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ABSTRACT. The numerical range of a matrix, according to Kippenhahn, is
determined by a hyperbolic determinantal form of linear Hermitian matrices
associated to the matrix. On the other hand, using Riemann theta functions,
Helton and Vinnikov confirmed that a hyperbolic form always admits a deter-
minantal representation of linear real symmetric matrices. The Riemann matrix
of the hyperbolic curve plays the main role in the existence of real symmetric
matrices. In this article, we implement computations of the Riemann matrix
and the Abel-Jacobi variety of the hyperbolic curve associated to a determi-
nantal polynomial of a matrix. Further, we prove that the lattice of the Abel—-
Jacobi variety is decomposed into the direct sum of two orthogonal lattices for
some 4 x 4 Toeplitz matrices.

1. INTRODUCTION

Let T' be an n X n complex matrix. The real ternary form Fr(x,y, z) associated
to T' is defined by

Fr(z,y,z) = det (z[n +2R(T) + y%(T)),

where the two Hermitian matrices ®(7') = (T'+71%)/2, S(T) = (T —T*)/(2i) cor-
respond to the Cartesian decomposition 7' = R(T") +i(T). The form Fr(x,y, 2)
is deeply related to the numerical range W (T') of T defined by

W(T) ={T¢: £ € C ¢ =1}
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The numerical radius of a matrix 7" or a Hilbert space operator T' denoted by
w(T) = sup{|A| : A € W(T)} provides fruitful information for analyzing the
operator T' (see [17], [22]). Toeplitz [20] initiated the study of numerical range,
and Hausdorff [11] proved its convexity. Kippenhahn [16] showed that W (T') is
the convex hull of the real part of the dual curve G7(X,Y,Z) = 0 of the alge-
braic curve Fr(x,y,z) = 0. In [1], the classification of the curve Fr(x,y,z) =0
is applied to categorize the shapes of the numerical ranges of 4 x 4 matrices.
In [2] and [3], we discussed rational curves and elliptic curves in the context of
numerical ranges. For any pair (xg, o) of real numbers, the algebraic equation
Fr(xg,y0,2) = 0 has n real solutions in z because xoR(T") +yo(7T') is a Hermitian
matrix. The polynomial Fr(z,y, z) also satisfies Frr(0,0,1) = 1. A ternary form
with these two properties is called hyperbolic with respect to (0,0, 1). Fiedler [8]
conjectured that a ternary hyperbolic form F'(x,y, z) of degree n admits the rep-
resentation F'(x,y, z) = Fr(x,y, z) for some n x n matrix 7. Lax [18] conjectured
a stronger requirement that the matrix 7" is a complex symmetric matrix. Helton
and Vinnikov [14] confirmed that the Lax conjecture is true by using Riemann
theta functions with g phases given by

O(d1,02,...,04: R) = Z exp (27?\/—_1<Z T + Z mi(bi)),

mi,...,mg€Z i,J

where R = (r;;) is a g x g Riemann matrix which will be described in Section 2.
The confirmation of the Lax conjecture is useful for characterizing the shapes
of the numerical ranges (see [13]). We have two main motivations for studying
this Riemann matrix. One is to control the Riemann matrix R as an important
parameter of the theta function when applying the Helton—Vinnikov theorem for
the determinantal representation. The other is to recognize that the Riemann
matrix R plays an essential part in classifying the curve Fr(z,y, z) = 0, which is
efficient even when this curve has no singular points.

