Socle filtrations of the standard Whittaker
(g, K')-modules of Spin(r, 1)

Keniji Taniguchi

Abstract Studied are the composition series of the standard Whittaker (g, K)-mod-
ules. For a generic infinitesimal character, the structures of these modules are completely
understood, but if the infinitesimal character is integral, then there are not so many cases
in which the structures of them are known. In this paper, as an example of the integral
case, we determine the socle filtrations of the standard Whittaker (g, K')-modules when
G is the group Spin(r, 1) and the infinitesimal character is regular integral.

1. Introduction

This paper is a continuation of the paper [6] in which the author defined and
examined the standard Whittaker (g, K)-modules for real reductive linear Lie
groups.

Let us review the definition of these modules. Let G be a real reductive linear
Lie group in the sense of [7], and let G = KAN be an Iwasawa decomposition
of it. Let n: N — C* be a unitary character of NV, and denote the differential
representation ng — /—1R of it by the same letter 7. We assume that 7 is
nondegenerate, that is, it is nontrivial on every root space corresponding to a
simple root of A (g, dap). Define

(11)  C®(G/Nin):={f:G5SC| f(gn)=n(n)""f(g), g€ G,ne N},

and call it the space of Whittaker functions on G. This is a representation space
of G by the left translation, which is denoted by L. Let C*°(G/N;n)k be the
subspace of C*°(G/N;n) consisting of K-finite vectors. Let, as usual, M be the
centralizer of A in K, and let M" be the stabilizer of 1 in M. This subgroup
acts naturally on C*°(G/N;n)k by the right translation. Consider the subspace
of C*°(G/N;n)k consisting of those functions f which satisfy the following con-
ditions:

(1) f is a joint eigenfunction of Z(g) (the center of the universal enveloping
algebra U(g)) with eigenvalue xa: L(2)f = xa(2)f, z € Z(g);

(2) for an irreducible representation (o, VM") of M", f is in the o*-isotypic
subspace (o* is the dual of o) with respect to the right action of M™";
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(3) f grows moderately at infinity (see [8]).

The space of functions which satisfy the above conditions (1)—(3) is isomorphic
to

Inno = {f:G VM| flgmn) =n(n) " a(m) " f(9),g € G,m € M",n € N;
L(z)f =xa(2)f,z € Z(g); left K-finite;
f grows moderately at inﬁnity}.

We call this space the standard Whittaker (g, K)-module.

For generic infinitesimal character A, the structure of I, o , is completely
determined in [6]. On the other hand, if the infinitesimal character A is integral,
its structure is not known except for the case G = SL(2,R) or U(n,1), n>2. In
this paper, we examine the case G = Spin(r,1), r > 3, so that it will become a
good example for the study of the case of other general groups.

The main results of this paper are as follows. For the notation of irreducible
modules and the diagrammatic expression of the composition series, see Sec-
tion 2.2.

THEOREM 1.1
Suppose that G = Spin(2n, 1) and that the infinitesimal character A = (A1, ..., Ay)
(A > Ay >+ > A, > 0) is regular integral. Let o be an irreducible representation
of M" ~ Spin(2n — 2).

(1) Iy ae is not zero if and only if the highest weight v = (y1,...,Yn-1) of
o satisfies one of the following conditions:

(1.2) Ap—n+p+1/2>y>App1—n+p+3/2, p=1,...,n—1,

(13) Ap—n+p+1/2>~y,>App1—n+p+3/2, p=1,...,n—2,
. _An_1/227n—1 Z_An—1+1/2a

1€4{2,...,n},

(1.4) Ap—n+p+1/2>y,>Ap1—n+p+3/2, p=1,...,i—2,
Apr1—n+p+1/2>7,>Appo—n+p+3/2, p=i—1,...,n—2,
An_1/22‘7n—1‘-

i 0
(2) If (1.2) (resp., (1.3)) is satisfied, then I A » f_vf%,n (resp., ﬁ%m).
o 1

T0,i—1 T0,i+1
(3) Ifie{2,...,n—1} and (1./) is satisfied, then Iy n o~ "\
To,i
TO To,n—1 N1

(4) Ifi=mn and (1.4) is satisfied, then I, 5 o =~ \ ¢ /

%O,n
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THEOREM 1.2

Suppose that G = Spin(2n+ 1,1) and that the infinitesimal character A = (Aq,. ..,
A1) (M > Ao > > Ay, > |Anta)) is regular integral. Let o be an irreducible

representation of M" ~ Spin(2n — 1).

(1) Ia,0 is not zero if and only if the highest weight v = (y1,...,Yn—1) of
o satisfies

Ap_n+p27pZAp+1_n+p+17 p:17"'ai_2a
(1.5) App1—n4+p>v>Ao—n+p+1, p=i—-1,....n—2,

for somei€{2,... n+1}.
(2) Ifie{2,...,n} and (1.5) is satisfied, then I, A , =~ N/

fO,n
(3) Ifi=n+1 and (1.5) is satisfied, then Iy n o>~ | .
To,n+1

This paper is organized as follows. In Section 2, we recall the structure of
Spin(r,1) and the classification of irreducible Harish-Chandra modules of it. In
Section 3, we first show that I, A » has a unique irreducible submodule if it is
nonzero. Also determined are the possible irreducible factors appearing in the
composition series of it. In order to determine the socle filtration of I, A », we
need to use the explicit formulas of K-type shift operators. Such operators are
obtained in Section 4. In Section 5, the socle filtration of I, 5 , is completely
determined. The key tools for our calculation are Lemmas 4.9 and 5.1 and The-
orem 5.2.

