Equivariant /{-theory of Hilbert schemes
via shuffle algebra

B. L. Feigin and A. |. Tsymbaliuk

Abstract In this paper we construct the action of Ding-Iohara and shuffle algebras on
the sum of localized equivariant K-groups of Hilbert schemes of points on C2. We show
that commutative elements K; of shuffle algebra act through vertex operators over the
positive part {h;}i>o of the Heisenberg algebra in these K-groups. Hence we get an
action of Heisenberg algebra itself. Finally, we normalize the basis of the structure
sheaves of fixed points in such a way that it corresponds to the basis of Macdonald poly-
nomials in the Fock space C[h1, b2, ...].

1. Introduction

For any surface X, let X" denote the Hilbert scheme of n points on X. The
Heisenberg algebra {b; };cz:\0 is known (see [8]) to act through natural correspon-
dences in the sum of cohomology rings @, H*(X ).

From now on we deal only with the case X = C2. Then one can consider local-
ized equivariant cohomologies instead of usual cohomologies. Let R =
@, H" (X)) @ g, (p1) Frac(Hr(pt)). As shown in [6], R is isomorphic to the
Fock space Ap :=C(h,1')[h1,bh2,...], and after certain normalization, there is an
isomorphism A : R — Ap sending the basis of fixed points to Jack polynomials
and {h;};>0 to operators of multiplication by p;.

In this paper we construct the action of 1+, Kzt = exp(Y;2o((=1) 71/
i)h;z") on the sum of localized equivariant K-groups M =@, KT (X™) @ gy
Frac(K"(pt)) in geometric terms. This determines the action of the Heisenberg
algebra itself. We find an isomorphism © : M — Ap which takes the normalized
fixed point basis {(A)} to Macdonald polynomials {Py}. Isomorphism O takes
operators IA(: to operators of multiplication by e; acting in the Macdonald poly-
nomials basis through Pieri formulas.

For achieving this result and for its own sake, we construct representations of
two algebras: A and S (called Ding-Iohara and shuffle algebras correspondingly)
on M. In fact, the subalgebra S of shuffle algebra S, generated by Sy, is of
particular interest to us. It is a trigonometric analogue of Feigin-Odesskii algebra,
studied in [5].
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The same operators appear in [10], where the action of the Hall algebra of
an elliptic curve is constructed on R. We strongly recommend [10] to the reader
as its results are more complete than ours and contain a completely different
viewpoint.

In Section 2 we define Ding-Iohara and shuffle algebras and remind some
properties of them. In Section 3 we construct the action of Ding-Iohara algebra
A on M. In Section 4 we verify that the constructed operators do give repre-
sentation of A. In Section 5 we define the action of shuffle algebra on M. In
Section 6 we present operators K;, normalization of the fixed point basis {{(\)},
and an isomorphism © : M — Ap with the above-mentioned properties. Finally,
in Section 7 we consider a vector v =73 _[Oxm]. We prove an analogue of
Proposition 2.31 from [1] for it; that is, we show that this vector is an eigenvec-
tor for the negative half of our Heisenberg algebra.

2. Ding-lohara and shuffle algebras

Let us fix any parameters q1,¢q2,q3. Now we define the Ding-Iohara algebra A.
This is an associative algebra generated by ei,fi,z/)ji (i €Z,j € Z) with the
following defining relations:

Q) e(2)e(w)(z — qw)(z — gw)(z — gzw)
=—e(w)e(2)(w — q12)(w — g22)(w — g32),
f(2) f(w)(w - qr12)(w — g22)(w — g32)

=—f(w)f(2)(z = qw)(z — 2w)(z — gsw),

o Fw 6(2/w) s
3) e2) F0] = o e =gy ()~ ¥ (2),

1
VE(2)e(w)(z = qw)(z — gaw) (2 — gzw)

= —e(w)y™ (2)(w — q1z)(w — g22) (w — g32),
V() f (W) (w — q12) (w — g22) (w — g32)
= (W™ (2)(z — qw)(z — 2w)(z — gzw),

where the generating series are defined as follows:

(5)

- Z ez %, f(z)= Z fiz ™,
=D Ui, ()= f)
§>0 i=—00

REMARK
These relations are very similar to the relations of quantum affine algebras (except
for Serre relations).
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We denote by A, (A_) the subalgebra of A generated by e;(f;) correspondingly.
Following [5], we define a shuffle algebra S depending on g¢1,¢2,¢3. Fix a
function

(z — q1y) (@ — ¢29)(x — q3y)
(z—y)?

The algebra S is an associative graded algebra S =P, ., S». Each graded com-

ponent S, consists of rational functions of the form F(zi,...,z,) = f(z1,...,

xn)/(ngKan (z; —x;)?), where f(z1,...,2,) is a symmetric Laurent poly-

nomial. For F' € S, and G € S,,, the product F « G € S,,1,, is defined by the

formula

/\(.lﬁ,y) =

(F+G)(x1,.. Tntm)

:Sym(F(xla--~>xm)G($m+1a--~axm+n) H /\<x17x3))
1<i<m<j<m—+n
Here the symbol Sym stands for the symmetrization. This endows S with a
structure of an associative algebra.
Now we formulate some known properties of shuffle algebras.

THEOREM 2.1
For general parameters q1,q2,qs3, there is a natural isomorphism Z: A, — S,

which takes e, € Ay into x* € S. In particular, the whole algebra S is generated
by Sl .

THEOREM 2.2

In the case where q1,q2 are generic and qi1q2q3 = 1, the subalgebra S generated
by S1 consists of rational functions of the form F(x1,...,x,) = f(x1,...,24)/
(H1§i<j§n (zi —x;)?), where f(z1,...,2y) is a symmetric Laurent polynomial
satisfying f(z1,...,2,) =0 if &1 /T2 = q1,22/x3 =q; for j=2,3.

REMARK 2.1
For any parameters the connection between Ding-Iohara algebra A and shuffle
algebra S can be established in the following way (here algebras A and S are
considered with the same parameters q1, g2, g3 ). Let I. be the kernel of the map E
from Theorem 2.1. (This theorem claims that I, is trivial for generic parameters.)
Denote by Iy the transposed ideal of A_; that is, Iy is obtained from I. by the
change e; — f_;. Then the factor of A by ideals Iy, I, is just what we are most
interested in. It may be viewed as a double of the shuffle algebra S.

In fact, the description of the ideal I. is conjectured in [2] and is recently
proved in [9].
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THEOREM 2.3
For each n > 1, define elements K, € S, by

(Zl - Q1Z2)(22 - 4121)

Ko (z1,22) = (1 — 22)?

