Stability of Gieseker stable sheaves on K3
surfaces in the sense of Bridgeland and
some applications

Kotaro Kawatani

Abstract We show that some Gieseker stable sheaves on a projective K3 surface X are
stable with respect to a stability condition of Bridgeland on the derived category of X if
the stability condition is in explicit subsets of the space of stability conditions depend-
ing on the sheaves. Furthermore we shall give two applications of the result. As a part
of these applications, we show that the fine moduli space of Gieseker stable torsion-free
sheaves on a K3 surface with Picard number one is the moduli space of p-stable locally
free sheaves if the rank of the sheaves is not a square number.

1. Introduction

In [1], Bridgeland introduced the notion of stability conditions on arbitrary tri-
angulated categories D. Let Stab(D) be the space of stability conditions on D. If
Stab(D) is not empty, then Stab(D) is a complex manifold by [1]. Furthermore
we can define the notion of o-stability for objects F € D.

Suppose that D is the bounded derived category D(X) of coherent sheaves
on a smooth projective variety X over C. In this paper we study the case where X
is a projective K3 surface. Then as is well known, the space Stab(X) of stability
conditions on D(X) is not empty by virtue of [2]. Then for coherent sheaves on X
we have the notion of o-stability in addition to Gieseker stability and p-stability.
It is natural to ask how these three different notions of stability are related for
sheaves. The aim of this paper is to give some answers (see Theorems 4.4, 4.9)
with applications (see Theorems 5.4, 6.7).

In this article we have two goals. The first goal is to show the o-stability of
Gieseker stable (or u-stable) sheaves on X if o is in explicit subsets of Stab(X)
depending on the sheaves. This result will be proved in Theorems 4.4 and 4.9.
The second goal is to give two applications of these two theorems.

Now we explain the background of our theorem. We first recall that the space
Stab(X) has the subset U(X). The set U(X) is very roughly the set of stability
conditions ¢ such that for all x € X, the skyscraper sheaf O, is o-stable. This
subset U(X) is also a trivial GL" (2,R) bundle over a set V(X), where G~L+(2, R)
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is the universal cover of GLT(2,R) (see also Section 3). In addition V(X) is
roughly parameterized by R-divisors 8 and R-ample divisors w. Hence we can
write 0 € U(X) as 0 =0(g,, - § where 0(g,,) € V(X) and g€ GL+(2,R).

In [2], it is written that for a fixed R-divisor §, if we take a limit w — oo (so-
called large volume limits), the notion of o (g -stability is expected to coincide
with the notion of twisted stability.* Furthermore it is shown in [2] that this
conjecture holds for some objects. In some sense we strengthen this result in
Theorems 4.4 and 4.9. As an consequence of this, we show that in large-volume
limits, we can distinguish the notion of p-stability of coherent sheaves on X with
Picard rank one and the notion of Gieseker stability (see Proposition 5.2)." What
does this sentence mean?

For a given sheaf E and 8 € NS(X)gr we have p,(E) > pw or p,(E) < pw. It
E is Gieseker stable and p,(E) > fw, then E is 0 (g ,)-stable in the large-volume
limit by [2]. In Proposition 5.2, we show that if a Gieseker stable sheaf F with
po(E) < Bw is 0(g,,)-stable in large volume limit, then E is p-stable.

We also apply Proposition 5.2 to the classification of the fine moduli space
of Gieseker stable sheaves on X, which is the first application in Theorem 5.4.
More precisely we show that the fine moduli space of Gieseker stable, torsion-free
sheaves is the fine moduli space of u-stable locally free sheaves if the rank of the
sheaves is not a square number. We also show that if the rank is a square number,
then the fine moduli space is either the moduli space of u-stable locally free
sheaves or the moduli space of properly Gieseker stable, torsion-free sheaves?.
Furthermore we show that if the latter case occurs, then the moduli space is
isomorphic to X itself. Hence these results show us that any nontrivial Fourier—
Mukai partners of X with Picard rank one are isomorphic to the fine moduli
space of p-stable locally free sheaves (see Remark 5.5). The key idea of the
proof of Theorem 5.4 is to compare two Jordan—Holder filtrations of a Gieseker
stable sheaf with respect to p-stability and o-stability for some o € Stab(X).
This comparison is enabled by Proposition 5.2. We have to remark that a similar
result was proved by [11, Lemma 1.2].

The second application is Theorem 6.7, which is a generalization of [7, Theo-
rem 1.1]. Let ® : D(Y) — D(X) be an equivalence where X and Y are projective
K3 surfaces, and let @, : Stab(Y) — Stab(X) be a natural map induced by .
We show that, if @ satisfies the condition ®,U(Y) = U(X), then the equivalence
® is given by M ® f.(—)[n] where M is a line bundle on X, f is an isomorphism
from Y to X, and n € Z. This is a complete generalization of [7, Theorem 1.1],
which shows the same statement under the additional condition that the Picard
number is 1.

*Namely, for any sufficiently large A > 0, if E € D(X) is 0(8, w) - g-stable, then E is a
(B, w)-twisted stable sheaf, and vice versa.

fNote that if the Picard number is one, then twisted stability is just Gieseker stability.

#Namely, the sheaf is neither p-stable nor locally free.
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We proceed as follows. For an equivalence ®: D(Y) — D(X) satistying the
assumption ®,U(Y) = U(X), one can see that it is enough to prove that ®(0,) =
O,[n] where z € X and n € Z. In [7], this was proved by using [7, Theorem 6.6].
Hence the crucial part of the proof of [7, Theorem 1.1] is [7, Theorem 6.6].
A necessary generalization of this result of [7] will be done in Corollary 6.6 by
applying Theorem 4.5.

2. Review of classical stability for sheaves

In this section we recall the u-stability, Gieseker stability, and twisted stability
for coherent sheaves on a projective K3 surface.

We first introduce some notation. Throughout this section X is a projective
K3 surface over C. Let A and B be in D(X). If the ith cohomology H®(A)
is concentrated only at degree i =0, we call A a sheaf. We put Hom'y (A, B) :=
Homp(x)(A, B[n]) and hom’y (A, B) := dim¢ Hom'y (A, B) where [n] means n € Z
times shifts. We remark that

Hom’% (A, B) = Hom% "(B, A)*

by the Serre duality. Then the Euler pairing x(E, F) =Y",(—1)" hom (E, F) is
a Z-bilinear symmetric form on the Grothendieck group K(X) of D(X).

Let M (X) be the quotient of K(X) by numerical equivalence with respect
to the Euler pairing x. Then N (X) is isomorphic to

HY(X,Z)®NS(X)® H*(X,Z)

where NS(X) is the Néron—Severi lattice of X. For E € D(X), we define the
Mukai vector v(E) of E by ch(E)vtdx. Then v(E) = rg®dp®sp is in
H(X,Z)®NS(X)® H*(X,Z), and we have rg =rank E, 0 = c;(E) and sp =
X(Ox, E) —TE.

Let (—,—) be the Mukai pairing on N (X):

(rod®s,r®d @s)y=068 —rs' —1r's,
where r @3 @ s, 7’ ® ' @ s’ € N(X). Then, by the Riemann—Roch formula, we see

x(E,F)= —<U(E),U(F)>.

We secondly recall the notion of u-stability. For a torsion-free sheaf F' and an
ample divisor w, the slope p,, (F') is defined by (¢1(F)-w)/rank F. If the inequality
1w (A) < gy, (F) holds for any nontrivial subsheaf A of F, then F is said to be
e -semistable. Moreover if the strict inequality p,(A) < o (F) holds for any
nontrivial subsheaf A with rank A < rank F', then F' is said to be p,,-stable. If
NS(X) =ZL, we write u-(semi)stable instead of py-(semi)stable. The notion of
the p-stability admits the Harder-Narasimhan filtration of F' (details in [5]).
We define pf (F) by the maximal slope of semistable factors of F', and we define
u, (F) by the minimal slope of semistable factors of F'.
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Let 8 be an R-divisor, and let w be an R-ample divisor on X.* For a pair
(B,w) we recall the notion of (3,w)-twisted stability introduced in [8]. For a
torsion-free sheaf E with v(E) =rg ®dp ® sp, we define a polynomial p(g . (E)
by

w? 6
P(puw)(E) == -n® + (i - 5)w n

K} 2
L5 08B B R
TE rE 2

Suppose that w is an integral class, and put w = Ox (1). Then pg,,,)(n) is simply
given by

(v(Ox (=n)), exp(-F)v(E))

p(ﬁ,w)(E) = e

DEFINITION 2.1
Let E be a torsion-free sheaf on a projective K3 surface X; F is said to be (5,w)-
twisted stable (resp., semistable) if pg ) (F) < pgw)(E) (resp., pgw) (F) <
P(p,w)(E)) for any nontrivial subsheaf F' of E.