Before going ahead, we introduce notation used in this paper. For a real
Lie group L, the Lie algebra of it is denoted by [y and its complexification by
[ =[p ®g C. This notation will be applied to any Lie groups. For a compact
Lie group L, the set of equivalence classes of 1rreduc1ble representations of L
is denoted by L. The representation space of 7w € L is denoted by VLI If L is
connected and  is the irreducible representation whose highest weight is A, we
also denote it by VL. For € E, the contragredient representation is denoted by
7%, and if A is the highest weight of 7, then the highest weight of 7* is denoted
by A\*.

Suppose that K is a maximal compact subgroup of a real reductive group G.
For a (g, K)-module 7, the K-spectrum {7 € K | 7 C 7|k} is denoted by K (7).

2. The group Spin(r, 1) and its irreducible Harish-Chandra modules

In the remainder of this paper, we put G = Spin(r, 1), r > 3, and the infinitesimal
character A is assumed to be regular integral.
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2.1. Structure of Spin(r,1)
Denote by Ej; the standard generators of gl,,;(C), and define A;; = E;; — Ej;.

The group Spin(r, 1) is the connected two-fold linear cover of SOg(r,1). A maxi-
mal compact subgroup K of G is isomorphic to Spin(r). Set

EO::{(;)(() g)‘Xeso(r)}, 50:{(—\/?_1% J?”) ve]R’”}.

Then gy = £+ 50 realizes the Lie algebra of G, and this is a Cartan decomposition
of go. Let

h:=v-14,11,, ag :=RA,

and define f € af by f(h) =1. Then ag is a maximal abelian subspace of s¢. The
restricted root system A(go,ap) is {+f}. Choose a positive system AT (go,aq) =
{f}, and denote the corresponding nilpotent subalgebra (go) s by ng. One obtains
an Iwasawa decomposition

g0 =%y + ag +ng, G=KAN,
where A =expay and N =expng. Let
(21) X1 = Ar,i+\/*1Ar+1,i (1 SZST*].)

Then {X;|1<i<r—1}is a basis of ng.

In our Spin(r,1)-case, M is isomorphic to Spin(r — 1). It acts on the space
of nondegenerate unitary characters of N by 7+ n™(n) :=n(m~tnm), m € M.
Therefore, we may choose a manageable unitary character when we calculate
Whittaker modules. We use the nondegenerate character 1 defined by

(2.2) n(X:) =0, i=1,...,r—2, n(X,_1)=vV—1&, €>0.

It is easy to see that M" is isomorphic to Spin(r — 2).

2.2. Classification of irreducible Harish-Chandra modules

We review the classification of irreducible Harish-Chandra modules of G =
Spin(r, 1) with regular integral infinitesimal character (for details, see, e.g., [1]).
We use the notation g ;, 7o, and so forth, in [1].

For an irreducible representation ¢ of M and an element v € a*, let Xp(0,v)
be the Harish-Chandra module of the principal series representation Indg((s ®
e’Tra), Here, P = MAN is a minimal parabolic subgroup of G and ps =
s tr(adals) € a*.

Firstly, consider the case r = 2n, n > 2. There are two conjugacy classes of
Cartan subgroups in G. One is compact and the other is maximally split. Let b,
be the complexified Cartan subalgebra spanned by \/—_1A2i72i_1, i=1,...,n,and
let H. be the corresponding compact Cartan subgroup. Define a basis {¢; | i =
1,...,n} of b by €;(v/—1A2;2;—1) = &;; (Kronecker’s delta). Choose a maximally
split Cartan subgroup Hy := (H.N M)A. The complexified Lie algebra b of it
is the linear span of /—1As;9;—1 (i=1,...,n—1) and h=+/—1A2,41,20, 50 €,
t=1,...,n—1 and f form a basis of .
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Consider the irreducible Harish-Chandra modules with the regular integral
infinitesimal character A, which is conjugate to

= 1
> A bl Aye 52
p=1
(2.3)
Ap—Api1€Zsgforp=1,...,n—1, and A, > 0.
There are two inequivalent discrete series representations m;, ¢ = 0,1, whose
Harish-Chandra parameters are

n n—1
E Apep, g Apep — Asen,
p=1 p=1

respectively.

Since Wy ~ S, X Z3 and W (G, H,) ~ S,,_1 x Zy, and since H, is connected,
there are n equivalence classes of nontempered irreducible representations of
Spin(2n,1). For i=1,...,n, define po; € (hs Nm)* and vy ; € a* by

i—1 n—1
(2.4) Ho,i -= ZAPGP + Z Apii€p — pm, vo,i :=Aif,
p=1 p=1i

where ppm = 1 Zz;ll(Qn —1—2p)ep. Let dp; be the irreducible representation of

M with the highest weight pg ;, and let 7o ; :== Xp(d0,4,10,;). Then my; has the
unique irreducible quotient, which we denote by 7o ;.

Vogan classified irreducible (g, K)-modules in terms of regular characters.
For a regular character «, he defined the (integral) length £(vy) of it (see [7,
Definition 8.1.4]). In this paper, for an irreducible module 7 which corresponds
to a regular character -y, we write £(m) = ¢(7) and call it the length of 7.

The classification of irreducible (g, K)-modules of Spin(2n,1) is as follows
(see [1], for example).

THEOREM 2.1
The irreducible Harish-Chandra modules of Spin(2n,1) with the regular integral
infinitesimal character A are parameterized by the set

{mo,m}YU{Ros|i=1,...,n}.

The lengths of mg, m1, and 7o, 1 =1,...,n, are 0, 0, and n —i + 1, respectively.
In order to state the composition series, we use diagrammatic expression.