, Kn(Zl,...,Zn): H KQ(Zz"Zj).

1<i<j<n

In particular, K1(z) =1. If q1g2q3 = 1, elements K,, € S,, commute.

The subalgebra generated by K; is studied in [4]; in particular, Theorem 2.3 is
proved here.
This work was motivated by [3] and [11].

3. Construction of operators

3.1. Correspondences

We recall that throughout this paper X = C2. In this case the Hilbert scheme
of n points X[™ as a set is identified with the set of all ideals in C[z,y] of codi-
mension n. Let us recall correspondences used by H. Nakajima to construct a
representation of the Heisenberg algebra on €, H*(X ["]). This action is con-
structed through the correspondences P[i] C [], X" x X[+ Though in the
future we will need only P[1], P[—1], let us mention the general definition of P[i]
for any i. For i > 0, the correspondence P[i] C [, X" x X[+ consists of all
pairs of ideals (Jy,J2) of Clx,y] of codimension n,n + i correspondingly, such
that Jo C J; and the factor J;/J5 is supported at a single point. For ¢ =1 this
condition is automatic. For ¢ < 0, P[i] is transposed to P[—i]. Let L be a tauto-
logical line bundle on P[1] whose fiber at any point (J1,J2) € P[1] equals J;/Js.
There are natural projections p,q from P[1] to X" and X[+ correspondingly.

3.2. Fixed points

There is a natural action of T =C* x C* on each X[ induced from the one on
X given by the formula (t1,t2)(z,y) = (t1 - z,t2 - y). The set (X[™)T of T-fixed
points in X[ is finite, and all these fixed points are parameterized by Young
diagrams of size n. Namely, for each diagram A = (A1,...,A;) we have an ideal
(3, 122tg, ... e L k) = gy e (XIP)T.

3.3. Equivariant K-groups
We denote by ‘M the direct sum of equivariant (complexified) K-groups: "M =
@, KT(X). 1t is a module over K™ (pt) = C[T] = C[t;,t2]. We define M =
"M ® ger () Frac(K ™ (pt)) ="M Qcy, 1,] Clt1, t2).

We have an evident grading

M = @Mm M, = K"(X[") @ ez ) Frac (K" (pt)).
According to the Thomason localization theorem, restriction to the T-fixed

point set induces an isomorphism

KT(X) @ ger (pry Frac (KT (pt)) — KT (X)) @ gr () Frac(K ™ (pt)).
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The structure sheaves {A} of the T-fixed points A (see Section 3.2) form a
basis in @, KT ((X)T) ® K7 (pt) Frac(K " (pt)). The embedding of a point A into
X[ is a proper morphism, so the direct image in the equivariant K-theory is
well defined, and we denote by [A] € M,, the direct image of the structure sheaf
{A}. The set [A] forms a basis of M.

3.4. Representation of Ding-lohara algebra on M

Let us now consider the tautological vector bundle § on X[ whose fiber at
the point corresponding to an ideal J equals C[z,y]/J. We introduce generating
series a(z),c(z) as follows:

a(z):=A_1,.(3) = ZAi(g) (;)

i>0

%
)

c(z) :=a(zt))a(zts)a(zt; 'ty Da(zty ) ta(zty ) ta(ztity) 7t
We also define the operators
(6) i = qu(L¥ @ p*): My — My,
(7) fi=p(L¥Y @ q") s My — My

So e; is a composition of pulling back by P[1] — M,,, tensoring by L% and
finally pushing forward along P[1] — M, 41, while f;11 is obtained by the inverse
order of these operations.

We consider the following generating series of operators acting on M:

(8) e(z) = Z e,z " My — Myia[[z,27Y),
9) F)= D" fr2 i My — Myoa[lz,27 1],

11—ttt

L2 o) el

(10) (s, = Y2
r=0
R
1—271

1) e @ =D v = ( o(z)) € Myllz]);
r=0

where ()* denotes the expansion at z = 00,0, respectively.

Formulas (10) and (11) should be understood as follows: 1/*(z) acts by mul-
tiplication in K-theory by (—((1—t7"'t;"271)/(1 —z’l))c(z))i7 and F are
defined as the coefficients of these series.

THEOREM 3.1

The operators ei,f,',z/)j-[ satisfy relations (1)-(5) with parameters q1 = t1,q2 =
to,q3 = tl_ltgl; that is, they give a representation of algebra A on the sum of
localized equivariant K -groups of Hilbert schemes of points on C2.
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This theorem is proven in Section 4.

Now we compute the matrix coefficients of the operators e;, f; and the eigen-
values of 1% (z) in the fixed point basis. Let us take any diagram A= (\q,..., \x)
and its box ; ; with the coordinates (¢,j) (i.e., it stands in the ith row and
jth column), where 1 <i <k,1<j <X\;. We introduce functions {(0J) and a(0O),
called legs and arms, correspondingly:

0 :=x—-j, a(0) :=max{k | \p > j} — 1.

We also denote by ¥;(0J) all boxes of A with the coordinates (i,k < j) and
by Y2 () all boxes of A with the coordinates (k < 4, 7). Sometimes we write A+ j
for the diagram A +0; ;11 if it makes sense (i.e., if it is still a diagram). Finally,
we call box [J; ; a corner if j =X; > A\j4q1 and a hole if j =X +1< A4,

LEMMA 3.1
(a) The matriz coefficients of the operators e;, f; in the fixed point basis [A]
of M are as follows:

il = (L= 1) 7 (1= t2) (457’
1-— t;l(s)+1t;(s)+1 H 1— tzl(s)ﬂt;a(s)ﬂ

€82 (U, Ay +1)

< 1

s€X1 (Og,ap+1)

)

1— tl—l(s)t<21(8)+1 - tl1(8)+1t2—a(s)

fia—k] = A

1_ tll(s)+1t2—a(s) H

s€32(Ok,a,)

1— tl—l(s)tg(s)+1

< I

1(s),—a(s)
s€5i(Oyn,) 170 Tt

1 _ tl_l(s)tg(s) ’

All the other matrix coefficients of e;, f; vanish.
(b) The eigenvalue of Y*(2) on [\ equals

(L (O D)= (D))
11— A @)@ - e @)

where x(O; ;) =t t5 1.

Proof

(a) For (A, X) € P[1], let p: Jx — Jx, 7 klz,y]/Jx — klz,y]/Jx be the natural
maps. The tangent space T, s,,)(P[1]) is a kernel of the map Hom(Jy/, k[x,y]/
Jx) @Hom(Jy, k[x,y]/Jx) = Hom(Jy, k[x,y]/Jx), which sends (o, f) — moa—
(o p. Further, we write simply A instead of J.