Moreover if 8 =0, then E is said to be Gieseker (semi)stable with respect
to w. For a torsion-free sheaf E, we write p,,(E) instead of p(g . (E).

REMARK 2.2

For a torsion-free sheaf E, we can easily check the following relation between
L-stability and (8, w)-twisted stability:

H-stable = (5, w)-twisted stable = (8, w)-twisted semistable = p,,-semistable.

We also see the following relation between the p,,-stability and the Gieseker
stability:

1o -stable = Gieseker stable = Gieseker semistable = p,,-semistable.

Finally we cite the following lemma, which plays an important role when we
study the space of stability conditions on abelian or K3 surfaces. A prototype of
Lemma 2.3 was first proved by Mukai and Bridgeland. Finally [6] refined it.

LEMMA 2.3 ([6, LEMMA 2.7])

Let X be an abelian surface or a K38 surface. ‘Suppose that A— B — C —
A1} is a distinguished triangle in D(X). If homx(A,C) =0 for any i <0 and
hom’, (C,C) =0 for any j <0, then we have the following inequality:

0 < hom (A4, A) + hom% (C,C) < hom¥ (B, B).

*Originally the notion of twisted stability is defined on projective surfaces. To avoid the
complexity we add the assumption that X is a projective K3 surface.
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3. Review of Bridgeland’s work

In this section we briefly recall the theory of stability conditions. The details
are in the original articles [1] and [2]. For a projective K3 surface X we put
NS(X)r =NS(X) ®z R and Amp(X) by the set of R-ample divisors.

Let A be the heart of a bounded t-structure on the derived category D(X) of
X, and let Z be a group homomorphism from K(X) to C. Notice that K(X) is
isomorphic to the Grothendieck group of the heart A. The morphism Z is called
a stability function on A if Z satisfies the following:

04Ec A= Z(E)=mexp(vV—11¢g),

where m € R+ and ¢g is in the interval (0,1]. Then we put arg Z(F) = ¢ and
call the pair (A, Z) a stability pair on D(X). If we take a stability pair (A, Z),
we can define the notion of Z-stability for objects in A as follows.

DEFINITION 3.1

Let (A,Z) be a stability pair on D(X), and let E be in .A. The object E is
said to be Z-(semi)stable if E satisfies arg Z(F) < (<) arg(E) for any nontrivial
subobject.

By using the notion of Z-stability, we define a stability condition on D(X) as
follows.

DEFINITION 3.2

A stability pair (A, Z) is said to be a stability condition on D(X) if any F € A
has the filtration 0=FEy C Fy C--- C E,,_1 C E,, = E such that A, :=E;/E;_4
(i=1,2,...,n) is Z-semistable with arg Z(A;) > --- > arg Z(A, ). We call such a
filtration the Harder—Narasimhan filtration of E. Moreover if Z factors through
N(X), o is said to be numerical.

Let 0 = (A, Z) be a stability condition on D(X). Then we can define the notion of
o-stability for any object in D(X).* An object E € D(X) is said to be
o-(semi)stable if there is an integer n € Z such that E[n] is in A and E[n] is
Z-(semi)stable. We define arg Z(F) by arg Z(FE[n]) —n and call it the phase
of E.

We put P(¢) ={FE € D(X) | E is Z-semistable with phase ¢} U {0}. Then
P(¢) is an abelian category. For an interval I C R, we define P(I) by the
extension-closed full subcategory generated by P(¢) for all ¢ € I. If for any
¢ € R there is a positive number e such that P((¢ — €,¢ + €)) is Artinian and
Noetherian, then the stability condition o = (A, Z) is said to be locally finite.

*For a stability pair (A, Z), we can logically define the notion of o-stability for objects in
D(X). However in the original article [1], the notion of stability of arbitrary objects in D(X)
is defined by a stability condition. Thus we follow the original style.
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In general we cannot define the argument of Z(FE) for E € D(X). However
if Eisin A (or A[—1]), then we can define the argument of Z(F) uniquely since
the argument arg Z(F) is in (0, 1] (resp., in (—1,0]).

Take a stability condition o = (A,Z) on D(X). Then we can easily check
that there exists the following sequence of distinguished triangles for an arbitrary
object E € D(X):

0 Ey Es t En 1 E,=F

A AN ~
0 / S / [1\] R /
N AN N

A Ay Ap

where each A; is o-semistable with arg Z(A;) > --- > arg Z(A,,). One can easily
check that the above sequence is unique up to isomorphism. We also call this
sequence the Harder—Narasimhan filtration (for short HN filtration). If E is in
A, then the above filtration is nothing but the filtration defined in Definition 3.2.
In addition assume that o is locally finite. Then for a o-semistable object F' with
phase ¢ we have the following sequence of distinguished triangles:

0 Fy F Fn1 Fp=F
> S ~
[J\ / [1]\\ / [1\] R /
N N N
S1 Sa Sm

where each S; is o-stable with arg Z(S;) = ¢. We call this filtration a Jordan—
Hélder filtration (for short JH ﬁltratlon). We remark that a JH filtration of F' is
not unique but the direct sum ", S; of all stable factors of F' is unique up to
isomorphism.

Now we put

Stab(X) = {o | o is a numerical locally finite stability condition on D(X)}.

Bridgeland [2] describes a subset U(X) of Stab(X). We shall recall its definition.
We put

AT (X):={v=r@dasec N(X |v =-2,7>0}
and define a subset V(X)) of NS(X)gr x Amp(X) by
X) 1= {(B,w) € NS(X)g x Amp(X) |
<exp B+ vV—1w), > ¢ R<0(VU cAT(X ))}
Let (B,w) € V(X). Then (8,w) gives a numerical locally finite stability condition
08,w) = (ABw)> Z(8w)) in the following way. We put Az, by
‘ S ﬁg’w) (l = 0),
Apw = E*€DX) | H'(E®){ € Fpwy (i=-1), o,
=0 (1#0,-1)



Stability of Gieseker stable sheaves 603

where

T(s.w) = {E € Coh(X) | E is a torsion sheaf or p, (E/torsion) > fw}
and

F(pw) i={E € Coh(X) ‘ E is torsion-free and 1 (F) < fw}.

We define a stability function Zg.) by Z(g.w)(E) := (exp(8 + v—1w),v(E)).
Then the pair (5. = (A(sw), Z(s,w)) gives a numerical locally finite stability
condition by [2].

Then we put V(X) := {0 | (B,w) € V(X)}. If 0 is in V(X), then for any
closed point x € X, O, is o-stable with phase 1 by [2, Lemma 6.3]. Let G~L+(2, R)
be the universal cover of GL™(2,R). Then Stab(X) has the right group action
of GL'(2,R) by [1, Lemma 8.2]. We put U(X) :=V(X)-GL" (2,R). We remark
that U(X) is isomorphic to V(X)) x G~L+(2,R).

Let o be in Stab(X). Since ¢ is numerical and the Euler paring is nondegen-
erate on M (X), we have a natural map

7 : Stab(X) — N (X), 7(A,Z2)—= ZY,

where Z(F) = (Z"V,v(F)). The map 7 gives a complex structure on Stab(X). In
particular each connected component of Stab(X) is a complex manifold by [1]. If
w(o) spans a positive real 2-plane and is orthogonal to all (—2) vectors in N'(X)
then o is said to be good.

PROPOSITION 3.3 ([2, PROPOSITION 10.3])
The special locus U(X) is written by

U(X) = {0 €Stab(X) | O, is o-stable with a common phase and o is good}.
Let us consider the boundary oU(X) := U(X)\U(X) where U(X) is the closure
of U(X). Then 0U(X) consists of a locally finite union of real codimension 1
submanifolds by [2, Proposition 9.2]. If o € 9U(X) lies on only one of these
submanifolds, then o is said to be general.

THEOREM 3.4 ([2, THEOREM 12.1])
Let 0 € 0U(X) be general. Then exactly one of the following holds.

(AT) There is a spherical locally free sheaf A such that both A and Ta(O.)
are stable factors of O, for any x € X, where Ty is the spherical twist by A.
Moreover a JH filtration of O, is given by

AEBrankA Om TA(Oz) A@rankA[”.

In particular O, is properly o-semistable® for all x € X, and A does not depend
onzxelX.

