A metric linear space is an open cone

George Michael

Abstract In this paper we show that a metrizable topological vector space over R is
topologically an open cone. This generalizes the partial results obtained by Henderson.

If X, Y are topological spaces and if A closed C X, then the reduced product
of X and Y over A, which we denote by (X X Y)_4, is defined by (X xY)4 =
((X\A) xY)U A with the topology given by {U x V : U open C X\ A, V open
CYIU{((UNA) xY)U(ANU):U open C X} (see [3, p. 25]). In particular, an
open cone C(X) over a topological space X is defined as C'(X) = (R4 x X){y.

A metric topological vector space T over R has an F-norm; that is, a function
|-]: T — Ry satisfying

(1) |z|=0iff z=0,
(2) |z +yl <l|z[+ |yl
(3) Az|<|z| forall \e R, -1 <A <1,

and do(z,y) = |z — y| is a translation invariant metric defining the topology of
T (see [6]). Replacing the F-norm by the F-norm |z| = f01|tsr|dt7 we obtain
another metric defining the T-topology, and it has the Eidelheit—Mazur property;
that is, for all 0 £z € T, d(t12,0) < d(tax,0) for all ¢1,t3 € R with ¢; < {2, and
we may assume that d <1 (see [4], [7]). In this paper we shall always assume
that the F-norm on T and its induced metric have these properties. T' is said
to admit arbitrary short lines if for all € > 0, there exists 0 # xz € T' such that
sup,cp |tz| <e.

In [8, Lemma 1.1] and [9, Lemma 2] Henderson showed that some special
classes of metric topological vector spaces over R are topologically open cones.
In particular, this result holds for infinite-dimensional locally convex metric linear
spaces (see [8, Lemma 1.1]) by virtue of a peculiar topological property of these
spaces (see [2, Proposition 1.1]). In this paper, we show that this property holds
for any metric linear space that admits arbitrary short lines (see Proposition 3).
This will enable us to establish that every metric topological vector space over
R is topologically an open cone (see Theorem 4).

Recall that if T is any Hausdorff topological vector space over R, then an
open neighborhood of 0 in 7 is called shrinkable if [0,1)U C U, and the Minkowski

Kyoto Journal of Mathematics, Vol. 52, No. 4 (2012), 833-838

DOI 10.1215/21562261-1728893, © 2012 by Kyoto University

Received December 6, 2011. Accepted May 7, 2012.

2010 Mathematics Subject Classification: Primary 57N17; Secondary 57N20.


http://dx.doi.org/10.1215/21562261-1728893
http://www.ams.org/msc/

834 George Michael

functional p of U is the function p: T — Ry defined by p(x) = inf{t >0:xz € tU}.
It follows that

(1) p(te) =tu(x) for all t e Ry,

(2) p~1([0,1)) =U and p~'([0,1]) =T,

(3) tUgtlU for 0 <t<ty,
so that p=1([0,£)) = U,, ., t2U and p=*((t,00)) = U,,~,(T — t1U); hence, p is
continuous. Note that open shrinkable neighborhoods of 0 in T" form a local basis
at 0 (see [10, Theorem 4]) and that shrinkability is the precise condition that
guarantees the continuity of the Minkowski functional of an open star-shaped
neighborhood of 0 (see [10, Theorem 5]).

We shall need two lemmas.

LEMMA 1

Let T be a metrizable topological vector space over R, let U be an open shrink-
able neighborhood of 0 in T, and let p be the Minkowski functional of U. Then
T\u=1(0) U {0} is topologically an open cone.