Let us denote by x(x,x) the character of T in the tangent space Ty ) (P[1])
and by x(L), n the character of T in the fiber of L at the point (A,\"). We
write Sx(x) (resp., Sx(x,a)) for the character of T in the symmetric algebra
Sym*T () X[ (resp., Sym* Ty \nP[1]).



Equivariant K-theory of Hilbert schemes via shuffle algebra 837

According to the Bott-Lefschetz fixed point formula, the matrix coefficient
P« (L ® q*) vz of Pu(L®" ® q*) : Myy1 — M, with respect to the basis ele-
ments [A\] € KT(XM), [N] € KT(X[*1) equals X(L)é)\’)\/)sx()\,)\’)/SX()\’)' Sim-
ilarly, the matrix coefficient q.(L®* @ p*)(y a1y of qu(L® @ p*) : My, — My
with respect to the basis elements [\] € KT(X[M), [V] € KT(X"*H1) equals
X(L)éx,A/)SX(A,A’)/SX(A)-

Now it is straightforward to check the formulas.

(b) This follows from the exactness of A, (F) := ", , A*(F)z" on the category
of coherent sheaves and the fact that {x(0) | € A}~ is a set of characters of T
at the fiber . O

Sometimes we use other expressions for the matrix coefficients of operators e;, f;.

PROPOSITION 3.1

erprmi] = (e Y ﬁ A
T —1, - ). — - — — ,
(1 — P =M= (1 — 1y85) il ff”l /\1+1t% i1
f Brin] = (ti‘itgfl)r—l(l _ ti\i*)lerlté) ﬁ 1 ti\i*)\j+1+1té_j
e - Nohitli—; "
! tita j=1 l_tl J t; J
Proof
It is straightforward to get these formulas from Lemma 3.1. 0

4. Proof of Theorem 3.1

DEFINITION 4.1

We denote by o1, 09,03 the elementary symmetric polynomials in ¢1,¢2, g3, that
is,01 =q+q@ta=titt+t; 't o =aetaetes=q9q +¢ + =
Tty tite, 03 1= qrgegz = 1.

CONVENTION 4.1
In this section we check (1)—(5) explicitly in the fixed point basis. While com-
paring expressions of the left-hand side and right-hand side, we denote by P; the
mutual factor.

First, let us check (1).

Proof
For any integers i, we have to prove the following equation:
€i4+3€; — 01€;42€j41 + 02€;11€j12 — 03€,€;43

=03€j€i43 — 02€j11€i12 + 01€12€i11 — €13€;.
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Let us compare the matrix elements of the left-hand side and right-hand side
on any pair of Young diagrams [A, X' =X+0;, ;, +0,, j,].
(a) Suppose i1 = ig; that is, the added two boxes lie in the same row:

(€i+3€j —01€i42€j4+1 + 02€11€5412 — 03€i€j+3)[>\,x]
=) =0ty +ooti? —o3t7?) =0

since tfl is a root of 1 — o1t + o9t? — o5t®.
Similarly (o3ejeiy3 —02€j11€i12 + 01612641 — €j43€) (A, = 0.
(b) Suppose ji = jo; that is, the added two boxes lie in the same column.
This case is entirely similar since t;l is also a root of 1 — gyt + oqt? — ost3.
(¢) Suppose i1 < 2,71 > ja.
The only difference occurs in the box [, j,.
Let us denote a := j; — jo,b: =1y — i1, x1 := t{lfltgl_l,xg = t{zflt?_l. Then

(ei+36j —01€i42€j4+1 + 02€i+1€542 — 03€i€j+3)[>\,x]
= Pr(1—t7%5) T (L= ) (L= 117 ") T (= e T )
2 3
(1 () () ()
X2 X2 X2
+ Py(L =1ty 7) TN (L = 56 (L= s T L = T X
2 3
(1= (@) + () - (2)),
X1 X1 X1
(03€j€i43 — 02€j11€i42 + 01€12€i 41 — €543€i) A N
= Py(L—t§t;") T (L = 56 (L =45 T L= T X G™
2 3
() o) ()
X2 X2 X2
+ (1=t ) T = T (L= T ) T - 1 X
2 3
(o= (D)+n () - (D))
X1 X1 X1
Denote u := t¢,v:=t5. Then x2/x1 = u~'v. So the first summand of the
left-hand side equals
P (u—v) 7w — tv) (v — tiu) T (v — tatau)
X (v —tyu)(v —tou) (v — t] 1ty fu)v 3
= Pt (u— o) " Hu— t0) (v — trtou) (v — tou) (v — t7 15 u)v ™,
while the first summand of the right-hand side equals
Pid i3 (v —u) " v — tau) (u — tav) " (u — t1t9v)
X (u — t1v)(u — tov)(u — t7 5 o) (—udo™3)u ™3

— P1X{X§+3(U — v)_l(v —tou)(u — t1tev)(u — t1v)(u — tfltglv)v_‘g.
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So we get the same expressions for the first summands of the left-hand side
and right-hand side. In the same way we check the equality of the second sum-
mands. This completes the proof in this case.

(d) Suppose i1 > 2,71 < jo. This follows from (c). O

Equation (2) is entirely similar to the one above, so we omit it.
Now we compute [e(z), f(w)]. We prove the following proposition at first.

PROPOSITION 4.1

The coefficients of the the series [e(z), f(w)] are diagonalizable in the fized point
basis [A].

Proof
We have to check for diagrams [\, N =A+0;, j, — O, j5,] ((41,71) # (i2, j2)) that

the equality (e;f;)a,a = (fj€i)a,a holds.
Let us consider the case iy < i2,71 > jo. (The case i1 > 42,51 < jo is com-
pletely analogous.) We define a := j; — jo,b:=1i2 — 1. Then

(eifnag =Pl =117 5) 7 (1 — 17 %5 ") (1 — ¢, %45) (1 — 41 "¢5)
=Py(1—t; 5 ) (1 —t7°t3)
(fjea) vy = Po(L— 745 7 (1 — ¢ 5P (1 — ¢ %5) 71 (1 — ¢ 45™)
= Pp(1 — 775ty (1 —t7%) 7L
So (eifj)nwy = (fied) - 0

Now we introduce the operators ®*(z) =0 ¢ 27, @~ (2) = Y2 ¢; 2* diag-
onalizable in the fixed point basis and satisfying the equation

_ d(z/w) o (s
602 0] = s i (8 1) = 8 2),

We show that (bzi are determined uniquely by the conditions ¢)a' =-1,¢95 =
—1/t1ts. Next we check

¢* (2)e(w)(z — qw)(z — gaw)(z — gzw)
(12)
= —e(w)¢™ (2)(w — q12)(w — g22)(w — g32),

¢* (2)f (w)(w — q12) (w — g22) (w — g32)

(13)
= —f(w)¢™ (2)(z — qw)(z — g2w) (2 — g3w).