Let F(x,y,z) be an irreducible ternary form of degree n > 3. A point P =
(20, Yo, 2o) of the complex projective curve

Cr = {[z,y,2] € CP*: F(z,y,z) =0}

is called a singular point if the gradient of F(x,y, z) at P is zero. For a singular
point P = (xo, %0, 20) # (0,0,0), we can assume that zg = 1 by the exchange of
the roles of the coordinates x, y, z if necessary. We assume that the multiplicity
of the curve Cr at P is m > 2 and that the number of analytic branches of Cr
around P is s > 1. The two polynomials

f(Xa Y) = F(xﬂ + Xa Yo + Y> 1)7 fY<X7 Y) - FY<:U0 + X, Yo + Y? 1)
are expressed by Taylor series as
FXLY)= > apXiVh HXY)= ) kajp XY
Jtk>2 J+k>2,k>1

The Taylor series of these functions define an ideal (f, fy) of the ring C[[X, Y]]
of formal power series in X, Y. The complex dimension of the quotient ring
C[[X,Y]]/(f, fv) is finite, and is called the local intersection number of the curves
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F(z,y,1) = 0 and Fy(z,y,1) = 0 at P. The é-number of the curve Cp at P is
defined as

5(P) = 5 (dm ClIX, YI/(F, fr) —m+5).

Let Q1,Q2, ..., Qs be the set of all singular points of the algebraic curve C'r. The
genus g(Cr) of the curve Cr is given by

9(Cr) = 5 —1)(n—2) 3 6(Q,).
j=1
An irreducible curve is called a rational (resp., elliptic) curve if its genus g = 0
(resp., g = 1).

We assume that the form F'(x,y, z) is irreducible. By using the resolution of
singular points of the curve, we can construct a compact Riemann surface I'
which is a parameter space of the curve Cr. This Riemann surface is called the
nonsingular model C'r of the curve Cp. If the curve Cr has no singular points,
the curve itself is a Riemann surface. We consider the canonical projection 7 of
Cr onto Cp : F(z,y,z) = 0. For a sufficiently small open neighborhood V' of a
singular point P of Cr, the set 7=1(V') is composed of a finite number of connected
open sets Vi, Vs, ..., V, of Cr which form a multilevel crossing around P. The
complex affine curve F'(z,y,1) = 0 is parameterized by two rational functions L,
Lyon Cp: z = Li(s),y = La(s). The nonsingular model C is homeomorphic to
one of the compact surfaces: the Riemann sphere CU{oo}, the torus C/(Z+iZ),
or a g-hole torus with g > 2. The genus g of the curve Cr coincides with the
number of holes of the compact Riemann surface C'r. (For references on Riemann
surfaces, see, e.g., [5], [4], [10].)

In this article, we use the complex analytic method to study invariants of the
numerical ranges of matrices. The complex analytic technique is often involved in
studying operators on a Hilbert space (see [6], [15]). We investigate some invari-
ants of the Riemann surface C of the algebraic curve associated to a matrix 7.
In particular, we compute the Riemann matrix of Cr. The Riemann matrix is
a common invariant for the birationally equivalent class of algebraic curves, and
hence the invariant for the curve Cr and its dual curve. The Riemann matrix
generates a lattice of the Abel-Jacobi variety of C'r. We prove that the lattice
is decomposed into the direct sum of two orthogonal sublattices for some 4 x 4
Toeplitz matrices.

2. RIEMANN MATRIX

Let I' be a compact Riemann surface with genus g. We recall the definition of a
Riemann matrix which adopts the standard notation used in [5]. For an arbitrary
base point Py of T', define a cycle to be a continuous map f : [0,1] — ' with
f(0) = f(1) = Py. Two such maps fi, fo produce a new map f; o f; by the rule

(fao f1)(t) = f1(20),  (fao fi)(1/2+1) = f2(21),
< t < 1/2. The inverse f~! of f is given by f~1(t) = f(1 —t). Two maps
g are identified if they are homotopic, that is, there is a continuous map

0
/5
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F:]0,1] x [0,1] — T satisfying
F(0,t) = f(¢), F(1,t) = g(¢), F(s,0) = F(s,1) = R.

The fundamental group IT; (') of T" is the collection of cycles of I" under the homo-
topic relation. We identify an element of IT; (I') with a closed, oriented, piecewise
smooth curve on I'. Let w be an arbitrary C'V-differential 1-form on I'. On a local
coordinate z = x + 4y in an open neighborhood V of a point P of I', the differ-
ential form w is expressed as w = Q(z,%) dz + R(z,%)dz, by CV-differentiable
complex-valued functions ), R. We define a differential 2-form dw by
oR 0Q _

dw-(az az)dz/\alz.
If dw = 0, the differential form w is closed. If there exists a holomorphic function
U on an open neighborhood of an arbitrary point P of I' satisfying w = U, dz,
then w is called a holomorphic 1-form or an abelian differential form of the first
kind. A holomorphic 1-form is a closed form.