*Namely, Oz is not o-stable but is o-semistable.
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(A7) There is a spherical locally free sheaf A such that both A and Ty *(O,)
are stable factors of Oy for any x € X, where T4 is the spherical twist by A.
Moreover a JH filtration of O, is given by

T,1(0,) O, A®rankApl o THO,)[1).

In particular O, is properly o-semistable for all x € X, and A does not depend
onzeX.

(Cr) There are a (—2)-curve C and an integer k such that O, is o-stable if
x ¢ C and O, is properly o-semistable if x € C. Moreover a JH filtration of O,
for x € C is given by

Oc(k+1) 0, Oc(k)[l] —— Oc(k+1)[1].

We recall the map @, : Stab(Y") — Stab(X) induced by an equivalence ® : D(Y') —
D(X). Let X and Y be projective K3 surfaces, and let ® : D(Y) — D(X) be
an equivalence. Then ® induces a natural morphism @, : Stab(Y') — Stab(X) as
follows:

@, :Stab(Y) — Stab(X),  ®.((Ay,Zy)) = (Ax, Zx),
where Zx (E) = Zy (®7'(E)) and Ax = ®(Ay).

Then the following proposition is almost obvious.

PROPOSITION 3.5 ([7, PROPOSITION 6.1])

Let X and'Y be projective K3 surfaces, and let ® : D(Y) — D(X) be an equiva-
lence. For 0 e U(X), o is in ©,.(U(Y)) if and only if (Oy) is o-stable with the
same phase for all closed points y €Y .

4. Stability of classically stable sheaves

The goal of this section is to show the o-stability of Gieseker stable (or u-stable)
sheaves on a projective K3 surface X for some o € Stab(X).

We first prepare a function (4.1), which plays an important role in this sec-
tion. Let Lo be an ample line bundle on X with LZ = 2d. We define a subset
V(X)L, of V(X) by

V(X)r, = {0(s0) € V(X) | (B,w) = (vLo,yLo) where (z,y) € R x Rso}.
Take an element (3., € V(X)L,. For an arbitrary object F' € D(X) we put the
Mukai vector v(F') by v(F)=rp ®dp @ sp. We have the orthogonal decomposi-
tion of 0F with respect to Ly in NS(X)g:

dp =npLo+vr,
where v is in NS(X)g with vpLo = 0. Then we have

e )

Z(F) =
(F) 2rp F
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2

v(F)? ngLg 2 v
AP () 2

orp 2 2

We see that the imaginary part JmZ(F) of Z(F) is given by 2v/—1ydAp where
A =ng —rrpx. Put

2
Z50(F) = Z(F) + 2.
27"F

We define a function N g(x,y) for objects A and E € D(X) and for oz €
V(X)r, by

(4.1) Nag(z,y) = AgReZlo(A) — AaReZ0(E),

where SRe means taking the real part of a complex number.
Now suppose that E is a p,,-semistable torsion-free sheaf where w € Amp(X).
For a stability condition o(g.,) = (A, Z) € V(X) we see the following:

- pw(F) > pw < E€A,
« po(B) < pw <= E e A[-1].

We consider the following three cases: u, (E) > fw, i, (E) = pw, and p, (E) <
Bw. We first treat the case when p,(E) > fw.

LEMMA 4.1

Let X be a projective K3 surface, and let 0. = (A,Z) € V(X). Assume that
A — E — F is a nontrivial distinguished triangle in A. Namely, A, E, and F
are in A. (This means that the triangle gives a short exact sequence in A.)

(1) If E is a torsion-free sheaf, then A is also a torsion-free sheaf.

(2) In addition to (1), if E is Gieseker stable with respect to w, then we have
PulA) < pu(E).

(3) Let Lo be an ample line bundle. In addition to (2), assume og ) €
V(X)L, and p,(A) = o (E). Then we have arg Z(A) < arg Z(E).

Proof
Let H'(F) be the ith cohomology of F. Since F is in A, H*(F) is zero unless i
is zero or —1. Then one can easily check the first assertion by taking cohomolo-
gies to the given distinguished triangle. Hence we start the proof of the second
assertion (2).

We have the following exact sequence of sheaves:

0 — H-Y(F) AL E HO(F) — 0.
Suppose that H~!(F) is not zero. One can easily see that
poo (H™H(F)) < (H™H(F)) < Bw < i (A) < po(A).

Thus we have p,(H 1(F)) < p,(A) < po(Im f) where Im f is the image of
the morphism f: A — E. Thus we have p,(A) < p,(Im f) < p,(E) since E is
Gieseker stable with respect to w.
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Suppose that H~1(F)=0. Then A is a subsheaf of E. Since F is Gieseker
stable, the assertion is obvious.

Let us prove the third assertion. We put L3 = 2d. For E and A in D(X) we
put v(E)=rg @0 ®sg and v(A)=r,® 54 B sa. We decompose dg and d4 by

0 =ngLo+ Vg and da=nalo+va,

where vg and vy are in NS(X)g with vgpLo =vaLo =0. We remark that both
v% and v3 are less than or equal to zero and that the number m 4 = 4 Lo (resp.,
mpg =0gLg) is an integer. Then we have ng =m4/2d (resp., ng =mpg/2d) and
Z(A A? 1 L
L:v( 2) +—(w+\/—1<nA 0-3)) VA
A 2rg 2 ' 27’A
Now we put J(A) = (1/2r%)(v(A)? —v3) and J(E) = (1/2r%)(v(E)* — vE).
Then we see
r% )

Since p,(E) = pw(A) we see (Z(E)/rg) — J(E) = (Z(A)/ra) — J(A). Thus we
see that arg Z(A) < arg Z(E) if and only if J(E) < J(A). Since p,,(A) < py,(E)
and p,,(A) = p,(E), we see that

1/n3LE  sa 1
J(A)fi( = fa) and  J(E)= 5(

(4.2) na _ e and SA 5B

rA TE ra TE
Then the inequality J(E) < J(A) follows from the inequality (4.2). Thus we have
finished the proof. |

LEMMA 4.2

Let X be a projective K3 surface, let Lo be an ample line bundle on X, and let
0w = (A Z) € V(X)L,. Assume that A — E — F is a distinguished triangle
in A with homg((A, A) =1 and that E is a torsion-free sheaf with g =ngLg for
an integer ng where we put v(E) =rg®dg D sg.

(1) If v(E)? = -2, u,(A) < u,(E), and (0pLo — rgBLo) < w?/2, then
arg Z(A) <arg Z(E).
(2) Ifv(E)? 20, po(A) < pu(E), and

v(E)* ’

(6pLo — TEBLO)( + 1) < %7

then arg Z(A) < arg Z(E).

27’E

Proof

We first note that A is a torsion-free sheaf by Lemma 4.1. Since there is no o (g .-
stable torsion-free sheaf with phase 1 (see [7, Remark 3.5(1)] or [2, Lemma 10.1]),
we see i, (A) > Bw. For the Mukai vector v(A)=r4®dsDsa of A we put

0a=mnaLlo+va,



Stability of Gieseker stable sheaves

where vy4 is in NS(X)g with v4 Ly =0. Then we have

v(A)?2  ra na 2 2
z(A)y =22 TAl (A, — _a
( ) 27’A + 2 (w+ (TA 0 TAﬁ)) 2TA
2
= zlo(4) - 24
27“,4

607

We note that both Ay =n4 —rax and Ag = ng — rgx are positive. Since F
is in A, we have JmZ(F) > 0. Thus we see that A4 < Ag. Since Vi <0, we see
arg Z(A) < arg ZL0o(A). Thus to prove (1), it is enough to show that arg Z%0(A) <
arg Z(E). Since ImZ(A) = ImZLo(A) = 2yd\4 > 0 and ImZ(E) = 2yd\g > 0,

we see
arg Z"(A) < arg Z(E) <= 0< Na g(z,y).
Note that ZLo(E) = Z(E).
Now we have
Nag(z,y) = A\gReZL0(A) — A\aReZ(F)

A)2 2 E)? A2
:)\E(v( ) —|—dr,4y2—d>\—A> _/\A<—v( ) +d7“Ey2—ﬁ)
27 4 A 2rg rE

= dy2(rAnE —rEna)+ g

A 2rg TE

2 2
“;;4) BRI +d>\A>\E(n—E _na

).

Since gy, (A) < py,(E) we have (ng/rg) — (na/ra) >0 and rang —rgna > 0.