Finally, by showing that wii = f, we get equalities (4) and (5) from equal-
ities (12) and (13). And so Theorem 3.1 will be proved.
From Proposition 4.1 and the formulas of Lemma 3.1(a), one gets that [e(z),

f(w)] is diagonalizable in the fixed point basis and, moreover, its eigenvalue on
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[A] equals
S b,
a,beZ
where
l(s)-‘rl a(s))(l . t—l(s)-i—lta(s)-‘rl)
Vz:(l—tl) (1—t2)” Z ( H [ 1(s),—a(s l—ls 2-s—1
O—corner se%;(0) 1(S)t2 ol ))(1 7t1 ( )tg(S) )
71(3) (s)+1 I(s)+1,—a(s)+1
1-1¢, 1—-t t ;
x H ( “I(s) a(s)>( zl(s)+1 3a(5) )sz_l(m)
sex,(0) (1-t )1 =t ")
l(s)+1 a(s))(1 —l(s)+1ta(s)+1)
. . o 2
(I—t1) (1 —t)” Z < H { 1) —a( D)(1 - ¢, el
O—hole sexq(0) 2
—1(s) a(s)+1 (s)+1 7a(s)+1
1-1¢, 1-— -
« H ( )( 2 ) )Xz 1(|:|>

—1(s),a(s
5o (0) (1—t () ())(1

( )+, a(S))

Since we want an equality

le(2), f(w)]
()@t )~ (2))
1—t1)(1—t2) (1 —t7 51
- (Carps02 W bf = Paspco? WOy + Pagpmo? WS —
1—t1)(1—t2)(1 -t 'ty
to hold, we determine ¢g>0, ¢§>0,¢)::0
the corresponding (1 —t1)(1 —t2)(1 —#] *t5")7s. So to determine all ¢, we need

only to specialize the values qﬁar b0 -
The next lemma is crucial.

¢))

— ¢, uniquely as they are equal to

LEMMA 4.1

We have [eo, fo]| —ma leo, f1]|x —m + Zue,\ x(0).
COROLLARY 4.1

The operator [eo, f1 — fo] is the operator of multiplication by det(F).

Proof of Lemma 4.1

In the proof below we use another expression for v5 = [eg, fs|, which is obtained
by using Proposition 3.1 instead of Lemma 3.1(a). With this purpose for any
Young diagram A = (A1, Az, ...), we define y; := ti\f‘_lt;_l. Let us notice that due
to the finiteness of \: x; = ¢; 5 ! for all i >> 1, which will be called the stabilizing
condition,

N+
Yo=(1—t1)~ Z

7>\j t;_]+1)(1 ti\ - +1t]—i+1)

ﬁ (1—t)
Ai—Nj i—7] Aj—=Xi+1,5—i
i (=87 ey )1 =t ty ")
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(14) o
1 T s
1S e T e )
—U=h (t1xi N hiaj—i N1
i=1 g (L=t (A -t ty )

(a) First, we prove [eg, fo]|x = —1/((1 — t1)(1 — t2)) for any A. This is obvious
for an empty diagram (and straightforward for any diagram A consisting of 1
row). So it is enough to prove that [eg, fo] does not depend on the diagram. Let
Me—1=0. (We do not need A\,_s #0.) Then for i >k — 1, we have x; =t ‘51
Hence according to formula (14) and the stabilizing condition:

o= (1—t1)2 (i ! xi(1— tlféfin) kl—[l (xj — taxas) (s — tatax;)
t (G = xa) (i — taxg)

i=1 i b2 1<)
1242k k—

k 1
_Z(tlx_)—1Xi(1_ Tty "Xi) 11 (Xi—tzxj‘)(Xj—flthi))
; 1z :
: xi—titts 2 (6= x)(G —tx)

So we have a rational expression in x; (1 <4 <k — 2). Moreover, the degree
of the numerator is not greater than that of the denominator. The possible poles
of this function can occur only at x; = xj,x: =t1x; or at x; = tg_l,tl_lt’;_
= ¢k~ 4715~ there are no poles (since the poles coming
from the denominator are compensated by zeros of x; — t1taXkx—1 Or X; — taXk—1
coming from the numerator). All the poles x; = x;, x; = t1X; are simple. But
it is straightforward to see that the residues at these points are in fact zero.
Hence this rational function g is constant. This completes the proof of [eg, fo] =
S/ = 8)(1 — t2)).

(b) Let us check [eq, fi][x = —1/((1 —t1)(1 —t2)) + >_gey x(O) for any A.
By the definition of x;, we have Y, x(0) =352, (5" —t1x:)/(1 —t1). So
we have to prove [eg, fi] = —1/((1 —t1)(1 —t2)) + 300, (t5  —tixs) /(1 — t1).
It is obvious for an empty diagram, and it is a straightforward computation

HOWGVQI', m cases X;

for any diagram A consisting of 1 row. So it is enough to prove that [eg, f1] —
St —t1x:)/(1 — t1) does not depend on the diagram.

Let Ap_1 =0. Then for i >k — 1 we have y; = tflt;l. Hence according to
formula (14),

k—1

xi(1 t1t§7kXi) (x5 —taxi)(xa — titax;)
(3 M ]

i 0606 — o)

k—1

B Z xi(1 =135 x:) H (O —tax;) (x5 — tthXi))
i=1

xi—titts 2, (e = xa) (G —toa)

So we have a rational expression in x; (1 < <k —2). Moreover, the degree
of the numerator is not greater than that of the denominator plus 1. The possible
poles of this function can occur only at x; = x;, i =t1x; or at x; = t’;fl,tflt’g*l.
In cases x; = t’;fl,tflt’;*l the poles do not really occur (see the argument in
part (a)). All the poles x; = xj,xi = t1X; are simple with vanishing residue.
So 71 is a linear function in y; (1 <i <k — 2). Finally, one checks that the
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principal part of v; equals Zfz_f(ftl/(l —t1))xi. We conclude that [eg, f1] —

Sty —t1x;)/(1 —t1) is constant. This completes the proof of [eq, f1] =
—L/((L =) (1 = t2)) + > ger x(B)- 0

COROLLARY 4.2
It follows from Lemma 4.1 that vo=—1/((1 —t1)(1 —t3)). So we can define
1
Ti= 1,0y = ——.
¢0 7¢0 tth

All the operators ¢F are diagonalizable in the fixed point basis according to
Proposition 4.1.