DEFINITION 2.2

Suppose Aj, Ay are distinct composition factors of a (g, K)-module V. If there
exist elements {v;} C Ay and {X;} C g such that ), X;v; is nonzero and con-
tained in As, then we connect A; and Ay by an arrow A; — As.
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THEOREM 2.3 ([1])
The socle filtrations of my; are

o, To,n
o~ | ifi=1,...,n—1, and Ton ™ /\

T0,i+1 0 m

The Blattner formula gives the K-spectra of the discrete series representations
T, T1. Starting from the discrete series, we obtain the K-spectrum of 7y ; induc-
tively, by using Theorem 2.3. To state the theorem, let Ag := oco.

THEOREM 2.4
(1) The K-spectra of my and w1 are

~ 1 )
K(WO):{(TMV)\K)‘Apfl_n‘f'P—ﬁZ)\pZAp—n-l-p—&-E
(2.5)
(1 Spén)},
K K 1 1
K(Wl):{(TA,V)\ )‘AP—17n+p*§2>‘pZAp*n+p+i
(2.6) (I1<p<n-1)

1 1
A, — >N, > — =
An= 52> An_1+2}

(2) Fori=1,...,n, the K-spectrum of To,; is

1 1
K(fo,i)Z{(TAaVAK)‘Apfl—n+p—52/\p21\p—n+p+§ (I<p<i-1)

1 1
(2.7) Ap*”+P*§2)‘p2Ap+1*”+p+§(igpgn*l)Q
1
Ay —=> A }

In each case, every K-type occurs in T, with multiplicity one.

Secondly, consider the case r =2n + 1, n > 1. There is only one conjugacy class
of Cartan subgroups in G. Let b, be the complexified Cartan subalgebra spanned
by \/—_11421"27;,17 i=1,...,nand h= \/—_1A2n+2,2n+17 and let H, be the corre-
sponding Cartan subgroup. Define {¢; |i=1,...,n} as in the r = 2n case.

Consider the irreducible Harish-Chandra modules with the regular integral
infinitesimal character A, which is conjugate to

n
1
ZAp€p+An+1fEh:a Ape §Z,

=1

2.8) "
with Ay — App1 €Zso for p=1,...,n, and Ay, + Api1 € Zso.

Since Wy =~ Sp4+1 X Z5 and W (G, H,) ~ S,, X Zy, and since Hy is connected, there
are (n + 1) equivalence classes of irreducible representations of Spin(2n + 1,1).
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Fori=1,...,n+1, define p9; € (hs N m)* and vy, € a* by

i—1 n
(2.9) poi =3 Apep+ > Apiiey—pm, 10 =Aif,

p=1 p=ti
where pp, := E;;ll (n—p)ep. Let g ; be the irreducible representation of M with
the highest weight po;, and let mg; := Xp(dg,;,0,;). Then my; has the unique
irreducible quotient, which we denote by 7 ;.

THEOREM 2.5
The irreducible Harish-Chandra modules of Spin(2n + 1,1) with the regular inte-
gral infinitesimal character A are parameterized by the set

{fo,i i:17...,7’L—‘,—1}.

The lengths of Ty ;, 1=1,2,...,n+1, are n — i+ 1, respectively.
The socle filtrations of my; are

To,i
T, y ifi=1,...,n and Ton+1 = To,n+1 08 irreducible.
70,541

Starting from mg 5,41 =70 n+1, We obtain the K-spectrum of 7 ; inductively, by
using Theorem 2.5. As before, let Ay := oo.

THEOREM 2.6
Fori=1,...,n+1, the K-spectrum of T ; is
K(@o) ={(m V) [Apoi —n4p—12>0,>A, —n+p (1<
(2.10) Ap—n+p—1>2X02>A 1 —n+p (i<
Ay =12 X > |Apya| (ifi<n+1)}.

In each case, every K-type occurs in o ; with multiplicity one.

3. Composition factorsof I, 5

In this section we first determine the submodules of I, . It is known by [3]
that a (g, K)-module V' can be a submodule of C*°(G/N;n)k if and only if the
Gelfand—Kirillov dimension Dim V" of it is equal to dim N. For G = Spin(r,1),
Dim7y; =0, and the Gelfand—Kirillov dimensions of other irreducible modules
are all dim N (see, e.g., [1]). Therefore, an irreducible submodule of I, 5 , is
isomorphic to one of mg, 1, or T4, 1 =2,...,n+ 1.

3.1. Unique simple submodule
By the discussion in [6, Section 4.2], the following lemma holds.

LEMMA 3.1
Let (m,V) be an irreducible Harish-Chandra module with DimV = dim N. Let
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{Xp(p,vp) | p=1,...,k} be the set of principal series representations which
contain (m,V) as a subquotient. If (m,V') is a submodule of I, p o, then o is a
submodule of 0p|amn for every p=1,... k.

Conversely, for o € W, suppose that there exists a principal series X p(9,v)
with infinitesimal character A which satisfies 0 C 8|pm. Then, Iy A o is nonzero.

By this lemma, we can determine the nonzero standard Whittaker (g, K')-modules
and their subrepresentations.

PROPOSITION 3.2

Suppose that r = 2n and the infinitesimal character A is reqular integral. Let
v=(Y1y---yYn-1) be the highest weight of the irreducible representation o of
M" ~ Spin(2n — 2).

(1) The irreducible module oy (resp., m1) is a submodule of Iy A » if and only
if v satisfies (1.2) (resp., (1.5)).

(2) The irreducible module 7o ;, i =2,...,n, is a submodule of I, A » if and
only if v satisfies (1.4).