Given two cycles a, b, the equation fa_lob_loaob w = 0 holds for any holomorphic
differential 1-form w. Let N be the normal subgroup of IT;(T") generated by {a~'o
bloaob:abeIl(T)}. The abelian group H;(T',Z) = II;(T")/N is called the
1-dimensional homology group (see [4]). A cycle ¢ of T is homologous to zero if
fcw = 0 for any holomorphic differential 1-form w. For two cycles a and b with
different base points, the intersection index a - b of two cycles counts the number
of intersections, taking the orientation of the cycles into account. If two cycles
a and b do not intersect transversally, their intersection index a - b is zero. If
they intersect once, a - b is 1 if the outer product of the tangent vectors t, x t,
points out from the surface, and —1 if the outer product points into the surface.
The homology group H;(I') = Z?9 has a canonical basis {a1,...,a4,b1,...,b,}
satisfying the symplectic relations

ai-aj:O, b,bJ:O, ai-bj:@j,

where ¢;; is the Kronecker delta (see [10]). Any element ¢ of H;(I") is expressed
as

C=miay + -+ myag + Mmgi1by + -+ - 4+ magby

for some integers my,...,mo4. The set of all holomorphic differential 1-forms is
a g-dimensional complex vector space. Let {wi,...,w,} be a basis for the holo-

morphic differential 1-form vector space. The period matrix €2 of I' is a g X 2¢
complex matrix defined as 2 = [AB], where A = (A;;)7,_, and B = (By;)],_, are

given by
Aij :% Wi, Bz’j = j{ Wi«
a; b,

J J

The matrix A is known to be invertible. The Riemann matrix of I' is defined
as R = A7'B. The imaginary part matrix (SR;;); j<, is positive definite. The
Riemann matrix is closely related to the geometric and analytic structure of the
Riemann surface under consideration (see [10]).
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The period matrix {2 generates a nondegenerate lattice
A={m A+ - +mgA;+mg1 B+ - + Moy By - my,ma, ..., my, € L},

where Ay,..., A, and By, ..., By are, respectively, the columns of A and B. This
lattice is the period lattice associated to the basis {wi,...,w,} of the space of
holomorphic 1-forms on I'. Given a point 2y € I', the holomorphic mapping J :

[' — C9/A defined by

J(z) = (/zwl,/zwg,...,/zwg) mod A
20 20 20

is a holomorphic embedding of I' onto J(I') = CY9/A. The g-dimensional compact
space C9/A is called the Abel-Jacobi variety of T'.

Suppose that I' is a Riemann surface with genus g associated to an irreducible
hyperbolic curve Frp(z,y, 1) = 0 defined by a complex n x n matrix 7. It would be
interesting to see whether there exists a canonical basis {ay,as, ..., a,,b1,...,b,}
for the homology group H;(T") for which the Riemann matrix R = A™'B =
(€g41s---,€29)" and the basis e; = (1,0,...,0)7,...,e, = (0,...,0,1)7 span the
lattice

Y ={mer + - +mye; + myi1€,01 + -+ Mogeay My, Mo, ..., Moy € L}

so that X is decomposed into the direct sum of two orthogonal lattices 31, 39,
where each of ¥; and ¥, is spanned by ¢ elements of the column vectors {ey, ...,
€gs€gi1s -, €29} and Xg = Xy = 79 as free abelian groups. In the case g = 1,
the Riemann matrix R is none other than the 7-invariant of the elliptic curve
Fr(xz,y,1) = 0. In [3], the authors showed that the 7-invariants of the elliptic
curves for some 4 x 4 matrices are pure imaginary. In this article, we generalize
the problem for ¢ > 2, and we verify the orthogonal lattice decomposition in
Sections 3 and 4 for some 4 x 4 Toeplitz matrices.

