof

Ifn>1orif 2(n) € (1—p7p)Deis(V), then we may assume that z € ker(A) and
this is then a standard formula, equivalent to the commutative diagram relating
Qv to the exponential maps (see, e.g., page 121 of [3]).] The awkward case
when 2(n) @ t/e_; is not in the image of 1 — ¢ is covered in [22]. O

A.2 Theregulator at bad characters

We shall use Theorem A.1.1 to study the values of the regulator map at those
characters where the factor on the left-hand side of formula (2) in Theorem 3.1.1
is not injective. We relate these values to the extended dual exponential map
exp’; given the indirect nature of the definition of this map, we have no choice
but to exploit the duality between V' and V*(1).

t Sadly, there seems to be a recurring ambiguity in the literature regarding the signs (cf.
[3, Remark II1.17]). We use Berger’s conventions, but we note that there are two errors in
the commutative diagram on page 121 of [3]: firstly, the map Qy ;)5 in the top row should
be Qv (;y,ntj; secondly, the sign (—l)thj*1 is missing. We believe the signs above to be the
correct ones.
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PROPOSITION A.2.1

The regulator map EI‘}’g and the exponential Qv ¢ satisfy the formula
(11) QV,h,{ (EV (I)) = Zh—l O--:0 EO (I) (HlOd Hllw(Qp,ocn V)tors)
for all x € H(T') @a(ry Hiyy (Qp, V).

Proof

If E&s (x) lies in ker(A), then this is obvious from Berger’s redefinition of Qv ¢
given above. However, since the target of A is a torsion A(I')-module, and we
have quotiented out by the torsion in H, Ilw(Qp’oo, V'), this implies that the formula
holds for all x. |

By [20, Section 2.1], there is a pairing (the Perrin-Riou pairing)
<_7 _>IW : HIIW(QP’ V) ®AL(F) HIIW(QP7 V*(l))b - AL(F)’

where the superscript ¢ indicates that the pairing is antilinear in the second
variable, with the property that for any character n of I' we have
<$7y>lw(77) = <x77ayn*1>Tate7

where

<77 7>Tate : Hl (va V(Ufl)) & Hl (QP? V*(l)(ﬁ)) — L

is the local Tate duality pairing.

We may extend the Perrin-Riou pairing to a pairing of H(I')-modules in
the obvious way. We also define a pairing (—, —)1w cris by extending the natural
pairing Dis(V) X Deyis(V*(1)) = Deyis(L(1)) 2 L to a pairing

(H(T) @ Dexis (V) x (H(T) @ Deyis(V))" — H(T).
PROPOSITION A.2.2
For any x € H} (Q,,V) and w € H(I') @ Deyis(V), we have
<£‘F/(”3)7w>1vv,cris =7-1- <$7Qv*(1),1,§(w)>lw~
Proof
This is one of many possible forms of the Perrin-Riou reciprocity law. Since all
the modules involved are torsion-free it suffices to prove this after inverting ¢;

for all j. An application of equation (11) then reduces the statement to that of
[17, Theorem B.6]. O

THEOREM A.2.3 (THEOREM 3.1.2)
For any 7 >0, we have

£€,5(£)(Xj) =—j!(1 - PjSD) [&f)ap,v*(lﬂ)(mxj) ® t_jej]'
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Proof
Let v € Deis(V*(1 + 7)), and choose some w € H(T') ® Deyis(V*(1)) such that
v=w(x"7)®tJe;. Then we have

<£€,§(‘,’E)(X]) ® tjefj’ /U>cris = <£€’5 (LU), w>Iw,cris(Xj)'

By Proposition A.2.2 this is equal to

(_1)j<337 QV*(l),l,E(w)>Iw(Xj) = (_1)j<xxj7prx*f (QV*(l)vlag(w))>Tate'

The term pr,—; (Qy+(1),1,¢(w)) is only defined modulo the image of Hf, (Qp,oc,
V*(1))tors in HY(Q,, V*(1 + j)), but this image is the orthogonal complement
of the image of H}, (Qp,00,V) in H(Q,, V(—j)), which by assumption contains
Tyi. We know that