Especially, I Ao is nonzero if and only if the highest weight of o satisfies one of
the conditions (1.2), (1.3), or (1.4) for some i =2,...,n. In these cases, my, 71,
or To,; 15 the unique simple submodule of I A 5.

Proof

We first show (2). By Theorem 2.3, o, ¢ =2,...,n, is a composition factor
of the principal series g if and only if k=% or ¢ — 1. Therefore, if T ; is a
submodule of Iy A o, then o C ¢ i|arm and o C dg i—1|pm. Conversely, if o satisfies
this condition, then I, 4 , is nonzero, by Lemma 3.1.

Recall the branching rule for the restriction of an irreducible representation of
Spin(2n — 1) to Spin(2n — 2). For an irreducible representation ¢,, of Spin(2n —1)
with the highest weight p = (1, .., n—1), the restriction 6, |spin(2n—2) is a direct
sum of ¢’ € Spin(2n — 2)", whose highest weight v = (71, ...,vn—1) satisfies

Pp > Yp = fptr1, P=1,...,n—2, tn—1> V-1, p —Vp € L.

It follows that the restriction of 0y € M to M7 is a direct sum of o’ € ‘7\/4\’77
whose highest weight v = (y1,...,7,—1) satisfies

Ap—n—l—p—i—%ZszApH—n—&—p—i—%, p=1,....k—2,
Apr—ntk—5>m 1> M —n+k+ 3,
Ap+1—n+p—|—%z'ypZAp+2—n+p—|—%, p=Fk,...,n—2,
An_%2|%—1|-

(If kK =mn, then the second and the third lines are omitted.) Therefore, when

2<i<n,oc€ M7 satisfies o C 80,i|am and o C g i—1|am if and only if the highest
weight v of o satisfies (1.4). This proves the only if part of the proposition.
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The proofs of the if part and the uniqueness of the socle of I, 5 , are the
same as those of [6, Proposition 4.2], so we omit them here.

The proof of (1) is almost the same as that of (2). We can show that 7y or m;
is a submodule of I, o , only if y satisfies (1.2) or (1.3). But the method used here
does not tell us the signature condition for v,_; in (1.2) and (1.3). To complete
the proof, we need to write explicitly the Whittaker functions characterizing the
submodule of I, 5 ,. This will be done in Section 4 (see Lemma 4.8). O

Just in the same way, we can determine the submodules of I, 5 , in the case
r=2n+1.

PROPOSITION 3.3

Suppose that r =2n+1 and that the regular infinitesimal character A is integral.
Let v = (71,...,¥m—1) be the highest weight of the irreducible representation o
of M" ~ Spin(2n — 1). Then the irreducible module To;, i =2,...,n+1, is a
submodule of I p o if and only if v satisfies (1.5). Especially, I A - is nonzero
if and only if the highest weight of o satisfies the condition (1.5) for some i =
2,...,n+1. In these cases, Ty, 15 the unique simple submodule of Iy A o -

3.2. Composition factors

Hereafter, we denote Iy, by I A, if the highest weight of o is . We also
denote by o the irreducible representation of M" whose highest weight is v. We
determine the irreducible representations appearing in the composition series of

In,AW

PROPOSITION 3.4

(1) Suppose that r =2n and that v satisfies (1.2) or (1.3). Then, an irre-
ducible composition factor of I, a ~ is isomorphic to Ty, T, OF T -

(2) Suppose that r=2n, i € {2,...,n— 1} and that v satisfies (1./). Then,
an trreducible composition factor of I A is isomorphic to T ;—1, T0,i, OT T0,i41-

(3) Suppose that r =2n and that + satisfies (1.4) for i =n. Then, an irre-
ducible composition factor of I, n ~ is isomorphic to To n—1, To,n, To, OT T1.

(4) Suppose that r=2n+1, i € {2,...,n}, and that v satisfies (1.5). Then,
an irreducible composition factor of I A~ is isomorphic to To i1, T0,i, OT T0,i41-

(5) Suppose that r =2n+ 1 and that 7 satisfies (1.5) for i=n+ 1. Then,
an irreducible composition factor of I, a4 is isomorphic to Ty n 0T To ny1-

Proof
We will show (2). The proofs of other statements are the same.

Assume that v satisfies (1.4). Since I, A - is induced from the representation
oy ®n of M"N, every K-type of a composition factor of I, 5 , must contain
the representation o.. By (2.5)—(2.7) and (1.4), this is possible if and only if the
composition factor is isomorphic to 7o -1, To,s, OF 0 i+1- O
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PROPOSITION 3.5
Suppose that one of the following conditions is satisfied:

(1) r=2n, v satisfies (1.2) or (1.3), and  is 7y, T1, OF TWo,n;

(2) r=2n,i€{2,...,n}, v satisfies (1.4), and ™ is To,i—1, T0,i, OT T0,i+1;

(3) r=2n, v satisfies (1.4) for i=n, and 7 i$ Ton—1, To,n, To, OT T1;

4) r=2n+1, ie€{2,...,n}, v satisfies (1.5), and ™ is To -1, To,, O
T0,i+15

(5) r=2n+1, v satisfies (1.5) fori=n+1, and m is To,n, OT To,n+1-

Then the multiplicity of ™ in I, A , 15 at least one.

Proof
This can be shown just in the same way as [6, Proposition 4.4]. O

4. K-type shift operators

In order to determine the socle filtration of I, A ,, we need to write the actions of
elements in s on this space explicitly. This is achieved by the K-type shift oper-
ators. The contents of this section are almost the same as those of [6, Section 5],
so we do not repeat the explanation and refer the readers to this paper.

4.1. Gelfand-Tsetlin basis
In order to write the K-type shift operators explicitly, we realize the K-types by
using the Gelfand—Tsetlin basis (see [2]).