Since the last term dA s Ag((ng/rE) — (na/ra)) is positive, we have

v(A)? v(E)?
Na,g(z,y) > Nj p(2,y) = dy*(rang —rena) + Ag (4) —Aa (E) .
’ 2r4 2rg
Since hom$% (A4, A) =1 we have v(A4)% > —2. Thus we see
A v(E)?
Nls(.) 2 N (e.) = d?(ran — rpna) — 22 3, 250
’ ’ rA 2rg
Hence it is enough to prove that N\ p(x,y) > 0.
Let us prove the first assertion (1). Since v(E)? = —2 we have
A A
NX,E(QE»Z/) =dy*(rang —rpna) — EL 24
ra TE
2 AE
> dy“(rang —rgna) — —.
rA

We shall show
dyQ(rAnE — TEnA) - —E > 0.
rA
Since both 2dn4 and 2dng are integers, using the condition in (1), we see

2
w
- = dy* > (0pLo — rBLo) = 2d\g

2d>\E )\E

T rac 2d(rAnE - TETLA) TA(TAnE - TE”A)'
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Hence we have
dyz(rAnE —rEna) — )\—E >0
TA
by rang —rgna > 0. Thus we have proved the assertion.
Let us prove the second assertion. Essentially the proof is the same as the
one of the first assertion. Assume that v(E)? > 0. It is enough to show that
NZ)E(x,y) > 0. Since 0 < A4 < Ag we have

A v(E)?
NX E($7y) = dyQ(TAnE —TENA) — °E HnA (E)
’ TA 2rg
(4.3) ]
2 _ _ _ v(E)
>dy“(rang —rgna) — Ag — e o
TE

Hence it is enough to show that dy?(rang —rgna) — g — pg Uéf; > 0. Similarly

to the first assertion, one can easily prove this inequality by using the assumption

w? v(E)?
“- 2 (0mLo — reBLo) 1).
5 2 (6pLo —rEBLo) oT +
Thus we have proved the second assertion. O

COROLLARY 4.3

Notation and assumptions are as in Lemma 4.2. Furthermore we assume that
NS(X)=ZLy.

(1) Ifv(E)? = -2, pu(A) < uy(E), and (1/LE)(6pLo—1EBLo) <w?/2, then
arg Z(A) <arg Z(E).

(2) Ifv(E)? >0, py(A) < po(E), and

L 1) o
— 2 b

1
L_%((SE‘LO - TE5L0)< oT

then arg Z(A) < arg Z(E).

Proof
We use the same notation as in the proof of Lemma 4.2.

Let us prove the first assertion. Suppose that v(E)? = —2. By using the same
argument in the proof of Lemma 4.2, one can see that it is enough to show that

(4.4) OgdyQ('rAnEfrEnA)fA—E.
TA
Since NS(X) =ZLg, we see ng € Z. Thus the inequality (4.4) follows from the
assumption (1/L3)(6gLo — reBLo) <w?/2.
One can easily prove the second assertion since the proof is essentially the
same as the first assertion. In fact one can easily see that it is enough to show

)\E U(E)2
4. < dy? - -—|—=—+1
(4.5) 0<dy?(rans —rpna) = T2 (5 +1)
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instead of (4.4) as above. This inequality follows from the assumption (1/L2) x
(6pLo —reBLo)((v(E)?/2rg) +1) <w?/2. O

THEOREM 4.4

Let X be a projective K3 surface, let Lo be an ample line bundle, and let o ) =
(A, Z) e V(X)L,. We assume that E is a Gieseker stable, torsion-free sheaf with
respect to Lo with p,(E) > fw and that the Mukai vector v(E) is rg ® g ® sg
with 6g =ngLgy for some ng € Z.

(1) Assume that v(E)? = —2. If 6gLo — rgfLo < w?/2, then E is T(B,w)-
stable.

(2) Assume that v(E)? > 0. If (0gLo — reBLo)((v(E)?/2rg) + 1) < w?/2,
then E is (g, -stable.

(3) Assume that NS(X) = ZLy and that v(E)? = —=2. If (1/L3)(6gLo —
refBLo) <w?/2, then E is 0(8,w)-stable.

(4) Assume that NS(X) = ZLo and that v(E)?> > 0. If (1/L3)(0gLo —
reBLo)(v(E)?/2rg) +1) <w?/2, then E is 0(3,,)-stable.

Proof

Suppose to the contrary that E is not o(g,)-stable. Then there is a (g ,,)-stable
subobject A of E in A with argZ(A) > arg Z(E) and we have the following
distinguished triangle in A:

A E F Af1].

Since F is Gieseker stable with respect to w = yLg, we see that A is a torsion-free
sheaf with p,(A) < p,(F) by Lemma 4.1. Since p,,(4) < p,(F) we see u,(A) <
oo (E). I py, (A) = py, (E), then arg Z(A) < arg Z(E) by Lemma 4.1. Thus g, (A)
should be strictly smaller than p,,(E). Then whether v(E)? = —2 or v(E)? >0,

we see arg Z(A) < arg Z(E) by Lemma 4.2. Hence E is 0(g .,)-stable.
The proofs of the third and fourth assertions are essentially the same as the
proof of Theorem 4.4. The difference is to use Corollary 4.3 instead of Lemma 4.2.
O

Next we consider the case p,(F) = pw.

PROPOSITION 4.5

Let X be a projective K3 surface, and let 0(g .,y = (A, Z) € V(X). Assume that the
Mukai vector of an object E € D(X) is rg @ g ®sg with rg #0 and dpw/rg =
Bw.

(1) If E is a p,-semistable torsion-free sheaf, then E is 0. -semistable
with phase zero.

(2) The object E is a p,-stable locally free sheaf if and only if E is 0(g .-
stable with phase zero.
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Proof
Let us prove the first assertion. Since F is p,-semistable, E is in A[—1]. Since
tw(F) = fw, the imaginary part JmZ(E) of Z(E) is zero. Thus the argument of
Z(FE) is zero.

Assume that E is not o(g,)-semistable. Then there is a (g .)-semistable
object A € A[—1] such that

ACE in A[-1] with arg Z(A) > arg Z(E) = 0.

This contradicts the fact that A is in A[—1]. Hence E is 0(g,,)-semistable.

Let us prove the second assertion. We assume that F is a p,,-stable locally
free sheaf. Then E is minimal in A[—~1]* by [4, Theorem 0.2]. Thus E is o(g.,)-
stable with phase zero.

Conversely we assume that E is o(g,)-stable with phase zero. Since the rank
of E is not zero, E is a locally free sheaf by [2, Lemma 10.1(b)]. Since E is in
A[—1], we see E € F(g,,). Thus we have

po(B) < pf (E) < fw.

Thus equalities should hold. Hence E is p,-semistable.

Suppose that E is not p,-stable. Then there is a p,-stable subsheaf A
of E such that p,(A) = py,(E). If necessary, by taking a saturation, we may
assume that the quotient F/A is a torsion-free sheaf. We remark that E/A is
1e-semistable. Then A is locally free since E is locally free and dim X = 2. Since
A'is a pg-stable locally free sheaf, A is o(g .)-stable with phase zero. Thus the
short exact sequence A — E — E /A defines a distinguished triangle in A[—1]. In
particular A is a subobject of F in A[—1] with phase zero. This contradicts the
fact that E is 0(g,,)-stable. O

Finally we treat the case p, (F) < fw.

LEMMA 4.6
Let X be a projective K3 surface, and let o,y = (A, Z) € V(X). Assume that
F — E — A is a distinguished triangle in A[—1].

(1) If E is a torsion-free sheaf, then A is a torsion-free sheaf.
(2) If E is a p,-stable locally free sheaf, then p,(F) < p,(A).

We remark that the proof of [7, Lemma 4.4] completely works.

Proof

One can easily prove the first assertion by taking cohomologies to the triangle
F — E — A. Thus let us prove the second assertion. Since F', E, and A are in
A[—1], we have an exact sequence of sheaves

*Namely, E has no nontrivial subobject in A[—1].
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0 — HO(F) E—L 54 HY(F) — 0,

where H*(F) is the ith cohomology of F.

Assume that HY(F) # 0. Since HO(F) is torsion-free, rankIm f < rank E,
where Im f is the image of the morphism f: E — A. Thus pu, (F) < po(Im f). By
using the fact that H'(F) € T(g.,, one can prove that s, (Im f) < i, (A). Thus
we have p,(E) < pe(A).

Assume that H°(F) =0. Thus F = H'(F). Then E is a subsheaf of A. If
rank I is not zero, then we have p,(A) < fw < p,(F'). Thus we have p,(E) <
1w (A). Suppose that rank F' = 0. If the dimension of the support of F' is 1, then
c1(F)w > 0. Hence we see that p,(F) < p,(A). Thus suppose that F' is a torsion
sheaf with dim Supp(F') = 0. Take a closed point x € Supp(F'). By taking the
right derived functor RHomx (O, —) to the triangle £ — A — F', we have the
following exact sequence of C-vector spaces:

Hom())((Om,E) — Homg((Oz,A) — Hom%(@x,F) — Hom& (0, E).