Proof
Let d be a translation-invariant metric bounded by 1 that defines the T' topol-
ogy and that has the Eidelheit-Mazur property. Then d;(x,y) = max(|u(x) —
w(y)|,d(x,y)) is a metric that defines the T topology and again it has the
Eidelheit-Mazur property. Note that for z € T'\x=*(0), we have sup{d; (tz,0) : t €
R, } = +00. We have a homeomorphism g: T\p=1(0)U{0} — C(pu~1(1)) defined
by

_ {<d1<z,o>,z/u<z>>, 2#0

9(2) =
0, z=0

whose inverse is defined by g7 : C(u=1(1)) — T\p~1(0) U {0},
{gfl()\,z)} =RizN{weT:d(w,0)=A}
for all A€ R, A >0 and g~ '(0) = 0. O

LEMMA 2
There exists a homeomorphism

h=(h1,h2): (RN x (0,00)) U{(0,0))} = R" x (0,00)
such that hi((x,t)) —x € Y. R for all x € R h((0,0)) = (0,1) and h=id on
RY x (2,00).

Proof
Let Co = RN x (—00,2), and let

1 1 1 1 1
Cn:{XERN:—2—n<xi<2—n forlgignandmn+1>—2—n}x (—2—n,2—n).
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Then (Cp)n>o0 is a fundamental system of open (convex) neighborhoods of (0,0)
in RY x R. Now [1, Lemma 1.4] provides a homeomorphism

Pn = ((pn)la(pn)Q) : (én\cn—o—laacnaacn—o—l)
- (RN x[1-n,2—n],RY x {2—n},RY x {1 -n})

such that (p,)1(x,t) —x € Y. R for all (x,t) € C,,\Cpy1, for all n>0.
Define inductively the sequence of homeomorphisms p,, n >0,

p’/n = ((p{n)l’ (p;L)Q) : (6n\cn+1a80na80n+l)
- RN x[1-n,2-n],RY x {2—n},RY x {1 —n})

such that p), = pl, .1 on 0Cn11, (P))1(x,t) —x € >R for all (x,t) € Co\Cpt1,
and pj, = id on dCy. For n =0, let Py be the homeomorphism of RM x [1,2]
defined by Py(x,t) = ((pg 1)1(x,2),t), and set pj = Py o py so that p) =id on
0Cy and (pp)1(x,t) —x € SR for all (x,t) € Co\C;. Assume that pj has been
defined satisfying the required conditions for all 0 < k <n. Let P, 1 be the home-
omorphism of RY x [—n,1—n] defined by Pni1(x,t) = ((pl, opj11)1(z,1—n),t),
and set pj, 1 = Pny1 0 ppg1 so that p oy =p;, on 0Chy1, and (p1q)1(x,t) —
x € 3R for all (z,t) € Cp,11\Crya. The sequence of homeomorphisms p/,,n >
0 patch up to form a homeomorphism a = (aj,az) : (RN x R)\{(0,0)} —
R”Y x R such that a;(x,t) —x € YR for all (x,#) € R xR and a =id on
RY x (2,00).
Let Dy = (RY x (0,2)) U{(0,0)}, and let

1 1 1 1
Dn:<{x€RN—2—n<xz<2—nforlgzgnandmn+1>—2—n}x(0 ))

U {(0,0)}.

Then (Dy)n>0 is a fundamental system of open (convex) neighborhood of (0,0)
in (RN x (0,00)) U{(0,0)}. We have a homeomorphism, for all n >0,

qn = ((qn)h (qn)Q) : (En\Dn+1vaDmaDn+l)
- (RY x[1-n,2—n],RY x {2—n},RY x {1 —n})
defined by

(Qn) 1 (X7 t)

(L (@) o
- (10 G ) e ) s )

)= 1*(Mn+1((xat)))71 —-n
V78 (7)) e ()

where 1, is the Minkowski functional of C), (note that u,((x,t)) depends only
on t and the first n + 1 coordinates of x).
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Similar to the previous inductive construction of the homeomorphisms
pl,,n >0, we obtain a sequence of homeomorphisms ¢,,n >0,

qu = ((Q;L)1>(Q;z)2) : (Bn\DnJrlvaDnaaDnJrl)
- (RY x[1=n,2—n],RY x {2—n},RYN x {1 —n})

such that ¢, = ¢}, on 9Dy 11, (¢,)1(x,t) —x € >R for all (x,t) € D;\Dpy1
and ¢(, =id on 9Dy. The sequence of homeomorphisms ¢/,,n > 0 patch up to form
a homeomorphism b = (by,b2) : RY x (0,00) = RY x R such that b;(x,t) —x €
YR for all (x,t) € RY x (0,00) and b=1id on RY x (2,00). Note that the
homeomorphism a= o b: RY x (0,00) = (RY x R)\{(0,0)} extends to a home-
omorphism K : (RY x (0,00)) U{(0,0)} - R”" x R, which on composing with
the homeomorphism L : RY x R — RN x (0,00) given by