DEFINITION 4.1

Let A= (A1,...,A;/2)) be a dominant integral weight of Spin(r). A A-Gelfand-
Tsetlin pattern is a set of vectors Q = (qq,...,q,_;) such that the following
hold:

(1) q;= (91,92 -,Qi,L(i+1)/2j)§

(2) the numbers g; ; are all integers or all half integers;
(3) @2it1,j = 42ij = Qit1,5+1, forany j=1,...,i—1;
(4) q2it1. > 92i,i > |g2it1,i+1l;

(5) G2ij > q2i-1,j > q2i 41, for any j=1,...,i—1;

(6) qii > q2i—1,i > —q2i,is
(7) ar-1,5 =2

Here, |a| is the largest integer not greater than a. The set of all A-Gelfand—
Tsetlin patterns is denoted by GT(A).

NOTATION 4.2
For any set or number * depending on @ € GT()), we denote it by *(Q) if we
need to specify Q. For example, ¢; ;(Q) is the ¢, ; part of Q@ € GT().
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THEOREM 4.3 ([2])

For a dominant integral weight A of Spin(r), let (TA7V§pin(r)) be the irreducible
representation of Spin(r) with the highest weight A. Then GT(\) is identified
with a basis of (T,\,prin(r)).

The action of the element A, , € so(r) is expressed as follows. For j > 0, let
l2i—1,j:=q2i-1,; +1—J, loi—1,—j == —l2i—1,
loij:=quij+i+1—7, loi,—ji=—l2j +1,
and let ly; o = 0. Define a,, 4(Q) by

B ITi<jkj<im1 (2imy +l2i26) [Ti <y <i(l2i-1,5 + l2ik)

4TTi<ipi<i,(l2im1j +l2i1,6)(loim1,j +l2i16 + 1)
kAt

azi—1,j(Q) =sgnj

)

for j=41,...,+%, and

hcpcillig + limi) hicgpy<ir (oig + loivie)

(43 ; — D 1lo<iki<illaig + k) (l2ij —lain)
htts

a2ij(Q) = £2:,;(Q)

for j =0,£1,...,41i, where €9; ;(Q) is sgnj if j # 0, and sgn(qgo;—1,g2i+1,i+1) if
j=0.
|b]
Let 0, be the shift operator, sending q, to q, + (0,...,sgu(b),0,...,0).

THEOREM 4.4 (SEE [2])
Under the above notation, the action of the Lie algebra is expressed as

Ta(A2iq1,2i)Q = Z a2i—1,j(Q)o2i-1,;Q,

1<]j|<i

Ta(A2it2,2i+1)Q = Z az; j(Q)o2i Q-

0<lj|<i

REMARK 4.5

The Gelfand—Tsetlin basis is compatible with the restriction to smaller groups
Spin(k), k=1,...,r — 1. More precisely, the restriction of 7 to Spin(r — 1) is
multiplicity-free, and the highest weights of the irreducible representation appear-
ing in 7x|gpin(r—1) are the above g, _,’s. Moreover, the vector Q = (qy,...,q,_o,
q,_1) is contained in the g, _,-isotypic subspace of Tx|spin(r—1)-

REMARK 4.6

The highest weight A* of the contragredient representation (7a«, Vi&) of (7, Vi)
is M= (A,..,(=1)"\,) if r=2n, and \* =X if r =2n + 1. In this case,
Q"= (a7, ay_1) € GT(N), @541 7= G2ip15 43 = (@201 -+ G201, (— 1) q2i0)
is dual to @ € GT()).
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4.2, Shift operators

Choose a K-type (7, VAK ) of I, A ~, whose highest weight is A. By appropriately
defining the action of g on C°°(A — Hom s (ViE, VVM")), the space Hom g (V¥
I, A ) is identified with

{QNSG C> (A — Homp (V¥ VVMW)) |z b=xa(2)0,2 € Z(g);
5 grows moderately at inﬁnity}.

The space Hom s (Vi V,YMH) is isomorphic to (VX @ VWMW)M", the space of
M"-invariants in fo ® VWM ". By Remark 4.5, a basis of this space is identified
with the partial Gelfand—Tsetlin patterns

GT((}\/’Y ) - {Q qr—37qr—27qr—1) | qr—3 :7*7qr—1 = >\*a

satisfies Definition 4.1(1)—(6)}.

Let V(I/\{//f/\f: be the vector space spanned by GT((A/7)*), and let C*(A —

V(I;//;\;[n) be the space of V()\// )« -valued C*°-functions on A. By the above dis-
cussion, Homg (V& I, A ) is identified with a subspace of C*°(A — V({\(//i\;l* )
Denote by Ag the set of weights of the adjoint representation (Ad,s) of K
on s. For every a € A, K-type shift operators
K/M" K/M"
Po: CF(A = Vix)n)e ) = CF(A= Vishayy):
U U

HomK(VAK, Inne) — HomK(Vfia, Inae)

realize the action of elements in s on I,, o 4 (see [6, Section 5]).

For notational convenience, let e_j := —¢; and €y = 0. Firstly, consider the
case 1 = 2n. In this case, A; ={e; | k ==1,...,£n}. By Remark 4.6, (A +¢€x)* =
X+ if [k <mn, and (A te€,)* =" £ (— ) €n. Secondly, consider the case
r=2n+1. In this case, A; = {er | k=0,%1,...,£n}. By Remark 4.6, (A+¢,)* =
A+ €.

For simplicity, denote by Py the operator P, for k=0,%£1,...,£n. When
r = 2n, the explicit forms of these operators are obtained in [4]. In the case
r=2n+ 1, they are obtained just in the same way.