Now we compute the matrix elements of the left-hand side and right-hand
side of (12) in the fixed point basis. It is enough to check for any Young diagrams
A, N =\ +iq, the following equality:

(15) (0136 — 010506541 + 0207, 1€12 — 0307 €j43) 3, )

= (03€0; 3 — 02ej 110, 5 + 0161201 — €430 )N

Let us denote x; := t{ltgl_l, where j; := A;; + 1. Taking into account the
equality ik = xve; AN and the diagonalizability of ¢;, we reduce the above
equation to the following:

16) (015 — o1X10) o + 02X 01 — osxio] ) |n
= (U3¢j+3 - U2Xl¢j+2 + 01)(%@:1 - X§)¢j)|/\,

where q’);r =0 whenever j < 0.
First, we prove the analogous equation for ~;:

(Vits — 01X1Vit2 + O2X3Yit1 — O3X37i) |\
= (03%it3 — T2X1Vi+2 + T1X 3 Vit1 — X1%) |xs
Proof of equation (17)

First case. The summand in the expression for y; corresponds to the corner Uj, j,
which appears in both sides of (17).

(a) Suppose i1 <'i2,j1 > jo. Let us denote a:=ji — jo,b:=1is — i1, u:=
9 0 =18, xo := 1221271 So x1/x2 = uv™'. Then

(1 _ t;athrl)(]. _ ttf+1t5b+1)
(1=t (1 — #5185 ")

X <1 — 0 (%) —i—az(%)z — 03(%)3)
= P3(u—v) " Hu — tav)(v — trtou) (v — tou) (v — t7 1ty tu)v =3,

(1=t g (A —t5, ")
(1=t ) (1~ t915")

(’Yz‘+3 —O01X17Vi+2 T JZX%'Viqu - 03X?%‘)|N =P

(037i+3 — T2X1Vit2 + O1X3Yit1 — Xa7i)|x = Ps
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< (r=a(X) o (2) - (22))
= P3(u — t1tov)(u —v) " (v — tou) (u — tov)(u — t; 5 o)v 3.

We obtained the same expressions.
(b) Suppose i1 > i, j1 < jo. This case is completely analogous to (a).

Second case. The summand in the expression for «; corresponds to the hole
0i, j, which appears in both sides of (17). In this case everything is analogous
as the expression for the summands in « corresponding to a corner and a hole
differ only by the sign.

Third case. Let us finally consider the summands occurring only in one side
of (17).

In this case the summands corresponding to deleting [;, ;, in the left-hand
side of (17) and to inserting [J;, ;, in the right-hand side of (17) are equal. All
other summands are zero. (We use the argument that ¢;', ¢, ! are roots of the
polynomial 1 — ot + 09t? — 03t again.) |

Now we are ready to verify equation (16).

Proof of equation (16)

If ¢ > 0, then (16) follows directly from (17). So let us consider the remaining
cases: i = —3,—2,—1,0 (in the case i < —3 all summands are zero). According
to (17) and the relation between ~; and qbii, we have to check only the following
equalities: ¢ [ = &g [, dg v = &g [x. 67 [ = (¢ + (01 — 02)x183) [n: b1 [ =

(61 + (02— 1)X7 "¢ )|
The first two are obvious since qﬁg, ¢, are constant. It follows from Lemma 4.1

that 71| = [eo, fillu = —(1/(1 ~ t2)(1 — £2)) + Yo, x(O)- So
O Iv =61 = (1 t) (1~ t2) (L~ 17 5 (o | =2 13) = (01 — o)

since (01 — o) = —(1 —t1)(1 —t2)(1 — t7 '3 !) and ¢f = —1.
The equation ¢] |y = (¢ + (02 —01)X] " ¢g )|x is proved in the same way. [

The proof of (13) is entirely similar to that of (12), and so we omit it.
Finally, let us prove ®*(z) =" (2). From (16) we get
T (2)(1 — o1zt oaxiz 2 —o3x3273)|w
=&"(2) (03 —oax127 ! Ho1xiz T2 = X720
Thus
-tz I —ty xaz (L —titoxaz ™)

<I>+(z)|>\/:(1>+(z)|/\- — .
(1—tixiz= 1) (1 —tax1271)(1 — 7 5 ' xa2h)
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By induction ®*(z)[x = A - c(z), where A is a coefficient of proportionality,

which is equal to A = @ (2)|empty (that is, here empty means an empty diagram)
(11—t 1) -1 1—t et
_ eS| 1 _ 12
A=o¢f —(1-t't1)> 2'=-1 - = =
1<0
So ®T(z) =" (z), and analogously one gets @~ (z) =9~ (2). O
Theorem 3.1 is proved. 0

5. The action of the shuffle algebra on M

In the previous section we constructed the action of the Ding-Iohara algebra A on
M. Unfortunately, the parameters ¢, gz, g3 were not generic (we had ¢1¢2g3 = 1),
so Theorem 2.1 does not give the representation of S automatically. However, if
we write the formulas in the same way we get the representation of S on M.

Namely, we define the action of S on M in the following way. For any F' € S,
we say that for any Young diagrams AN =X +iy + -+ i, (11 <ig <---<iy)
the matrix element

F(X17 7Xn)

(18) Fliaa
[ H1<a<b<n A(Xiy» Xy

)Heo Atir et ig—1,AFi1 4 tig]

where y;, is the character of the kth added box to A. All other matrix elements
are zero.
Now we prove the following theorem.

THEOREM 5.1
Formula (18) gives a representation of the shuffle algebra S on M.

First, we note that the following proposition holds.

PROPOSITION 5.1
IfFN A1, A jr+g2, .. N = A ji 4+ -+ are Young diagrams, then F|jy y| =

(F(le o 7Xn)/H1§a<b§n A(Xja ) ij)) HZ:l COA+j1++ik—1, A Fj1++iK] where
Xj. U8 the character of the kth added box to A. (We are adding boxes in the
following order: j1, then ja, and so on.) So the formula for the matriz elements
does not depend on the order of adding the boxes.

Proof

As the symmetric group is generated by transpositions, it is enough to check the
statement only for them. But the case of transpositions follows from relation (1).
This completes the proof of proposition. O

Now we prove the theorem.