Since F is locally free we see Hom$% (O,, F) = Hom (O, E) = 0. Since z is in
the support of F, Homgf((’)gg7 F) should not be zero. This contradicts the torsion
freeness of A. Hence we have proved the assertion. O

LEMMA 4.7

Let X be a projective K3 surface, let Ly be an ample line bundle, let o(g .,y =
(A, 2)eV(X)L,, and let F — E — A be a distinguished triangle in A[—1]. We
put v(E) =75 ®0g ®sp. Assume that hom% (A, A) =1, both rank E' and rank A
are positive, and 6g =ngLgy for some integer ng.

(1) If v(E)? = =2, pw(E) < pw(A) < Bw and rgBLy — §pLo < w?/2, then
arg Z(E) < arg Z(A).
(2) Ifv(E)? 20, po(E) < pw(A) < fw, and
2 2
(reBLo — 5 Lo) (S +1) <

then arg Z(E) < arg Z(A).

TE

Proof
The proof is essentially the same as that of Lemma 4.2. We put L2 = 2d and
V(A)=rAP s Dsa with 64 =naLo+ va, where vy € NS(X)g with v4 Lo =0.
If we put ma =d4Lo € Z, then we have ng =m/2d.

Now we have

_v(A4)? ra —(nalo vi
Z(A)_ 27"A * 2 (w+ 1( A ﬂ)) 27‘A
2
= Zbo(A) — A
27",4

Since ¥4 <0 we have arg ZLo(A) < arg Z(A). Thus it is enough to show that
arg Z(E) < arg Z(A). We put A\g =ng —rpx and Ag =n4 — raz. We remark
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that both Ag and A4 are negative and Ag < As < 0 by the fact F' € A[—1]. Hence
we see

arg Z(F) < arg Z" (A) <= Na p(z,y) <0.

Now we have

A)? E)?
Nag(z,y)=dy*(rang —rpna) + d)\A)\E<n—E — n—A) + MAE — u)\A.
e TaA 2r4 2rg
Since p, (F) < po,(A) we see rang —rgna < 0. Thus we have
v(A)? v(E)?
Na g(z,y) < NA,E(%ZJ) =dy?(ranp —rena) + (4) g — (E) AA.
27“A 27"E

Since hom% (A4, A) = 1 we have v(A)? > —2. Thus we see

A v(E)2
N p(@,y) < Nl p(ay) = dy* (rang — rpna) — £~ 2E
’ ’ A 2rg

A-

Hence it is enough to show N} p(z,y) <0.
Let us show (1). Assume that v(F)? = —2, then

N4 p(@,y) = dy*(rang —rgna) — A + rg
A
< dyQ(TATLE — TE”A) — _E.
rA

Hence it is enough to show that
A
(4.6) dy*(rang —rpna) — =2 <0.
A
Recall that ny =m/2d for some integer m4 and d € Z. Then the inequality
(4.6) follows from the assumption
2
rEBLo —dpLo < %
Thus we have finished the proof.
Next we shall show (2). Assume that v(E)? > 0. Then we have

A E)?
N4 g(@,y) = dy?(rang — rpna) — == — u)\A
? A 2rg
E 2
< dy*(rang —rEna) — Ap — v(E) AE.
27’E
Hence it is enough to show that
E 2
(47) dyz(rAnEfrEnA)f)\Efu)\EgO.
QTE
The inequality (4.7) is equivalent to the inequality
-A E)?
(4.8) £ (”( L 1) <dy?,
ra(rema —rang)\ 2rg
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The last inequality (4.8) follows from the assumption
2 2
B
QT'E 2

Thus we have proved the assertion. O

(refLo— 5EL0)(

Similarly to the case of Corollary 4.3, we have the following corollary. We omit
the proof since the proof is as the same as the proof of Lemma 4.7.

COROLLARY 4.8

Notation and assumptions are as in Lemma 4.7. Furthermore we assume that
NS(X) =ZLy.
(1) Assume that v(E)? = =2, p,(E) < p,(A) < Bw, and (1/L3)(rgBLo —
SeLo) <w?/2. Then we have arg Z(E) < arg Z(A).
(2) Assume that v(E)? >0, p,(E) < pw(A) < Bw, and
1 v(E)? w?
= - <=
L% (refLo 5EL0)( 9 + 1) <5
Then we have arg Z(E) < arg Z(A).

TE

THEOREM 4.9

Let X be a projective K3 surface, let Lo be an ample line bundle, and let g ) =
(A, Z) e V(X)L,. Assume that E is a ur,-stable locally free sheaf. We put v(E) =
rg®op ®sg. Assume that g =ngLy and p,(E) < pw where ng € Z.

(1) Assume that v(E)* = =2. If (rgLo — 0gLo) <w?/2, then E is 05~
stable.

(2) Assume that v(E)? > 0. If (rgfLo — dpLo)((v(E)?/2re) + 1) < w?/2,
then E is (g, -stable.

(3) Assume that NS(X) =ZLg, and assume that v(E)* = —2. If

1 w?
— Lo — 6L —
L%(TEﬁ 0—0rLo) < 5
then E is (g, -stable.
(4) Assume that NS(X) =ZLg, and assume that v(E)% > 0. If

U(E)2 2

1 w
—(reBLo —5EL0)( 2 +1) <5

Lj
then E is 0 .,)-stable.

Proof

Since p, (E) < fw, E is in A[—1] and arg Z(FE) < 0. Suppose to the contrary that
E is not o(g,,)-stable. Then there is a o(g,)-stable object A such that A is a
quotient of F in A[—1] with arg Z(A) < arg Z(F). Thus we have a distinguished
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triangle in A[—1]:
F E A F.

By Lemma 4.6, A is a torsion-free sheaf with p,, (E) < i, (A). Since A is in A[—1],
we see that p,(A) < pw. If p,(A) = Bw, then the imaginary part of Z(A) is zero.
Thus A is 0(g,,)-stable with phase zero. This contradicts arg Z(A) < arg Z(E) <
0. Hence p,(A) < fw. Then we see that arg Z(E) < arg Z(A) by Lemma 4.7
whether v(E)? = =2 or v(E)? > 0. This is a contradiction. Thus E is 0(gu)-
stable.

The proofs of (3) and (4) are essentially the same as that of Theorem 4.9. One
can easily show these assertions by using Corollary 4.8 instead of Lemma 4.7. [J

5. First application

The goal of this section is to prove Theorem 5.4 as an application of Corollaries
4.4 and 4.9. We shall give a classification of fine moduli spaces of Gieseker stable,
torsion-free sheaves on a projective K3 surface with Picard number one. In this
section the pair (X, L) is called a generic K3 if X is a projective K3 surface and
NS(X) is generated by an ample line bundle.

We shall start this section with an easy observation. Suppose that E is a
Giescker stable, torsion-free sheaf on a generic K3 (X, L). Since E is Gieseker
stable we have v(E)? > —2. Assume that v(E)? = —2. Then hom¥ (E, E) = 0.
Thus FE is a spherical sheaf. It is known that E is a p-stable locally free sheaf
(for instance, see [7, Proposition 5.2]). Thus the notion of p-stability is equivalent
to the notion of Gieseker stability if v(E)? = —2.

Next we consider the case v(E)? > 0. The following proposition plays a key
role in this section.

PROPOSITION 5.1

Let X be a projective K3 surface, and let L be an ample line bundle. Assume that
E is a Gieseker stable, torsion-free sheaf with respect to L with v(E)? = 0.

(1) Assume that rank E > 1. If E is p-stable with respect to L, then E is
locally free.

(2) Assume that NS(X)=ZL. If E is locally free, then E is p-stable with
respect to L.

In particular if NS(X)=ZL and rank E > 1, then the following holds: If E
is mot u-stable locally free, then E is neither u-stable nor locally free.

Proof

The first assertion was proved in step (vii) in the proof of [4, Proposition 4.1].
Hence, let us prove the second assertion. For any F € D(X) we put v(F) =

rep®dop ®sp. Assume that E is not p-stable. Then there is a p-stable subsheaf

A of E such that ur(A) = ur(F) and the quotient E/A is torsion-free. Since E

is locally free, A is also locally free. We remark that pr,(A) < pr(E) since E is
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Gieseker stable. We remark that sa/ra < sg/rg by pr(A) = pr(E). Hence we
have

Thus v(4)2 > 0.