PROPOSITION 4.7
. K/M"
Suppose $(a) = Y gear((x/y)-) €(Q:a)Q € C(A— VAT,
(1) When r =2n, the K -type shift operator Py, k==+1,...,+(n—1) is given
by the following formula:
Ppla)=— > a20-1.4(Q)(00 — ln14(Q) +n—1)
QEGT((A/7)*)

(4.1) x ¢(Q;a)o2n—1,5Q
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VASTS azn—2,j(02n—2,—jQ)az2n—11(Q)
Sy oy o

lon—2.i(0on—2 Q) —lop_
0§|j‘§n—1Uznfz,ijEGT((/\/V)*) 2 27](0-2 2, ]Q) 2 Lk(Q)

X ¢(0an—2,—;Q;a)02,-11Q.

Here, 0, is the differential operator a(d/da). When k = +n, then the number k
in the right-hand side is replaced by (—1)"k.

(2) When r =2n+ 1, the K-type shift operator Py, k=0,£1,...,4n, is
given by the following formula:

Pk(yb(a) = - Z a2n,k(Q) (aa - lQn,k(Q) + n) C(Q7 a)UQn,kQ

QEGT((A/7)*)

(4.2) + @ Z Z a2n—1,j(02n-1,—jQ)a2n 1 (Q)

lom— 11 — lon
1<[j1<n 02n—1,_;QEGT((A\/7)*) 21,5~ lan k(@)

X c(0an—1,—;Q; )02, 1k Q.
First, we complete the proof of Proposition 3.2(1) by using these operators.

LEMMA 4.8
The irreducible module mo (resp., 1) is a submodule of I A if and only if v

satisfies (1.2) (resp., (1.3)).

Proof

Let A be the minimal K-type of my (resp., m1). Suppose that v satisfies (1.2) or
(1.3). By [9, Theorem 2.4], an embedding of m (resp., m1) into C>°(G/N;n)k is
characterized by the system of equations P_1¢=0,...,P_,¢ =0 (resp., P_1¢ =
0,...,P_pn110=0,P,0=0) for p € C°(A— V(I/\{//,JY\C) This system of equations
is solved in [4] (though, notation is a little different).

Let Qo = (v*,q2,_2,A") be a vector in GT((A\/v)*) which satisfies
G2n—2,j(Qo) =7 (j=1,2,...,n—2) and g2n—2n—1 = |7,_1|- Then the function
¢ characterizing the embedding of my (resp., m1) into I, A 4 is determined by
the coefficient function ¢(Qo;a). This function is a solution of the differential
equation

n n—2
(aa +n—1+ Z/\p - va — -1 = (Sgn'anl)g)C(QO;a) =0

p=1 p=1

n—1 n—2
(resp.7 (6a +n—1+ Z Ap— Ap — Zﬁ’p = [ Yn-1] + (sgn'yn,l)§>c(Qo;a) = 0)-
p=1

p=1
Since we set £ > 0, there exists a nonzero moderate growth solution if and only
if yp—1 >0 (resp., yn—1 < 0), that is, v satisfies (1.2) (resp., (1.3)). O
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LEMMA 4.9
Let ¢ be an element of C*(A — V(I;//i\)@) If r, k, X, and 7 satisfy one of the
following conditions, then Py¢ =0 implies ¢ =0, that is, Py is injective:

(1) r=2n, k€ {2,...,n—1}, yp_1 > \g;

(2) r=2n, ke {72, . ..,7(71 — 1)}, Vkl-1 < >\|k\;
(3) 1 =20, X = (—1)"An > 0, A% > iy = [(=1)" ], = —(—1)"n;
(4) r=2n, )\:L = (*1)n)‘n <0, */\; > h/n—l| = |(*1)n717n—1|’ k= (*1)71”;
(5) r=2n+1, ke{2,...,n}, Yp—1> \i;
(6) r=2n+1,kc{-2,...,—n}, V-1 < A

Proof

Since the proofs of these are analogous, we show only (1). We will show ¢(Q;a) =0
by induction on A} — gan—2£(Q).

Let Qo be an element of GT((A\/7)*) which satisfies gan—2,1(Qo) = Af = Ax,
and let Q1 := 02,—2,Qo. Then Qq is not in GT((A\/v)*), but oo,_2 Q1 =
Qo € GT((A/7)*) and 02,—1£Q1 € GT((A + €x/7)*), because v;_; = Yp—1 >
Ak = Aj, implies that o9,-1,Q1 satisfies the conditions in Definition 4.1(5):
Gn2k-1(Q1) > Vi1 = @n-34-1(Q1) > N, + 1 = qen_1x(020-14Q1) =
G2n—2,k(02n—2,kQ1). Therefore, the term g, 2 Q1 appears in (4.1), and its coef-
ficient in (4.1) is

a2n—2k(02n—2,-kQ1)a2n—1,%(Q1)
lon—2.k(02n—2,—£Q1) — lon—1,5(Q1

)C(Uzn—2,—kQ1;@)
(4.3)
_ a2n72,k(QO)Ganl,k(U2n72,kQO)

lon—2,1(Qo) — lan—1,£(Qo)

c(Qo; a).