Proof of Theorem 5.1
Let F €5,,,G €Sy, and let A, N =X+ j1 + -+ + jman be the Young diagrams.
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Then by Proposition 5.1,

G(Xla"wXH) -
(F oGl = Sym( €01+ +dk—1,A g1+ +]
A =S e W) Lo

n+m
F(XnJrh s aXner)
X b A X2 H CON+j1++dk—1,A 51+ 5]
n+1<a<b<n+m Xigar Xio k=n+1

+
(G(Xla--~aXn)F(Xn+17-~-7Xn+M)HZ:In 60[A+j1+-~»+jk47A+j1+-~+jk])
H1§a<b§n /\(Xja’ij) Hn+1ga<bgn+m /\(Xjaanb)

On the other hand,

(G*F)(Xla e 7Xn+m)

:Sym(G(Xl,--~>Xn)F(Xn+17-~-,Xn+m) H )\(Xia7Xib))‘

1<a<n<b<n+m

= Sym

Thus applying Proposition 5.1, we get
(FO G)|[>\7)\/] = (G * F)|[)\7/\/].

This completes the proof of the theorem. O

Let us recall the definition of operators K; € S; (i € N) from Theorem 2.3:

(21 — Q122)(22 — Q121)
(21 — 22)?

Ky(z1,20) = , Kn(zi,...,20) = H Ko(z,25),

1<i<j<n
with the specialization ¢; =t;. Then we have the following.
COROLLARY 5.1

If iy <i9 < -+ <ip and X+ i1 + -+ 1, is a Young diagram the matriz element

Kol nv=aiy ootin]

B (Xa — Xxb) (X6 — t1Xa)
= H S — H COMN+ir 4 +ip—1,AFis+-+in]
1<a<b<n (Xa - tQXb)(X(l - tl t2 Xb) 1<r<n

where Xq = ti\i“ the=t
All other matriz elements are zero.

REMARK 5.1

We have constructed the actions of Ding-Tohara and shuffle algebras on M. While
the action of the Ding-Tohara algebra is purely geometric (it is given by operators
€y fi wii), the action of the shuffle algebra unfortunately is algebraic. Neverthe-
less, according to the criteria of Theorem 2.2, elements K; belong to the subalge-
bra generated by S1, and so they are geometrically represented since S; C Z(A4)
(see Theorem 2.1).
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6. Macdonald polynomials. Heisenberg algebra and vertex operators over it

6.1. Macdonald polynomials
In this subsection, we review basic facts about Macdonald polynomials. Our basic
reference is Macdonald’s book [7].

Recall that the algebra Ag of symmetric functions over F'= Q(g,t) is freely
generated by the power-sum symmetric functions py, where k € N; that is,

A:F[phpg,. . ]
For any diagram A= (\q,...,Ag) = (1™2™2...) we define
DA =Dt Phgs Zy = H rrml.
r>1
Consider the Macdonald inner product (-,-)q., S.t.

(pAvpu)q,t = 5/\,;1,2)\ H (1 - q/\i)/(]- - t)\i)'

1<i<k

DEFINITION 6.1
Macdonald polynomials Py are characterized by two conditions:

(a) Py =my + lower terms;
(b) (Px,Pu)gr =0 if X # p.

Here by lower terms we mean m,, for pn < A.
Let e, be the rth elementary symmetric function. The following result, called
the Pieri formula, is proved in [7, Section VL.6].

LEMMA 6.1
We have Pe, =)\ ¥x/,Px, where the sum is taken over \ such that A/ is a
vertical r-strip. Here

(1 — gt~ By i —i= 1)( A —Xjpd— 1—0—1)
19 =
( ) w/\/ﬂ H (1 _ qlu.7 Myt — 7,)(1 _ q)\ )\7tj z) )
where the product is taken over all pairs (i,7) such that i <j and \; = p;, A\j =

i+ 1.

In particular,

7j—1

B (1— qm—wtj—i—l)(l _ qm—w—lti‘—ﬂrl)
(20) Vit 1:[1 (1= qri—mati=i)(1 — qri—Hs—1¢i—7)

6.2. Fixed points via Macdonald polynomials

Now we prove that the basis [A] of M can be normalized in such a way that
normalized K; € S; acts as e; in the basis of Macdonald polynomials in Ag. The
normalization is found by comparing the matrix elements of K3 with the matrix
elements of e; in the basis of Macdonald polynomials.
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We define the normalized vectors (A) := ¢y - [A], where

C1, ALY, (- () —
(21)  eni= (—(1—to) M) P BT TT (1 - Dy
Oex

-1

First, we check the following lemma.

LEMMA 6.2
Let A= ()\1, .. -7/\k)- Then (1 - tl)(l - t2)K1<)\7)\+j> = 1/}/\+j/)\‘q::t1,t::t;1‘

REMARK 6.1

This lemma means that (1 —¢1)(1 —t2) K7 = (1 —t1)(1 — t2)Z(eg) acts in a nor-
malized basis like an operator of multiplication by e; in the basis of Macdonald
polynomials. Moreover, this condition defines a normalization uniquely up to a
mutual factor.

Proof of Lemma 6.2
1 tzl(D)t;a(D)q

C>\+.‘ Ai,—1

F=—ty'ty (1 ta) l ] (O)+1,—a(0)-1

Cx ) 1-—t¢ t
Uexy(Ujx,+1) 1 2

o)1

(O),—a
T - O

—1y—1
1 _ {@)-a@—2 (1=t
DeX2(0)x;+1) 12

Now we compute the products above:

H 1— tll(D)tQ_a(D)_l B 1— ti\'i_)‘j_lté*j
1(0),—a(d)—2 Ai—Aj—1,4—5-1"
UeZz(Uja,+1) L=ty i<j L—t" 7 Tty
1 1— e @0 g h ﬁ 1— Mgt
(O)+1,—a(@d)—1 — Xjj—k—1 Aj=XNigj—i
Oesi(@yn,o) L7100 (It ") s 1-17 7'y
) Xi—=Xj i—j+1
1—-t it Y
-1 1 2
i>j 1L=1) 12}
Thus
C’\+j:(1—t2)ﬁ1_t1 Jtzz JHH -t ™ t12]
e v 1= ti\ii/\jtl{] icj 1 — ti\ii/\jiltlz_j_l

On the other hand, it follows from Proposition 3.1 that
_ ti‘i_kj t’é*j‘Fl

H°° 1
— -1
eO[}\,A-‘rj] - (1 _tl) Xi—Xji—j
1<i#j 1- tl t2
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After the specializing of formula (20) for parameters q:=t,t :=t, ', we have

e O A AN 1€ Tt N R

i =1 ;

e 0 [ A )
Now it is straightforward to check that
3%
Uapix=(1—t1)(1 —to)e R .
Ai/a = ( )( )€0IAA+] P~ 0

We denote d,, := (—t1)" 71 /((1 —t1)(1 — t2)).

THEOREM 6.1
For any Young diagrams p C A such that A/ is a vertical n-strip with the bozes

. . . L1 _
located in the rows ji; < -+ < jn, we have: e Koy = 1/1,\/“|q::tl’t::t;1.