We choose 0 g,y € V(X) such that ju,(E) = p(A) = fw. Then E is 0(g -
semistable with phase zero, and A is o(g .,)-stable with phase zero by Proposi-
tion 4.5. Since (g ) is locally finite we have a distinguished triangle

A B E/A,

where all stable factors of A’ are A and hom$% (A", E/A’) = 0. Then by Lemma 2.3,
we see hom’ (A’ A’) < 2. Thus v(A’)2 < 0. However, since A’ is an extension of
A, we have v(A’) = (v(A) for some ¢ € N. Thus v(A4’)? = (?v(A)? > 0. This is a
contradiction. Hence FE is u-stable. O

Suppose that (X, L) is a generic K3, and take an element v =r$&d® s € N (X)
with 7 > 0 and v? > —2. We define subsets of V(X) depending on v.
Case 1: v2 = —2. We have

dw 1 w?
Vit i={o(pw € VIX) | Bw < =2, (6L —rBL) < |,

0(Bw) €

{ o EVI(X
{a(m e V(X 5w>57w,2—i(5L—r6L)§%2}.

Case 2: v? > 0. We have

V= {U(M eV(X)|fw< 57‘” %(M —rgL) (; + 1) < %2}
VO .= {aw,w) eV(X) | fw= 57”}

2 2

Vi = {om e V0| Bo> 2 oL —rsn (1) <2}

For instance, take a Gieseker stable, torsion-free sheaf E on (X,L) with
v(E)? =0, and put v =v(E) =r®§®s. Then the picture of the sets V&, V0,
and V,~ is given by Figure 1. In Proposition 5.2 (below), we show that the set
VY is a wall if and only if E is not p-stable locally free but Gieseker stable

torsion-free.

PROPOSITION 5.2
Let (X, L) be a generic K3, and let E be a Gieseker stable, torsion-free sheaf with
v(E)?>0.

(1) If the sheaf E is not locally free, then E is not o-semistable for any

o€ VU(E)
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VO

Figure 1

(2) If the sheaf E is not u-stable, then E is not o-semistable for any o €
Vie):

(3) Take an arbitrary o € VU?E). For the sheaf E, the following three condi-
tions are equivalent:

(i) FE is o-stable,

(ii) FE is o-semistable, and

(iil) E is p-stable and locally free.

Proof
For an object F' € D(X) we put v(F) =rp®Jdp ® sp. Take an arbitrary element
op = (A, Z) S V;;_(E)

Let us prove assertion (1). Suppose to the contrary that E is og-semistable.

Since F is not locally free, we have the following distinguished triangle by taking
double dual of E:

S[-1] E EVY,

where S = EVV/E. Note that S is a torsion sheaf with dim Supp(S) = 0. Hence
S[—1] is oo-semistable with phase zero. Since o9 € V) ) we see that JmZ(E) <0.
Hence E is o-semistable with phase ¢ € (—1,0). Thus arg Z(F) < arg Z(S[-1]),
and Homy (S[—1], E) should be zero. This contradicts the above triangle. Hence
FE is not og-semistable.

Let us prove assertion (2). Suppose to the contrary that E is o¢-semistable.
Since E is not p-stable, there is a torsion-free quotient A of E such that A is u-
stable with py(A) = pr(E). Since E is Gieseker stable we have pr(E) < pr(A).
Thus we see that sg/rg < sa/ra. Moreover we can assume that A is locally
free. In fact, if necessary it is enough to take the double dual of A. Then we see
that pr(AYY)=pur(E), sp/re < savv/ravv, and AV is p-stable. Thus we can
assume that A is a p-stable locally free sheaf. Note that Hom% (E, A) # 0.
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We show V7 ) C V-

(A" Note that

raBL — §AL_TA(BL7—L> _rA(BL—(S—EL>
(5.1) }
<rg (ﬁL - iL) —rpfL — oL

Here by the fact that NS(X) =ZL, we have SL — (dg/rg)L > 0, from which the
inequality above holds.
Since A is p-stable we have v(A4)? > —2. By the definition of Vi(a)> we have

to consider two cases. We first assume that v(A)? = —2. Since v(E)? > 0, we have

v(E)?

27“E

1<

+ 1.
Then we see
v(E)?
raBL — 0L < (reBL —dpL) (éTE) + 1).

Hence we see V w(E) C VJ(A) by the definition of VJ(E)'
Next suppose that v(A)%? > 0. Then by using the fact that NS(X) = ZL we
have

52
- (G 22
’r‘ TA
52 SE
5.2 (_E _2_)
(5:2) < % rp "
52 E)?
<( QE—QS—E)TEZU( ) .
g TE TE
By two inequalities (5.1) and (5.2) we see

(rAﬂL—cSAL)< é i

) (reSL — 6pL) (”;f: + 1).

Thus we have proved VJ(E) C V;( )
Recall that A is a p-stable locally free sheaf. Since the stability condition og
is in VJ(A), A is op-stable by Theorem 4.9. Now we have

()
v 2 v v
R e R )

_Z(B)  v(4)? u(E)

rE 2r% 2rs,
Here we used the fact NS(X) = ZL in the second equality. Since pur(A) = pr(E),
sp/rE < sa/ra, and NS(X) =7ZL, we see that (v(A)?/2r%) — (v(E)?/2r%) is a
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negative number. Hence we see that

Z(A Z(E
arg ( )<arg ( )
TA TE

This contradicts Hom% (F, A) # 0 since both A and E are op-semistable. Thus
F is not og-semistable.

Let us prove the third assertion. We claim that (a) = (b) = (¢) = (a).
The first claim (a) = (b) is trivial. The second claim (b) = (c) follows from the
contrapositions of Propositions 5.2(1) and 5.2(2). The third claim (¢) = (a) is
nothing but Theorem 4.9. Thus we have finished the proof. O

Take a stability condition (g, € V(X) and a p-semistable torsion-free sheaf E
with p, (E) = fw. By Proposition 4.5, if E is not a p-stable locally free sheaf, then
E is properly o-semistable. Hence it makes sense to consider a Jordan—Holder
filtration of E with respect to o(g .-

LEMMA 5.3
Let X be a projective K3 surface. Take a o) € V(X). Assume that E is a
L -semistable, torsion-free sheaf with p,,(E) = Pw and that the filtration

0=EyCFiCEyC---CE,1CE,=F

E,/E;_1 (1=1,2,...,n) is a p,-stable, torsion-free sheaf with p,,(A;) = ).
Then o-stable factors of E consist of all A}V and o-stable factors of AVV/A 1
(i=1,2,...,n).

is a Jordan—Hélder filtration of E with respect to ., -stability. Namely, A; =
oo
-

]

Proof
We put 0 =0, All A; (i=1,2,...,k) are o-semistable by Proposition 4.5. If
we obtain JH filtrations of A;, we can construct a JH filtration of E by combining
JH filtrations of A;. Hence it is enough to prove the assertion for p-stable, torsion-
free sheaves.

Suppose that A is a u,-stable, torsion-free sheaf with p,(A4) = fw, and put
Sa =AYV /A. Then we have a distinguished triangle:

SA[_I] A A\/\/ SA.

Since the dimension of the support of S4 is zero, there are finite closed points
{x1,22,...,2,}* such that

0 Oy, F F_y F.=54

*There may be ¢ and j in {1,2,...,k}, so that z; = ;.
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Since O, (1=1,2,...,k) and AVY are o-stable, these are o-stable factors of A,
and the JH filtration of A with respect to o is given by

0 O, [-1] Fo[-1] — -+ —— Fr1[-1] Sa[-1] A

AN ~ ~ ~
~ ~ ~ ~
ms / m\\\ / u\\\ / RN

Oa,[-1] Oa, [-1] Ou[-1] A

Thus we have finished the proof. O

In the next theorem, we give a classification of moduli spaces of Gieseker stable,
torsion-free sheaves on a generic K3 (X, L). Let Y be the fine moduli space of
Gieseker-stable, torsion-free sheaves with Mukai vector v = r®d @ s and with
v2 =0, and let £ be a universal family of the moduli Y. We define an equivalence
®c:D(Y)— D(X) by

Be (=) =R (€ & i (),

where mx (resp., 7y ) is the projection X x Y — X (resp., X xY = Y). To avoid
the complexity in notation, we write V* (resp., V? and V) instead of Vj('@(o »
(resp., Vu0(q>(oy)) and Vu_(@(oy))) for the given equivalence ®¢ : D(Y) — D(X).

THEOREM 5.4

LetY be the fine moduli space of Gieseker-stable, torsion-free sheaves on X with
Mukai vector v=r®5®s and v2 =0. Suppose that £ is the universal family of
Y and that ®¢ is the equivalence induced by &.