In general,

azn—2,j(Q)azn—1,k(02n—2,;Q) _ a2n—2,j(02n-1,1Q)a2n-1,1(Q)
lQn—Q,j(Q) - lQn—l,k(Q) lZn—Q,j(Q) - lQn—l,k(Q) -1 .
Here, we used the definition of a; ;(Q). Therefore, (4.3) is

a2n—2,k(02n—1,kQ0)a2n—1,k(Q0)
()\k—l—n—k)—(/\k—i-n—k)—l
It is easy to check that asn—2 1 (02n—1,£Q0)a2n—1,5(Qo) is not zero. So if Py =0,
then ¢(Qo;a) = 0. We have shown that ¢(Q;a) is zero for those @) which satisfy
QQn—z,k(Q) = )\Z-
Assume that ¢(Q;a) =0 is proved for those @’s which satisfy the condition
Af — goan—2.1(Q) =p. Let Q2 be an element of GT((A/v)*) which satisfies A} —
Gon—2,k(Q2) =p—+1. Set Q3 :=09,_2 xQ2. This Q3 is an element of GT((A/7)*),
and it satisfies Az — q2n_27k(Q3) =p and )\;; — qzn_27k(0'2n_27_iQ3) =p if 4 % k.
Then by the hypothesis of induction, ¢(Q3;a) =0 and ¢(o2,—2,—iQ3;a) =0 for
1 # k. Consider the right-hand side of (4.1) for @ = Q3. The terms other than

c(Qo; a).
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c(Q2;a) = c(oan—2,—kQ3;a) are zero. We can easily see that its coefficient

2n—2k(02n—2,—kQ3)a2n—1%(Q3)

12n72,k(02n72,7kQ3) - lanl,k(QS)
is not zero. Therefore, if Py¢(a) =0, then ¢(Q2;a) =0. This completes the proof.
O

Choose a Cartan subalgebra b := @Z.L(:T;rl)ﬂj CA, _2iy3,r—2it2 of g, and let v:
Z(50,41) — U(h)"(@9) be the Harish-Chandra isomorphism. The following the-
orem is proved in [5].

THEOREM 4.10 ([5, THEOREM 1.1, LEMMA 3.2, PROPOSITION 5.3])
For uwe C, let Cri1(u) be the element in Z(so,41) which satisfies

L[(r+1)/2]
(4.4) V(Crpr(u)) = H (0 + A _giy3,—2i42)-

i=1
When r=2n+ 1, let PFo, o be the element in Z($02,42) which satisfies
Y(PFoni2) = (—V=1)""1 Ay 1Ay o+ Aspioonyii-
For 1y € [A(, define

lon—16+1/2 whenr=2n and |k| <n,
(4.5) ug =S lop—1,(—1ynk +1/2  when r=2n and k= +n,

lon,x  when r=2n+1.

(1) For k=+1,...,£[r/2], there exists a nonzero constant dy y, such that

(4.6) P 0 Puoy = dy k L(Crpa (i) 6, ¢ € C(A— VM),
(2) When r=2n+1, there exists a nonzero constant dy such that
(4.7) Pyo=drL(PFans2)9, ¢ € C=(A— VD).

5. Determination of composition series

In this section, we determine the socle filtration of I, A .

LEMMA 5.1

Let Vi and V, be irreducible factors in I, 5 ~ which satisfy one of the following
conditions:

(1) Vi =Va, but they are different irreducible factors;
(2) r=2n, v satisfies (1.2), Vi ~mo, Va = To.n;
(3) r=2n, v satisfies (1.2), V1 ~Ton, Va2 m;
(4) r=2n, v satisfies (1.3), Vi ~m1, Va = Ton;
(5) r=2n, v satisfies (1.3), V1 ~Ton, Va = mo;
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(6) r=2n, 1€{2,...,n— 1}, v satisfies (1.4), Vi =T, Vo = To—1, or
T0,i+15

(7) r=2n, ~ satisfies (1.4) for i=n, V1 2T, Vo 2T n_1, T, OF T1;

(8) r=2n+1, i€{2,...,n}, v satisfies (1.5), Vi ~To;, Vo >Tgi_1, or
T0,i4+15

(9) r=2n+1, v satisfies (1.5) fori=n+1, Vi 2Tont1, Va2 Ton-

Then there is no nonzero g-action in I, A 4 which sends an element of Vq to Va.

Proof

If there is a g-action sending an element of V; to V3, then the K-spectra K (V1)
and I?(VQ) should be adjacent, that is, there should be K-types 7y € I/(\'(Vl) and
Ty € I?(Vg) such that X' — X is a weight of 5. We set €, = ' — \.

First, we show (1). Recall the discussion in Section 4.2. The nonzero s-action
which sends an element of V¥ C V; to V| C V4 is realized by the shift operator
Py¢ # 0, where ¢ is a nonzero element in C*°(A — V(I;//,]Y\;[j ) corresponding to an
element in Hompg (V& I, A ).

If r=2n+1 and k=0, then Py¢ = dyL(PFay,12)¢ by (4.7). Since PFo, 4o
is a central element, Py¢ is a constant multiple of ¢. So it realizes the K-type
VAK C Vi, or it is a zero element. In either case, Py¢ does not realize the K-type
Vi CcVa £ 1.

Suppose that k is not zero. Consider the shift P_j o Py¢. Theorem 4.10(1)
asserts that P_j o0 P = dx x L(Cry1(ug))¢. Since Cyr11(ug) € Z(g), it acts by the
scalar xa (Cr+1(ug)). By (4.4), the image of the Harish-Chandra map of C,. 11 (uy)
is

L(r+1)/2]
Xa(Crpa(u)) = ] (i —AD).
i=1
By the definition (4.5) of wuy, the scalar xa(Cri1(ux)) is zero if and only if one
of the following conditions is satisfied:

(5.1) r=2nk>0, AN=A—n+k—1/2GFie{1,2,...,n}),

(5.2) r=2nk<0, Agy=A—n+lkl+1/2(Fie{l,2,...,n}),

(53) r=2nk=n, M=% —1/2 (3ie{l,2,...,n}),

(5.4) r=2nk=-n, N\, ==£A+1/2 (Jie{l1,2,...,n}),

(55) r=2n+1,k>0, =N —n+k—1(Fie{l,2,....n}) or [Apt1],
(5.6) r=2n+1,k<0, \gy=~A—n+lkl (3ie{l,2,...,n}) or [Any1|+1.