Proof
According to Corollary 5.1,

11 (Xa = xb) (X6 — t1Xa) T conss o .
—1,—1 —Jr—=Jn A=Jrg1 = —jn]>
1<a<b<n (Xa a t?Xb)(Xa a tl t2 Xb) 1<r<n o

Kopux =

Nja—1,a—1 . . .
where x, =t77¢" "t3*7". Hence in the normalized basis,

Kn(u,/\>

- 11 (Xa — x6) (X6 — t1Xa) I coos . o
- —1,— —Jr— T Ins AT Ir+1 7 In) "
1<a<b<n (Xa - tQXb)(Xa - tl 1t2 1Xb) 1<r<n i

After specializing q:=t1,t:=1t, ' the coefficients in the formula (19) look as
follows:

)

= Hy yi— i1 Xi=j yi—j—1
" (L= ) =0V
where the product is taken over all pairs (i, j) such that j = j;, for some 1 <b<n
and j > i # j, for any a.
Applying Lemma 6.2 we get that the right-hand side of (22) is equal to
H (1 _tibi_ﬂjbt;—jb+1)(1 _ti\i_/\J'bt;—jb—l)

(L=t (L= ey

J1seesJb—171<gb

11

a<b (1

(= T

Ao = Ajp T ja—jp+1 Nja =iy yja—jb—1
-t (53 )1 =1 15 )

O =gy == Agpsr =)
dy '
Finally,

| P A [
B (R A
a

ai)‘A ‘a*‘
Jbt% ]b)
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O —tixa) (X = Xa) (Xa =20) 00 =t1Xa) 4 1o
2o 00— titaxa) 0 — 1 ' Xa) |3 pe, (Xa = t2X0) (Xa — 115 ' Xb)

This completes the proof of Theorem 6.1. (]

6.3. Heisenberg action on M through vertex operators
The results of Section 6.2 provide us with an isomorphism © : M — Ap which
takes the normalized fixed point basis (A) to Macdonald polynomial Py and which
sends operators K= (1/dy ---d;) K; to operators of multiplication by e;.

On the other hand, there is a well-known identity of generalized functions:

1+Zez —exp(z( 1)Z 1pZ )

>0

Hence the operators Ki acting on M, which may be viewed as a Fock space
over p;, are vertex operators over half of the Heisenberg algebra {;};~¢. The iso-
morphism © takes h; to operators of multiplication by p; (for i > 0). As a result,
an action of the positive part of the Heisenberg algebra is obtained. Obviously
starting from f; instead of e; we get in the analogous way the vertex opera-
tors over the negative half of the Heisenberg algebra. This provides Heisenberg
algebra action on M.

REMARK 6.2
The disadvantage of our approach is that we do not know explicit formulas for
K; in terms of a7t % 292 % ... x o9

6.4. Specialization:¢g=1t“,t — 1

In [6] the authors studied the action of the Heisenberg algebra on the sum of local-
ized equivariant cohomologies R := @, HZ"(X™) @, (1) Frac(Hr(pt)). They
proved that under certain normalizations of the fixed point basis there is an
isomorphism A : M — Ap, which sends the basis of fixed points to Jack polyno-
mials, and {h;};>0 are sent to operators of multiplication by p;. It is also known
(see [7]) that Jack polynomials .J /(\a) can be obtained from the Macdonald poly-
P

specialization of our normalization (21) we get the same formulas for normal-

nomials 't by specializing ¢ :=t“, t — 1. Considering the above-mentioned
ization as those of [6] multiplied by some scalar* (see formulas (2.12), (2.14) of
[6], and note that I[(O), a(dJ) are interchanged with our notations). So as the
formulas in the fixed point basis in H® are additive analogues of the formulas for
K*, our approach gives the same action of the Heisenberg algebra on R as the
approach using higher correspondences P[i];cz.

*This scalar comes from the fact that we used slightly different correspondences from Naka-
jima’s construction. While we use the whole P[1] (resp., P[—1]), Nakajima used only part of it,
consisting of those (J1, J2) € P[1], such that the quotient is supported at a single point (which
is automatic) with zero y-coordinate (resp., z-coordinate).
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7. Whittaker vector

Let us consider the element v =73 ., [Oxu] from a completion of our space M.
In the sequel we call this element the Whittaker vector. This term is justified by
the following theorem and [1, Section 2.30].

THEOREM 7.1

Consider K_,,:=(1/dy ---dy,)K_,, in the analogy with K,, from Section 6.3. Then
for any n>1 we have K_,(v) =C,, -v with Cp, = (1 —t2)"/((1 — t2)(1 — #3) -+
(1—1t3)).

Before proving this theorem we will need a technical result.

PROPOSITION 7.1
In the basis [\] the vector v is decomposed as follows:

v=ar-War= [T (-5 )@ - O =
A Oex

Proof
This follows from the Bott-Lefschetz fixed point formula. O

Proof of Theorem 7.1
The theorem is proved in two steps.

Step 1: Case n=1.

In this case the statement follows from K_;(v) =Cy - v with C; =1/((1 —
t1)(1 —t2)) (indeed, then C, = dit-Cy=1). Since K_; = fy, to prove K_;(v) =
C1 - v it is enough to check for any Young diagram A the following identity: C; -
ay = ngk—H Jo[A+4,7] - @x+j, where k is a height of a diagram A. Using Lemma 3.1
this is equivalent to
(23)

-y e ]

-Qa
i<kt X em ([T, 40)

1— tll(s)+1t;a(s) 1— t;l(s)tg(s)+1

II

—I(s),a(s) ’
s€32(L;,0;41) 1=t

—L 2
1— tl(S)tQ a(s)
where y = ti\" tg_l. Applying Proposition 7.1 for computing ay and axyj, we see
that (23) is equivalent to

(24)

IR

J<k+1 8621(Dj,xj+1)

1— tl_l(s)+1t§(s)+1 1_ tll(s)+1t2—a(s)+1

1— tl—l(s)t(zz(s)+1 ) 1 tll(s)—i-ltz—a(s) :

s€Xa(0jx 41

Denote x; = tij t%. Let us rewrite the right-hand side of (24):

1— tl1(3)+1t2—a(s)+l 1 ti\i—)\jtéﬂ»ifj

- - X —tox;
H 1 tl(s)—&-lt—a(s) - H 1 t)\i—)\j ti—j - H Ti— s
s€02(0j5;4+1) ~ "1 2 i<j +7 U 2 i<j *J v