(1) Ifr is not a square number, then'Y is the fine moduli space of a p-stable
locally free sheaf.

(2) Assume that r is a square number. Then one of the following two cases
occurs:

(a) Y is the fine moduli space of p-stable locally free sheaves.

(b) Y is the fine moduli space of properly Gieseker stable, torsion-free sheaves
andY is isomorphic to X. Moreover ®¢ is the spherical twist by a spherical locally
free sheaf up to an isomorphism'Y — X.

Proof

We note that Y is either the fine moduli space of properly Gieseker stable, torsion-
free sheaves or the moduli stable of a p-stable locally free sheaf by Proposition 5.1.
Let ®¢, be a natural map ®g, : Stab(Y) — Stab(X) induced by ®¢. We put
&y = ®£(Oy). Then for any o € V*t, &, is o-stable by Theorem 4.4, and the
phase of &, does not depend on y € Y. Hence we see that VT C @, U(Y).

If VON®.U(Y)#0, by using Proposition 5.2 we see that any &, is a u-
stable locally free sheaf as follows. Since ®¢,.U(Y) is open, there exist o € V9
and an open neighborhood N, of o in V° such that N, C ®¢,U(Y). And then
N, intersects the set V. Thus we see that &¢, U(Y) NV~ is not empty. Then
by Proposition 5.2, we see that £, is a u-stable locally free sheaf for all y € Y.
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Suppose to the contrary that V0N &g, U(Y) = (). We first show that V0 is
contained in the boundary 9®¢.U(Y) under the assumption VO N @, U(Y) = 0.
Since VY is in the closure of V*, V0 is also in the closure of ®¢,U(Y). Then
we claim that V~ N @, U(Y) =0. In fact, if V- N @, U(Y) #0, then &, is a
p-stable locally free sheaf for all y € Y by Proposition 5.2. Moreover V° is in
®¢,U(Y) by Proposition 4.5. This contradicts VO N ®¢,U(Y) = 0. Hence we see
that V~ N @, U(Y) =0. Thus V° is contained in the boundary 9(®¢.U(Y)).
Moreover any o € V0 is general in 9(®¢,.U(Y')) since there are no walls in V(X).

Take a stability condition oy € V°. Recall that the Picard number of X is 1.
Since Y is a Fourier—-Mukai partner of X, the Picard number of Y is also 1. Since
there is no (—2)-curve in Y, O, is properly @gjoo—semistable for all y € Y by
Theorem 3.4. Hence &, is not op-stable but oy-semistable. Moreover we see that
&y is not a locally free sheaf by Propositions 5.1 and 5.2. Hence we have the
following distinguished triangle by taking the double dual of &£,:

Syl—1] &y &)Y Sy,
where S, = £/V/E, #0. By Lemma 2.3, we see that
hom’ (S, S,) =2 and homﬁ((é'yvv, g/Y)=0.

Thus there is a closed point € X such that S, = O,. Since oy is in V(X), O,
is a og-stable factor of £,. By Theorem 3.4, Eyvv is a direct sum of a spherical
object S. Since 5;/ V' is a locally free sheaf, S is also a locally free sheaf with
pr(S) = pr(E)Y). Thus we can put £V = S

Since v(€,) =v(&;/Y) —000& 1, we have

(5.3) Ozv(Ey)2zv(é’;/V)Q—2<v(€yvv),v((’)m)>.
Furthermore we have v(£,V)? = —2/* and
(v(&)Y),v(0q)) = —rank &)Y = —rank &, = —r.

Thus we have
202 = 2r.

Hence if r is not a square number, then we have VYN &g, U(Y) # 0. Thus &, is
a p-stable locally free sheaf for all y € Y by Proposition 4.5. This gives the proof
of assertion (1).

Suppose that rank &, is a square number. Then a JH filtration of &, is given
by the following triangle:

Oa:[_ 1] 5?/ S@T Oz

Since O,[—1] is the unique stable factor of &, with an isotropic Mukai vector,
one of the following two cases will occur by Theorem 3.4 and by the uniqueness
of stable factors up to permutations.

(i) For any y €Y, there is a closed point z € X such that ®¢ o T(0,) =
O,[—1] where B is a spherical locally free sheaf on Y and Tp is the spherical
twist by B.
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(ii) For any y € Y, there is a closed point z € X such that ®¢ o T5'(0,) =
0O.[—1] where B is a spherical locally free sheaf on Y.

We remark that B does not depend on y by Theorem 3.4.

Assume that case (i) occurs. Then, as is well known, there is a line bundle M
on X and an isomorphism f:Y — X such that g oTp(—) =M ® f.(—)[-1]."
Thus we have

(5-4) Pe(0y) =M @ f (T (0y))[-1].

Then the right-hand side of (5.4) is properly complex and the left-hand side is a
sheaf. This is contradiction. Hence case (ii) should occur. Then ®¢(—) is given
by M ® f.(Tp(—))[—1]. This gives the proof of assertion (2). O

REMARK 5.5

As is well known, any Fourier—Mukai partner of K3 surfaces is isomorphic to fine
moduli spaces of Gieseker stable sheaves by [9], and the equivalence between them
can be chosen as the Fourier—Mukai transformation by the universal sheaf. Then,
by Theorem 5.4, we see that any nontrivial Fourier—-Mukai partners of projective
K3 surfaces with Picard number one are isomorphic to fine moduli spaces of
u-stable locally free sheaves. This gives another proof of [4, Proposition 4.1].
Remarkably, we do not use the lattice theory except Orlov’s theorem.

EXAMPLE 5.6

Let (X, L) be a generic K3, and let E be a Gieseker stable, torsion-free sheaf
with v(E) =r@®nL®s. Since NS(X) =ZL, E is p-stable if ged{r,n} =1 by
[5, Lemma 1.2.14]. Then FE is a p-stable locally free sheaf by Proposition 5.1.
Moreover if ged{r,nL? s} =1, then the moduli space containing F is a fine
moduli space.

Let (X, L) be a generic K3 with L? = 6. Take v € N'(X) as v =12® 10L & 25.
Then by [5, Corollary 4.6.7] the moduli space M, (v) of Gieseker stable, torsion-
free sheaves with Mukai vector v is the fine moduli space since ged{12,10L?,25} =
1. By Theorem 5.4, My (v) is the moduli space of up-stable locally free sheaves,
although ged{12,10} = 2.

6. Second application

The goal of this section is to generalize [7, Theorem 1.1] to arbitrary projective
K3 surfaces.

In [7] the author describes a picture of (T7,).U(X) NV (X) by using [7, The-
orem 1.2] where T7, is a spherical twist by an ample line bundle L. Instead of the
theorem we use Lemma 6.1 (below). Before we state the lemma we prepare the
notation. Let X be a projective K3 surface, and take an ample line bundle L.
For the line bundle L we define the subset V;° of V(X) by

*For instance see [3, Corollary 5.23].
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2
w
Vit i= {0 € V(X)L | L - BL< .

The following lemma, a special case of Lemma 4.4, is frequently used in this
section.

LEMMA 6.1

Notation is as above. The set V;7° is contained in Tr.U(X).

Proof

Recall that Ty, (0,) = L ® Z,;[1] where Z, is the kernel of the evaluation map
Ox — 0,. If 6 is in V%, then L ® Z, is o-stable for all z € X by Theorem 4.4.
Furthermore the phase of L ® Z,, does not depend on x € X. Thus we have proved
the assertion. 0

The following lemma is also used in [7]. By using Lemma 6.2, we can see that
®(0,) is a sheaf up to shifts if an equivalence ® : D(Y) — D(X) satisfies the
condition &, U(Y) =U(X).

LEMMA 6.2 ([2, PROPOSITION 14.2], [10, PROPOSITION 6.4])
Let X be a projective K3 surface, let E be in D(X), and let 0., = (A,Z) €
V(X). We put v(E)=rg®opDsg.

(1) Assume that rg >0 and E € A. If there exists a positive real number £y
such that E is 0(g g,)-stable for all £ > {y, then E is a torsion-free sheaf and is
(B,w)-twisted stable.

(2) Assume that rg =0 and E € A. If there exists a positive real number {o
such that E is 0(g 4)-stable for all £ > Ly, then E is a pure torsion sheaf.

In [7] the author proves that some spherical twists send sheaves to complexes in
some special cases. In the following lemma we generalize this result to arbitrary
projective K3 surfaces.

LEMMA 6.3

Let X be a projective K3 surface, and let E and A be coherent sheaves with posi-
tive rank. We assume thatv(E)? =0 andv(A)? = =2 and put v(E) = rp ®0p ® sg
and v(A) =raDosaDsa.