Py i (Qve1y,1,e(w)) = (_1)j+1j!6}\(/pr,V*(1+j) [(a _pflwfl)v]

modulo the image of the torsion. Substituting this in, we have
(Lye(@)(X7),0) i = =31 (@10, 88D, v+ (14 [(L =P 07 0] )y
Since exp” is, by definition, the adjoint of exp, the right-hand side is equal to
_j!<é)\(ﬁapvv*(1+j)(x>(j )’ (1 - p_lsp_l)v>cris

= _j!<é§f)ap,V*(1+j) (‘TXj )7 (1 - p_lw_l)v>cris

= —j!<(1 - W)&f)apy*(lﬂ)(xxi)7U>Cris-
We deduce that

<£I‘;75('r)(xj)’ U>cris = _']'<(1 - @)6)\(522?7‘/*(1_’_]')(17)(]'),’U>Cris
V*

for every v € Dy (V*(1 4 7)), so we must have

Lye(x)(x))@te_j=—jI(1- P)eXPQ, v+ (147 (Txi )

as elements of D¢yis(V(—7)), which is the claimed formula. O

A.3 The derivative of the regulator
We now use Theorem A.1.1 to study the derivative of the regulator map EQE at
its trivial zeros.

PROPOSITION A.3.1

Let V' be a crystalline L-linear representation of Gq, with all Hodge—Tate weights
>0, and let n be a de Rham character of I whose Hodge—Tate weight j is > 0 and
whose conductor isn. Let W =V (n~'), and let z be an element of H{,,(Qp 00, V)
such that Cg’g(x)(n) =0. Then

(1) if n has conductor n > 1, then

Ty = %equp,w [r(,8) -7 (Lyg(@) () @ ey)];
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(2) if n=x7, then

1__
Ty = _ﬁeXpr,W

< [1=ple ) (Lue(@) () @t e;)]  mod H'(T, HY(Q,, V(7).
Moreover, HY(T', H°(Qy:,V (—4))) is nonzero if and only if H°(Qyp:, V (—7)) is.

Proof

Since Ly (z)(n) =0, we may write

(12) Ly (@)= (v=n(1)g

for some g € H(I') ® Deyis(V'). Using equation (1), one checks that this implies
(13) Ly (x)'(n) = g(mn(v)log x(v).

We shall now find a formula for expq v (,-1)(9(n)) (resp., exp(g(n)) if n =0);
comparing this with (13) will then give the proposition. We choose an integer
h > j such that all Hodge-Tate weights of V lie in [0,h], so the Perrin-Riou
exponential map Qyj, is well defined. By enlarging h if necessary, we may also
assume that Dcris(V)“’:p_h =0.

Applying Qv to both sides of equation (12) and using equation (11), we
obtain

(14) Qvn(9) = Apy(z) modulo torsion,

where the element
lr 1o0-0f
Apy = h—10"""0fg
v —n(y)
since 0 < j < h. Crucially, A, does not vanish at 7, although it vanishes at

every other locally algebraic character of degree < h — 1.
We now apply Theorem A.1.1 to the element z = g, which is valid since
h —j > 1. This tells us that the image of Qv (g) in H'(Q,,V(n~')) is given,
modulo the image of the torsion in H{, (Qp,00, V), by
pr, (Qvn(9)) = (~1)" 7 (A= j = 1)ley(g(n)),

where we write e, (v) as a shorthand for

expq, vin-1 [T, &) - p e v @te ;)] ifn>1,
7&1/)(;2?,‘/(“71)[(17]77 @71)(’U®tj6_j)} ifn=0.

e H(D),

Plugging in equation (14), this becomes

prn(Ah,n r) = (*1)h7j71(h —J— 1)!377 (9(77)) (mod Hllw(Qp,om V)torS)~
The left-hand side is easy to deal with: it is simply Ay, (1)z,, where Ay ,(n) is
a nonzero constant (which we shall evaluate shortly), and z,, is the image of «
in H(Q,,V(n™')) as before. Thus we have