(2,€"), t<0,
L(z,t) =9 (z,1+ %), 0<t<2,
(z,t), t>2,

we obtain the sought homeomorphism h satisfying all the required properties.
O

The following proposition shows that the property established in [2, Proposi-
tion 1.1] for infinite-dimensional locally convex metric linear spaces holds also
for metric linear spaces that admit arbitrary short lines.

PROPOSITION 3

Let T be a metric topological vector space over R that admits arbitrary short
lines. Then (T x (0,00)) U{(0,0)} is homeomorphic to T x (0,00).

Proof

Let |- | be the F-norm on T, and let 7' be the completion of T' (see [6]). By
assumption, there exists (e, )n>1 € T\{0} such that sup{|te,|:t € R} < 1/4™ for
all n>1, so that £ = > - n<1 Rey, is a subspace of T topologically isomorphic to
RY (see [5]). We identify £ and RN by this isomorphism. Note that Michael
selection theorem provides a continuous section s: (T'+ E)/ E — T+ E such that
$(0) = 0 (see [3, p. 87]) so that T is homeomorphic to {(w, 2) € E x (T + E)/E :
w+s(z)eT}.

Fixing a homeomorphism m : R — [2 such that m(0) =0 (see [3, p. 189])
and appealing to [9, Proposition 3.1], we obtain a homeomorphism K : RV x
[0,1] — (RM\{0} x (0,1]) U (RY x {0}) defined by K(x,t) = (fi(x),t), fo = id.
Therefore, with the above identification of E and RY, we see that 7" is homeomor-
phic to {(w,z) € E\{0} x (T + E)/EU{(0,0)} : p o K~ (w,d(z,0)) + s(z) € T},
where p; : RN x [0,1] — RY denotes the projection onto the first factor and d is
a metric defining the topology of (T'+ E)/E and is bounded by 1.
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Using the homeomorphism h of Lemma 2 and the above identification of E
and RY, the following homeomorphism establishes our claim:

g:{(w,z) €eEx(T+E)/E:w+ s(2) €T} x (0,00)U{((0,0),0)}
— {(w,z) € E\{0} x (T + E)
JEU{(0,0)} :p1o K~ (w,d(2,0)) +s(2) € T} x (0,00)

defined by g((w, 2),t) = ((p1 © K(h1(w,t),d(2,0)),z2), ha(w,t)) whose inverse is
given by

g_l((w,z),t)
= (((hil)l(pl © Kﬁl(wad(%o))vt)az)v (h71)2(p1 o Kﬁl(w’d(zao))ﬂf))a
where h=! = ((h™ 1), (h71)2). O

Now we can establish our theorem.

THEOREM 4
A metric topological vector space over R is topologically an open cone.

Proof
Let T be a metrizable topological vector space over R.

If T admits arbitrary short lines, then by virtue of Michael selection theorem
(see [3, p. 87]) we may assume that T has the form Tj x R, where Tj is a metric
linear space that admits arbitrary short lines. Note that if U = Ty x (—o0, 1) has a
Minkowski functional y, then (Tp x R)\u~1(0) U{(0,0)} =Ty x (0,00) U{(0,0)},
which is homeomorphic to Ty x R by Proposition 3, and by Lemma 1 it is an
open cone.

If T does not admit arbitrary short lines, then there exists an open shrinkable
neighborhood V' of 0 in T" whose Minkowski functional 1 has the property that
n~1(0) = {0} so that T'=T\n"1(0) U {0} and we are again done according to
Lemma 1. ]
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