(1) If (6p/rE) = (04/T4))* 2 0, then x(A, E) > 0.

(2) In addition to (1), assume that A is spherical and hom% (A, E) = 0.
Then the spherical twist Ta(E) of E by A is a complex H°(To(E)) #0 and
HY(TA(E)) £0.

Proof
We first show the first assertion. Since rg and 74 are positive, it is enough to
show that (x(4, E))/(rarg) is positive. We have
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X(4, E)

TATE

1 S 1 s
—-(162 02,192 o 2E)
ra Ta e TE

5A+3_E_5A5E

rA TR TATE
Since v(A)? = —2 and v(E)? =0 we have

sa 164 1 sp 16%

TREE A TR
Thus we have

X(A,E) 165 1 163 dade

TATE _57"% 7'?4 27% TATE
1/6 0p\2 1

:_(—A——E) +—2>0.
2\ryp  TE T4

Thus we have proved the first assertion.

We show the second assertion. By the assumption and Lemma 6.3(1) we have
X(A, E) = —hom¥ (A, E) + hom% (A, E) > 0. Hence hom% (4, E) is not zero. By
the computing of the ith cohomology H'® of T(E), we can prove the assertion.
In fact we have the following exact sequence of sheaves:

Hom% (A, E)® A E HO

——— Hom%(4,E)® A 0 H'
—— Hom% (4, E)®@ A —— 0.

Since hom% (4, E) is not zero, we see that H' # 0. Since hom$% (4, E) is zero, the
sheaf H? contains E. Thus H? is not zero. (]

For an equivalence ® satisfying the condition ®¢,U(Y)=U(X) and for a closed
point y € Y, it is enough to prove ®(O,) = O4[n] for some z € X and n € Z.
By Lemma 6.2, if ®,U(Y) =U(X), then ®(O,) should be a sheaf up to shifts.
Thus we have to exclude the case in which ®(0O,) is a torsion-free sheaf F or pure
torsion sheaf T' with dim Supp(7T) =1 (up to shifts). If the Picard number of X is
one, then it is not necessary to consider the case ®(0,) =T with dim Supp(T) =1
since v(®(0,))? = 0. We need the following lemma to exclude the case ®(O0,) =T
with dim Supp(T) = 1.

LEMMA 6.4

Let X be a projective K3 surface, let E be a pure torsion sheaf with dim Supp(FE) =
1, and let L be a line bundle on X . If x(L,E) <0, then the spherical twist Ty, (F)
of E is a sheaf containing a torsion sheaf or is properly compler. In particular
TL(E) is not a torsion-free sheaf.

Proof
We have hom (L, E) # 0 by x(L, E) < 0. We can compute the ith cohomology
H' of T;,(E) in the following way:
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0 —— H!

——— Hom% (L, E)® L E H°

——— Hom(L,E)® L —— 0.

Since hom (L, E) # 0 we see H° # 0.

Suppose that Hom% (L, E) = 0. Then H~" = 0. We can easily see that H* =0
if i #£0. Hence T (E) is a sheaf containing the torsion sheaf E.

Suppose that Hom% (L, E) # 0. Since E is torsion, H~! is not zero. Thus
T (E) is a complex. a

In Proposition 6.5 and Corollary 6.6, we generalize [7, Theorem 6.6].

PROPOSITION 6.5
Let X be a projective K3 surface, and let E be in D(X) with v(E)?> =0. We put
’U(E) =rp®igPsg.

(1) Suppose that rg #0. Then there is a 0 € V(X) such that E is not
o-stable.

(2) Suppose that rg =0 and E is o-stable for all o € V(X). Then E is Oy-[n]
for some closed points x € X and n € Z.

Proof

Let us prove assertion (1). Suppose to the contrary that E is o-stable for all
o € V(X). Since rg # 0 we can assume that rg > 0 by a shift if necessary. We
choose a stability condition (g, .,) = (Ao, Zo) € V(X) so that (0pwo)/rE > Bowo
and wy is an integral class. Since (dgwo)/TE > Bowo, the imaginary part JmZy(E)
of Zy(E) is positive. Hence there is an even integer 2m such that E[2m] is in Aj.
By replacing E with E[2m], we may assume that E is in Ag and rg is positive.

We consider the following one-parameter family of stability conditions

{00:= 0(8,000) €V(X) [ £€R50}.

We put oy = (A, Z). By Lemma 6.2(1), E'is a (8o, wo)-twisted stable torsion-free
sheaf.
We choose am ample line bundle L satisfying the following conditions:

(1) ¢1(L) = nwy where n is a positive integer,
(2 ) :uwo( )>Nwo(E)7

(3) ((9/rE)—L)*>0,

(4) rg —x(L,E) <0.

This choice is possible if we take a sufficiently large n. Since FE is twisted stable,
E is p-semistable with respect to wg. Thus hom% (L, E) = 0 by the second con-
dition for L. Hence T (E) is a complex H(T(E)) #0 and H' (T (E)) #0 by
Lemma 6.3.
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Now we put E' =Ty (F)[1] and v(E') =7 ®§ @ s'. Since ' = x(L, E) — rg,
7’ is positive. We choose a divisor 3 so that

/
B=bL (beR)  and 5w0<min{Lw0,5#}.

We consider the following family of stability conditions:

Ln)2
{Uy =0 yLe) € VL[ L§—BLo < @}

We put o, = (Z,,Py). By Lemma 6.1, a stability condition o, is in (77,).U(X).
Since E is 7-stable for all 7 € U(X), the object E’ is (Tf).7-stable. Thus E’ is
oy-stable since oy is in (77).U(X). By the choice of 5 we have JmZ,(E’) > 0.
Hence E’ should be a torsion-free sheaf up to shifts by Lemma 6.2(1). This
contradicts the fact that two cohomologies of E’ survive.

Let us prove assertion (2). We choose an arbitrary stability condition
T(Bo,wo) = (Ao, Zo) € V(X) and fix it. Since E is 0(g, .,)-stable we can assume
that F is in Ag by shifts if necessary. By taking a limit wg — co we see that E
is a pure torsion sheaf by Lemma 6.2(2).

We shall show dr = 0. Suppose to the contrary that ég # 0. Then dgL is
positive for any ample line bundle L. Thus there is a sufficiently ample line
bundle Ly such that x(Lg, F) < 0. Here we put v(Tr,(E)) =r®d @ s. Since r =
—x (Lo, E), we see r > 0. Similarly to (1) we consider the following family of
stability conditions:

(yLo)*
{cry = 0(0,yLo) = (Ay, Zy) | L < 5 }

Since fir,(Lo) = L3 >0, o, is in (T1,).U(X) by Lemma 6.1. Moreover we have
6Ly _ 05— x(Lo, E)Lo

T T
Thus IJmZ, (T, (E)) > 0. Hence we can assume that 77, (E) is in A, up to even
shifts. By Lemma 6.2(1), Tr, (E) should be a torsion-free sheaf. This contradicts
Lemma 6.4. Thus we have dg =0.
Since dg =0, F is a pure torsion sheaf with dim Supp(E) = 0. Since F is
o-stable we have hom% (E,E) = 1. Thus E is a length 1 torsion sheaf up to
shifts. We have proved the assertions. O

Lo>0.

COROLLARY 6.6
Let X be a projective K3 surface, and let E be in D(X) with v(E)?=0. If E is
o-stable for all 0 € V(X), then E is Oy[n] for some x € X and n € Z.

Proof
We put v(E) =rg @0 ®sg. If rg #0, then this contradicts Proposition 6.5(1).
Hence rg = 0. The assertion follows from Proposition 6.5(2). O
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THEOREM 6.7
Let X and'Y be projective K3 surfaces, and let ® : D(Y) — D(X) be an equiva-
lence. If &, U(Y)=U(X), then ® can be written as

(—) =L fu()n]

where L is a line bundle on X, f is an isomorphism f:Y — X, and n € Z.

Proof

Take an element o € Stab(X). By the definition of GL" (2,R)-action we see that
an object F is o-stable if and only if E is og-stable for all § € GL* (2,R). Hence
it 2, U(Y)=U(X), then ®(0O,) is written by Oy[n] for some z € X and n € Z
by Corollary 6.6. Then the assertion follows from [3, Corollary 5.23]. ]

Then we immediately obtain the following corollary.

COROLLARY 6.8
We put

Aut(D(X),U(X)) := {® € Aut(D(X)) | ®.U(X) = U(X)}.
Then Aut(D(X),U(X)) = (Aut(X) x Pic(X)) x Z[1].
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