A 1
(_1)hjh177(7}(;71 j— 1)! Iy =€y (9(77)) (mOd HIw(Qp,OCa V)tors)-
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Let us now evaluate the “fudge factor” Ay ,(n). We have ¢,.(n) =j — r for
r # 7, while for j =r, we obtain

log(n(MX()°) _
( 2] ) i oEX() 7
v =n(7) s=0n(V)X(7)* —n(y)
The denominator is easily seen to be sn(7)log x(v) +O(s?), while the numerator
is simply s.
Hence
() = ———= ]G - = :
! n(7)logx(7) 14 n(v)log x(v)
"2
Putting all the pieces together, we have shown that
J!
——— ;= e, (g(n
n(v)logx(v)™" (9()
1
= ¢, (LY (2)'(n) mod Hi, (Qp.oos Vtors) s
T g 1 Fre@ () ( tw(Qpoc:V)ror)
SO

Ty = %en (l:{/,g (x)'(n))

1 Jexpq, vi-n[T(n0.) -p e (v @ te;)] ifn>1,
J! —er)\(f)Qp’V(nfw[(].—pilgoil)('l}(@tjefj)] if n=0,
again modulo the image of H{ (Qp 00, V)tors in H(Qy, V(™).

We now analyze the torsion term. We know that H{, (Qp ccs V)tors is iso-
morphic as a I'-module to H O(me’ V), and in particular it is crystalline as a
Gq,-representation and thus contains no noncrystalline characters in its support.
Thus its image in H'(Qy, V(n™1)) is zero if n > 1. If n = x7, then the image of
Hllw(prooa V)tOFS in Hl(QPv V(fj)) is precisely HI(F, HO(QP,Oov V)(fj))a which
has the same dimension as H(I', H*(Qy 0, V)(—j)) = H°(Qp, V(—3)). This com-
pletes the proof. O

Appendix B: Proof of Theorem 2.5.7

In this appendix, we prove Theorem 2.5.7. We start with some remarks on signs.

REMARK B.0.2
Recall that by [10, Section 4.3], to any exact sequence C': 0 — X1 — X — X3 — 0
of L-vector spaces there is attached a canonical isomorphism

Det(C) : Det(X) = Det(X;) - Det(Xy),

which is compatible with the commutativity in Det(L) in the following sense. If
X=X1®Xoandif C1:0>X; > X —>Xo—0and C2: 0> X - X - X; —0
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are the natural exact sequences, then we have a commutative triangle

Det(X)

YDet(X1) Det(X5)

Det(Xl)Det(Xg) Det(Xg)Det(Xl)

where
wDet(Xl),Det(Xg) : Det(Xl) Det(XQ) — Det(XQ) Det(Xl)

denotes the commutativity constraint.” Hence, usually these commutativity con-
straints do not give rise to any sign ambiguities—and we often suppress them
from the notation—except in the case where X; = X5 or if inverses Det(X)™?
are involved, for the latter (see, e.g., (4.1.1) and 4.11(b) in [10]). In particular, for
every L-vector space X, the symmetry automorphism Det(Sx) : Det(X @ X) &
Det(X @ X) corresponds to Detr(—1|X) = (=1)3™2(X) under the isomorphism
Autpe(ry(Detr (X @ X)) = Autpe(ry(Detr (0)) = Autpee(ry(Detr (X)), see Sec-
tion 4.9 of (loc. cit.), and one immediately checks the commutativity of the
following diagram:

Det(Cl)

Det(X & X) Det(X) - Det(X)

O@t(
(&4
Det(Sx) 2) YDet(X),Det(X)

Det(C

Det(X @ X) 2% Det(X) - Det(X)

where C; correspond to the above short exact sequences for X; = Xo = X.
Upon replacing dimp (V) by the Euler-Poincaré characteristic x(C) :=

> (—=1)*dimz (C?) these remarks extend immediately to (perfect) complexes C

of L-vector spaces.