Recall the K-spectra of irreducible (g, K)-modules (see Theorems 2.4, 2.6). If
A and k satisfy one of (5.1)—(5.6), then the K-type Vi = V,\Iie,c is not a K-type of
V1 ~ V5. Therefore, if V7 ~ V5 and Pr¢ # 0, then P_j o Pr¢ is a nonzero multiple
of ¢. This is impossible since V; and V5, are different irreducible subquotients
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and there exist nonzero s-actions sending an element in V; to V5 and vice versa.
Therefore, (1) is proved.

Let us show the case (9). By Theorem 2.6, two K-types A € I/(\'(Vl) and
N e I/(\'(Vg) are adjacent if and only if A\, =A,, A, =A, —1 and A\, = )\; for
p=1,...,n—1. In this case, the shift operator sending V¥ to V¥ is P_,. By
(5.6), P, o P_,,¢=0. We know that ~y,_1 > A,, since - satisfies (1.5) for i =n+1.
On the other hand, A}, = A,, — 1. Then the condition of Lemma 4.9(5) for k=n
(and X is replaced by \') is satisfied. So P, is injective. It follows that P_,¢ =0,
so that there is no nonzero g-action sending V; to V5. This proves (9).

In the same way, we can show (2)—(8). O

In order to determine the second and higher floors of I, A -, the next theorem is
very useful.

THEOREM 5.2 ([7, THEOREM 9.5.1])

In the setting of this paper, suppose that irreducible (g, K)-modules X and Y are
not isomorphic. Then Exté’K(X,Y) #0 only if {(X)—£(Y)=1 mod 2.

This theorem imposes a parity structure on I, A 4. By Yoneda’s description of
Ext!, the group ExtéﬁK(X,Y) is nonzero if and only if there exists a (g, K)-
module F, which is not isomorphic to X @Y, such that

0->X—>FEF—>Y—0

is exact (see [7, Lemma 9.2.2]). We know that the socle of I, 5, consists of
a single irreducible module. We also know that there is no self-extension in
I, A, by Lemma 5.1(1). Therefore, if the length of the module in the socle
is even (resp., odd), then by this theorem, the lengths of the irreducible factors
in the second floor are odd (resp., even), the third floor even (resp., odd), and
SO on.

LEMMA 5.3
Suppose that the unique irreducible submodule of I, s -, is w. Then the multiplicity
of min Iy A~ 15 one.

Proof

Assume that there exists a composition factor Vi which is isomorphic to =«
but is in the kth floor, £ > 1. Then there exists an irreducible subquotient
Vo of Iy A~ in the (k — 1)st floor such that Vi — V5. This Vo must satisfy
£(V1) —€(Va) =1 mod 2 by Theorem 5.2 and Lemma 5.1(1). We know the can-
didates for V5 (see Proposition 3.4), and the lengths of them (see Theorems 2.1,
2.5). These data imply that the pair (V1,Va) satisfies one of the conditions in
Lemma 5.1. But this lemma tells us that there is no nonzero g-action sending an
element of V7 to V5. Therefore, V; - V5. This is a contradiction. O
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Proofs of Theorems 1.1, 1.2
The statements (1) in these theorems are proved in Propositions 3.2 and 3.3.

Let us consider the case when r =2n and 7 satisfies (1.2). In this case,
Proposition 3.2(1) says that mg is the unique simple submodule of I, 4 ., and
Proposition 3.4(1) says that only mg, 7, or To,,, can be a composition factor of
I, A ~- By Lemma 5.3, the multiplicity of my in I, 4 - is just one. By Theorem 2.1,
U(mp) =£(m1) =0 and £(T,,) = 1. Therefore, Theorem 5.2 implies that the second
floor of I, A ~ is a multiple of 7y, and the third floor of it is a multiple of 1,
and so on. By Proposition 3.5, the multiplicities of 7o, and m in I, are
at least one. Therefore, the multiplicity of 7y, (resp., m1) in the second (resp.,
third) floor is at least one. We can show that the multiplicity of 7o, (resp., m1)
in the second (resp., third) floor is just one, in the same way as the proof of [6,
Lemma 5.14].

Assume that there exists a nonzero fourth floor in I, 5 . Then there exists
a g-action which sends an element in the fourth floor to the third floor. But the
fourth floor is a multiple of 7, and the third floor is isomorphic to m;. This
contradicts Lemma 5.1(3). Therefore, there is no fourth floor in I A .

The proof of the case when v satisfies (1.3) is just the same as above.

The proofs of Theorem 1.1(3), (4) and Theorem 1.2(2), (3) are almost the
same as above (easier). For example, suppose that r = 2n and ~ satisfies (1.4), i €
{2,...,n—1}. Then Ty ; is the unique simple submodule of I,, 5 . A composition
factor of I, a - is isomorphic to 7o i, Toi—1, OF To,i+1. Since L(Tox) =n—k+1,
k=1—1,i,i+ 1, and since the multiplicity of T ; in I, A ~ is just one, the second
floor of I,, A 4 is a direct sum of multiples of 7y ;—1 and 7 ;+1, and there is no
higher floor. The multiplicity freeness of the factors in the second floor is proved
in the same way as the proof of [6, Lemma 5.14]. O
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