Equivariant K-theory of Hilbert schemes via shuffle algebra 851

- tfl(s)Jrltg(s)ﬁLl 1—ty

1 1
H 1— t—l(s)ta(s)+1 = 1— t*Ajtk—j-l‘l H
SGEl(Dj,/\j-H) 1 2 1 2 k>i>j

Ai— A i— 17
1—t1 Jt;"rl J

1— Mgl

o H Tj — tgl‘i ) (1 — tg)Ij

B . k+1 -
E>i>j :TJ] X l‘j — t2

Hence equality (24) is equivalent to the following identity:

_ i —tox; (1—tg)x;
(25) 1= Y [T et Lot

L 4k+1
Gkl k>itg Tj 1t

Using xpy1 = té“, we have ((1—t2)x;)/(z; — t’;“) = (z; — toxpq1)/(x; —

Tpi1) - (1 —ta)z;)/(x; — t5*2). From this observation and x~*
reduced to proving

(26) e =
G<k+1k+1>i#j Tj—Ti ozt

Let us denote the right-hand side of (26) by F(z1,...,Zk+1), where z; =
ti\th, e T = ti"“t’g,zkﬂ = t’;“. If we set A\ = -+ = A =0, then it is easy to see
that F'(x1,...,25+1) = 1. Since F is a rational function in z1,...,2k, Tx4r1 = t’;“
the degree of whose numerator is not bigger then the degree of the denominator,
to prove identity (26) it is enough to show that F' does not have poles. The only
possible poles can occur at z; = t’;“ and diagonals x; = x;. In the first case,
2 — tax41 =0, and hence there is no pole in fact. It is also obvious that on the
diagonals x; = x; there are no poles as well. So (26) is proved. This finishes the
proof of Step 1.

Step 2: Case n > 2.

Let C, = (—t)" = D/2 /(1 —t1)"(1 —ty)--- (1 —t3)). We want to prove
K_,(v) = Cy,-v. This implies the statement of the theorem since K = 1/(dy---
dn)K_p.

To prove K_,,(v) = Cy, - v it is enough to check for any Young diagram \ the
following identity: Cy, = K_n[xtiy 4 tin,A] - @rdis+-+in /@x, Where the sum is
over all sets of indices i; < -+ <14,, such that A+ +---+1, is a Young diagram.

=ty/x; we are

The matrix elements K_,, (x4, +...44,,7 are computed similarly to Corollary 5.1.
Namely,

Kfn[/\+i1+---+imA]

_ (Xa — X5) (X6 — t1Xa)
= 11 o LI foorirsiatitoti s
1<a<b<n (Xa - tQXb)(Xa - tl t2 Xb) 1<r<n

)\i —
where x, =t; "t L
Hence

K piagisgotin ] - Aty tin _ H (Xa — xb) (X6 — t1Xa)
R " ax 1<a<b<n (Xa = t2x6) (Xa — 11 15" Xb)

(27) -
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OXtiy4---+ir
X H fo[/\+i1+~~~+iT,A+il+~~+iT71] } o
1<ren Ax+iy+-+ir

Using the computations from the Case 1, we see

AX4iq 41y - H Ti, —tgl‘i ) t (1 —t2)

Jotrtistetip Ao tipi]

(£ W R Ky >t Ti, — T X, — tk r+1
_ _ x; —tox; to
X(l—tl) 1(1—t2) L= - . T s
k+nl:[i7ﬁi,. zi, =i (1—ty)(w, —t5 )

where k, denotes the height of a diagram A+ + - +4,._1.
So the right-hand side of (27) is equal to

H (Xa — Xb) (X6 — t1Xa)

1<a<b<n (Xa = t2x6) (Xa — t1 15 ' x5)

1 Xi, — tQ.Z‘i)
>< S
H (1 —t z;, tk+n+1 H T, — T

1<r<n k+n>i#i,

_ tg 1 T — tQZL"
—tito) L Tij)
H <( 1t2) 1—t (J?z, _tl2€+n+l) H

S Xy, X
k+n>j#is,.in " J

Define

G(Stl’l, ey karn)

t 1 i — tox;
= 2 H( ~hta)” 1—2t1(xiﬁt’;+"+1) 11 M)

Ty, — X
1< <in 1<r<n kn>jiAit,.in T J

It is a rational function in variables z1,...,2Tk, Tx11 = tg“, ey Tl = té”"
with the degree of the numerator not bigger than the degree of the denominator.
Moreover, we claim that it does not have poles. Indeed, the poles can occur only at
x;, = t**+7*1 or on diagonals x; — ;. But arguments similar to those from Case 1

show that there are no poles in fact. (It is crucial that x4 = t’;“, ey Tl =
5

Thus G(x1,...,Z+n) is constant. Let us calculate its value at x, =tJ" 1 <
m < k + n. In the expression for G survives only a summand corresponding to
i1=1,...,i, =n. (All others are zero.) Hence

tn 1
= 0)" (6~ 7t — o)

II (ts — 5+ (15 — 5+

n+1<j<n+k (t2 _t%)"'(tg _té)

= (—tatg)r /2 _B__ponryy2 !

G = (_tth)n(n—l)/Q

X

This finishes the proof of the theorem. O
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Since the action of the negative half of the Heisenberg algebra was constructed
using

(28) 1—}—2[?_17} :exp<z $h_izi>,

i>0 >0

we get the following corollary.

COROLLARY 7.1
We have h_;(v) = a; - v, where a; = (—=1) "1 ((1 — t2)* /(1 — t3)).

Proof
The fact that the vector v is an eigenvector for all h_; immediately follows from
Theorem 7.1 and (28). Now we compute the eigenvalues a; explicitly. Using

the well-known formula 7, 0o = [Tiso(1/(1— t'z)) and Theo-
rem 7.1, we get

(-t (1—t) i
2. W_ln(;(1_t2)(1_t§)-.-(1_t;)z)

i>0
1Y 1—t2 Iz (1—tg)d 27
NGV (ERTIEAR) I u) i (L ) (- 0E)
i>0 i>0j5>1 Jj=1 1_7% J
Thus we get a; = (—1)71((1 —t2)? /(1 — t3)). O

Let [h_;,h;] =i, and let vg = [Ox0] € M. Then we get the following exponential
expression for the Whittaker vector v.

PROPOSITION 7.2
We have v =exp(}_; (ai/vi)hi)vo.

Proof

Since our representation is isomorphic to a representation of the Heisenberg alge-
bra in a Fock space, it boils down to a standard fact. O
REMARK 7.1

Completely analogously we can consider the Whittaker vector u in R :=
@,, H2" (X)) @ g, (1) Frac(Hr(pt)). It is even easier to see u = exp((1/hh )by )uo,
and hence u is also an eigenvector with respect to the negative half of the Heisen-
berg algebra.
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