Let V be a crystalline L-linear representation of G'q,. Consider the four filtered
L-vector spaces D; = (D;, F;), with D; = D¢,i5(V) for each ¢, and consider the

T Recall that by [10, Example in Section 4.1] over a field L we can take the category of
(graded) line bundles, that is, one-dimensional vector spaces (plus a dimension parameter), for
the Picard category Det(L) in which the determinant functor Dety, takes its values. Then the
commutativity constraint is given as

PDet s, (V),Dety, (W) : Detr (V) Dety (W) — Detr, (W) Detr,(V), wvw s (—1)Hme(V)dime (W,
Moreover, by the natural isomorphism
Detp, (V) DetL(V*) = Dety, (V) Detp, (V)* = DetL(O)

we may identify the inverse Detr,(V)~1 of Detr (V) with Detr,(V*). But note that it differs
from the identification using the natural isomorphism

Dety, (V*) Dety, (V) = Detyp, (V)* Detp, (V) = Detp, (0)
by the sign (—1)di"‘(v)idDetL(0).
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subspaces F; defined by
F3 =Fil’ Deys(V),
Fy=h"1(Fy),
Fy=g(F3),
Fy=g(Fy) =h""(Fy),

where g =1— @ and h=1—p~'p~!. We obtain a commutative square of filtered
L-vector spaces

Dy Do
(15) h h
Dy —2 D,
LEMMA B.0.3
(1) Let

/

A/LB/

e

A—— B

be a commutative square of K-vector spaces considered also as complexes (con-
centrated in degree 0). Then this can be extended to a (3 x 3)-diagram in the
derived category of K -vector spaces

’

g u v
A B C(g) TA
hA hB H ThA
g
A B C(g) TA
v Tv
\
C(h4) ——= C(hg) —= C(G) —= TC(h4)
w - Tw
Tg' Tu Y Tv
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such that the following diagram of determinants commutes (with the obvious com-
mutativity and associativity constraints which we have suppressed)

(Bl [B'][C(hp)]

| |

[4][C(g)] — [A][C(s)][C(ha)]IC]

Here C(f) denotes the mapping cone of a map f, T is the shift by one functor,
and the right lower square above anticommutes. Equivalently the following natural
diagram commutes:

[B'] [A[C(g")]

i l

[B[C(hs)] " —— [A][C(9)] ([C(ha)][C))

-1

Moreover, in the above diagram all solid arrows arise naturally from the cone
construction, while the dotted arrows arise from the isomorphism of complezres
between

C(H) . AI (hAxfg ) A@B <gvhB> B
starting in degree —2 on the left and
O(H) . AI (glv_hA) B/@A <thg> B

which is given by ida in degree —2 and by the identity (and permutation of
summands) otherwise. Alternatively, one can replace C(G) by C(H) and instead
adjust the horizontal arrows ending or starting in it.

(2) Applying the first item to each of the squares occurring in the (2 X 2 x 2)-
cube (15) we obtain an (anti)commutative (3 X 3 x 3)-cube, some faces/sheets
(consisting of distinguished triangles) of which are given as follows:

FC D, D /F,
A
(16a) Fy € D, Dy /Fy

b

Fio Dy, (D/F)12
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h
Dl/Fl —_— D3/F3 —_— (D/F)13

o |

(16b) DQ/FQ E—— D4/F4 - (D/F)24

| | |

(D/F)12 —= (D/F)3s —— 0

By Dy Ds/F;
I A

(16¢) FyC D, Dy/Fy
Lol

Fyy Dy (D/F)s4
F—— R Fiy
S
(16d) F; Fy Fiy
o
Fis Fa 0

Moreover we have canonical isomorphisms

h
Fio g F34,

Proof

A statement similar to that in (i) can be found in [6, Lemma 3.9] (see also
[13, Corollary 1.10]) for general triangular categories, but with mapping cones
possibly replaced by quasi-isomorphic complexes. This is usually proved using
the octahedral axiom. In our specific simple setting one can alternatively verify
both statements explicitly. The zeros in (ii) are the consequence of the specific
choice of the Fj’s. O
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PROPOSITION B.0.4
Using canonical isomorphisms induced by the above cube we obtain the commu-
tative diagram

1 —— [Fd[F][(D/F)15)  [Fa] !

|

1 —— [Fi2)[F1][(D/F)2d) " [Fa]

where the isomorphism in the first line arises by using the first lines of the above
faces (16a), (16b), (16¢), and the second line of (16d) while the isomorphism in
the second line arises by using the second lines of the above faces (16a), (16D),
(16¢), and the first line of (16d).

Proof
Applying Lemma B.0.3 to each of the four involved faces gives the following
commutative diagrams:

[D] [F1][D1/ Fi]

| i

[D5)([D1a]) ™ —— [Fa][Ds/ Bl ([Fua [(D/F)12]) ™

[D3/Fs] ! [(D/F)13] "' [D1/F] !

| |

[D4/Fa)  ([(D/F)34]) — [(D/F)2a] "' [D2/F) " ([(D/F)12])

[F5][D3/ F3] [Ds]

| i

[Fy][Da/Fa)({F3a] [(D/F)34]) " — [Da]([Dsa]) ™"

[F5] =" [Faq] ™ [Fy]

| |

(B Fro) 7 ([Fs)) T —— [B) 7 ([Faa]) ™
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Multiplying all the diagrams up and canceling corresponding objects leads
in the first line to the isomorphism

[D1][Faa] ' = [F][(D/F)1s]~ [Ds][Fa] ™,
while in the second line we obtain
[Da][Fa)[Fy] " [Fio] ™ = [(D/F)24) ' [D4]
times the error terms in parentheses
[D12] ™ [F3a] ™ [Fis] ™" =2 [Fag] ' [Daa] = [Foa] "

Multiplication with the inverse of the left vertical map and cancelation of the
[D;] = [Deris(V)] among each other using the identity map leads to the commu-
tative diagram

1 - [Faa][F)][(D/F)s) ~ [Fa]

1

[Fi2][F1] [(D/F)2a) " [Fa) " (ID12) " [Dsa] [Fa] " [Fra)[Fia] ™} [Faal)

Using the canonical identities

[D12] ' [Dsa] = [Fsa] ! [Fro] = [Fus) ™' [Faa] =1

1

we see that this error term is canonically isomorphic to the unit object 1, whence
the claim. (]

COROLLARY B.0.5
The isomorphism 1 = [RT'(Qp, V)] [Dais (V)] given by isomorphisms (9a)-(9d) in
Section 2.5 above coincides with

(~1) 8V o(v).

Proof
Using the canonical isomorphism [Fy] 22 [Dy4][D4/Fy]~! the proposition induces
also a commutative diagram

1 —— [Fy][F1])[(D/F)13) " [Da) ™' [Da/ Fi]
an) l
1 —— [Fi2][F1)[(D/F)24] " [Da)~*[Da/ Fi)

Now we claim that the (inverse of the) upper line defines §(V') times [~idp_, (v)]
while the (inverse of the) lower one corresponds to the isomorphism in the con-
jecture. Indeed, first note that we have natural isomorphisms



120 Loeffler, Venjakob, and Zerbes

TF12 —;> TF34 = HO(Qpa V)a
(D/F)1s —&+ (D/F)a = H*(Q,,V),

—exXpg, v-(1y : H' (Qp, V) /H;(Q,, V) = Fy

(the sign has the same origin as that in Proposition 2.5.1), and
logy : H}(Qyp, V) = Dy/F.

Secondly, up to the identification é;(f)apy*(l), the exact sequence

HY(Q,,V
2(QpV): 0 — HY(Q,,V) —» %
D
M Dcris(V) g D;r(li/g/) B

(where 5(V) = (1 —)(1 —p~to~ 1)~ Fil’ Dyis(V)) corresponds to the combina-
tion of the triangles

F 2> F, — Fi»
and
Fy— Dy — Dy /Fy

using Fy = s(V'). Similarly, the exact sequence

2(Qp V(1)) 0 —= (V) — Denis(V)

S ) 4@, V) —— HA(QV) — 0
corresponds to
Dy/Fy '+ Dy/Fy —+ (D/F)as.

Altogether we just obtain the identifications used for the second line. Concerning
the first line, consider the following commutative diagram:

1— exp

0— H(Q,,V) - Iy 4 o) L HYQ,, V) —0
id (id,0) id

1—¢,id expdex

0— H(Qy, V) — Deria(V) 2 Do (V) @ 1(V) 22222 1L(Q,, V) — 0
(0,id)
id
V) HV)
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or in the derived category

(C3): (Ca):
1—
(Cl) : F3 4 > Dy > C(l _90) -
(id,0) exp

(CQ): DCYiS(V) - Dcris(v) @t(V) - C((l —(,0718)) —

#HV) - (V) ) .

~

For simplicity we identify C(1 — ¢) = C((1 — ¢,id)). It follows again from
Lemma B.0.3 that there is a commutative diagram

[C4] [Cilid (v

[Deris © 1(V)] [Deris] [t(V)] L (F3][c(1 - )] [t(V)]

\e Ay
(Cal 5

lidmmcu—m,[t(vn

[C3lid[c(1-¢))

[Deris] [C(1 - ¢)] [F5][t(V)][C(1 - ¢)]
where 60, is defined by the commutativity of the left and right subdiagrams. Now
it is easy to check that the right half of the diagram can be described also by

\id[D]el

[Deris] [C(1 — ¢)

Y[Deriglh [H(V)]

> [t(V)} [Deris]

\‘d[t(vn[cﬂ

} [C3lid[o(1-¢)

L) [t(V)] [0 — @) tWV)]IF][C(1 - ¢)]

that is, by looking at the diagonal we see that id[;(v(r,)01 equals the composite
of the left vertical column in the following commutative diagram:

] VR3], [H (V)] [C(1—¢)] [
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(V)] [E5][t(V)]
Yie(v)],F3)id[e(v))
() [6(V)] [t(V)] SO [4()] [1(V)]
[C3]™ id vy
[Dexis] [£(V)] By, v yidiecy),

YID cyis] [ (V)]

idp (v [Cs]

[t(V)] Dexis] - [f)]Es] [t (V)]

id(vy [C1]

[tFS][C(1 - ¢)]

Since on the other hand the following diagram commutes by Remark B.0.2,

[t]IE][1(V)] = (V)] [F5) [ (V)]
Brev, iridiey
[B] [t (V)] [t(V)]
id (g VeV [—idiv)]
[B] [t (V)] [t (V)]

Prrs] eV idie(v)]

[EIESI[EV)] = [V [F5][6(V)]
we see that id[;v))r, 01 is just given by

id[e vy [Cs] ™" [C4]

(V)] [F] [t(V)] [1(V)][D) B ()] (B3] [C(1 - 6)];

that is, upon identifying D3 and D, the map 6, is induced by the triangles



Local epsilon isomorphisms 123

F3—)D3—>D3/F3 —,
F3—>F4—>F34 —,
F4—>D4—)D4/F4 —,

and the factor [—idy(y)]. Dually there exists a map 6 : [F5] — [C(1 —p~t¢™1)*]
which is induced by

F3—>D3—>D3/F3 —,
Dl/Fl %Dg/Fg%(D/F)lg —,
F1*>D1 4)D1/F1 —,

and the factor [—idy(y-(1))~] and such that 6(V') is induced by 6; and 6, together
with the canonical exact sequence

0= Hp(Qp, V) = H'(Qp, V) = HY(Q,, V) /H}(Qp, V) = 0
and cancellation of the Dg;s’s. Altogether we see that 6(V) equally can be
expressed upon canceling the various D;’s by the combination of the triangles
Fy - Dy — Dy/F, —,
Dy/Fy — D3/F3 — (D/F)13 —,
F3— D3 — D3/F5 —,
s — Fy — F34 —,
Fy—Dy— Dy/Fy —,

which altogether just define the first line of (17), times [—idy(y«(1))+][—idyvy] =
[—idp,,,.(v)]. This completes the proof. O

Appendix C: Comparison with Kato’s rank one epsilon isomorphisms

In this section we explain why the construction of the epsilon isomorphism in [24]
actually turns out to be the same as that in this paper. This relies on the fact that
roughly speaking both the regulator map in [17] and the epsilon isomorphism in
[24] arise by taking inverse limits in the unramified direction from objects defined
over cyclotomic Z,-extensions.

Let K be a finite, unramified extension of Q,, and let Ko, := K (upe) and
G=G(Kx/Qp), H= (1) =Gal(K/Qp), I' =G(Qp,oc/Qp), Zp(r) =Zptr, € :=
7" ®t, € Deyis(Qp(r)), 7 > 0. Then we have the following commutative diagram:
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Kummer(r—1)

U(Koo)(r — 1) H'(Qp, Tk (2Zp(r)))
Dlog g o
Ok(XN @)™ s (X TTOk[X]]@ )" ——= N(Z,(r)"""
(1—¢)®id l (1—-¢)®id 1—¢
Ok[XNP=0 @t s (X)) TOKX]]Y O Bt = " (N(Zp(1)))""°

Loy ®id

Ok[X' " ®er rig, K

.
—rorgia VP

) ORlXN = @ e, s (B, 50" ™" © Deris (Qp(1)

om— 1 gid

m—1®id Hi(T') ®q, Deris (Qp(m))
upl=e(Qp(rn !

Ok(I @ er Hi (T) ®qQ, Deris (Qp(r))
w®id

o H(I) ® Sk ®Q, Deris(Qp(r))

€Qp,&,dR(Qp (MO (H(I)®SK)

T(Z,(r)) ® Ar, T (Zp(r)) ®2 H(D) @ Sk

where £; ;=10 —i, 0= (1+ X)-%, t =log(1 4+ X), and the twisted ring

ax:
A, ={zeMNG)B Ok : (1,®1) 2= (id® ) ()} = Sk
should be compared to S,, in [17]. Furthermore,
T(Zp(r)) = A(G)h ®z, Ly(r),

and the map O is defined by
#H—1
O,A\@e)=(1at)® > (N
i=0

while
w: HK(F) Z'H(F) ® Ok gH(F) ® Sk

sends h ® 0 to h ® ngg_l 77,7 (0). Finally the map

comp : 9* (N (Z,(1))" ™" = (B, )"~ @& Daris (Qp(r)
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is induced from the inverse of Berger’s comparison isomorphism

1

BIg,K [H @K Deris (Qp(r)) = BIg,K [E] O N(Qp(r)),

(cf. [4]), where B, = OK[[X]][%].
Taking the limit over K within some unramified extension K’/Q, with

G(K'(u(p))/Qp) being of dimension 2 and embedding H(I') ® Ss into H ., (G)
we obtain the commutative diagram

Kummer(r—1)

U(KL)(r—1) HY(Qp, Trer (Zy(r)))

~ E(Qp(r))’lﬂg (r),€
[: T ’ Z s P
¢(Taer (2o (r)) (eap.e.ar (Qp(r)®H 1, (G))

T g (Zp(T)) KA ATp

In particular

£Quedr (Qu(r) L(Qp(r) LG (16 = € aye-t (T(Zp(r)),

where the latter e-isomorphism is the one defined in [24, Definition 2.5]. For this
we use also [24, Lemma A 4], note the signs —L¢-1 in the definition (2.13) in [24,
(11)]. Multiplying by (—1)"y_1, which gives the action of v_1 on Tk/(Z,(r)),
has the effect of replacing £ with —& on the right-hand side, and thus we obtain

(~1)"* 1 (-1) ey e.ar (Qp(1) - €(Qp(r) LG (1) = € ary.e (T(Zp(r))-

The quantity (—1)"*1(y_;)" is precisely the factor appearing in the definition
of the e-isomorphism €y, (¢),¢(V) in the present paper for V = Q,(r), so the
isomorphisms in the present paper and in [24] coincide as required.

T (Zp(r) @ Hgr (G)

Acknowledgments. We are grateful to Marco Schlichting for his explanations of
Ki and SK;.
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