3. QUARTIC CURVE OF GENUS 2

Using a graph-theoretic technique, C. Tretkoff and M. Tretkoff [21] provided
an explicit method of constructing a canonical basis {a;,b; : j =1,..., g} for the
homology group H,(I') = H,(I',Z) of a Riemann surface I". Deconinck and van
Hoeji [5] gave an algorithm to compute the period matrix of the Riemann surface
using the Tretkoff method, where the Maple algcurves package, a collection of
Maple programs for computations with algebraic curves, is performed (see also
[4]). In this article, we follow the algorithm in [5], and implement the algcurves
package to find a canonical basis for the group H;(I") associated to 4 x 4 Toeplitz
matrices. We provide some numerical values to explain the process of computing
the Riemann matrix.

Consider a Toeplitz matrix

0 2 2a 2k
00 2 2a

T = 00 0 2 (3.1)
00 0 O
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for a € R, k = a®> — 1. Then
Fr(z,y,2) = ((4 — 4a®)2” + 4d’zz — (4 + a*)2*)y?
+ ((4 — 4a®)2* + 4’2z — (44 a*)2*2* + 27).
If a = 0, then the curve CF is a rational curve. We assume that a > 0. If a = 1,

then the polynomial Fr(z,y, z : a) = 2(423 +4xy? — 5x?z — 5y 2+ 23) is reducible.
Since

F(z,1,2) = (—(2+2a)z + (24 2a + a*)2) (—(2 — 2a)z — (2 — 2a + a*)z)
+ (4 — 4a®)2* + 4’22 — (4 + a*)2?2? + 24,

the point (z,y,z) = (0,1,0) is an ordinary double point under the condition
0 <a<1ora>1. Theroots of the polynomial

p(z) = ((2a+2)z — (¢’ + 2a +2)) ((2a — 2)z — (a* — 2a + 2))
X ((2a +2)2? — a’z — 1) ((2a —2)2? —a’z + 1)
are branch points of the Riemann surface. For a = /2, two of these points

coincide. We treat the case a > v/2. In this case, the curve Fr(z,y,z) = 0is a
hyperelliptic curve of genus 2. The roots of p(z) are given by

_az—\/a4+8a+8< a*> —va' —8a +8 a’ +va* +8a+8

TP T T - BT T 4a+
= a’ —2a+ 2 <T5:a2+2a+2
2a—1) 2(a+ 1)
P a2+\/m.
4(a —1)

Theorem 3.1. Let T be the 4 x 4 matriz defined in (3.1) with a > /2. Sup-
pose that T' is the Riemann surface associated to the irreducible hyperbolic form
Fr(xz,y,z). Then there exists a canonical basis {ay,as, by, ba} for the homology
group Hy(I") such that the lattice

Y = {mye; + maoes + mges + myeq : My, ma, mg, my € L},

spanned by the Riemann matric R = A™'B = (e3,eq)T and the basis {e; =
(1,0),e2 = (0,1)}, is the direct sum of two mutually orthogonal lattices ¥y =
{mye; + maoey : my,my € Z} and Xy = {mgez + myey : m3, my € Z}.

Proof. Consider the curve f(z,y) = Fr(x,y,1) = 0 which is described by
(2a+2)z — (a® +2a+2))((2a — 2)z — (¢’ — 2a + 2))y°
= ((2a = 2)2* — @’z + 1) (—(2a + 2)2* + a’z + 1).
The basis {w;,ws} for the space of holomorphic differential 1-forms is given by

1 dx
W = —=

2((4a® — 4)2? —daPx + (a* +4))y
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and
1 T dx

2T T (4a? — D)2 — ddz + (@A + 4y

The base point z( is taken on the real line with zy < rq, and hence the function
y = y(z) with f(x,y(z)) = 0 takes pure imaginary values at © = xy. We define
the two sheets of the surface I' as S(y1(z0)) < 0 and S(ya(z0)) > 0.

Suppose that {ay,as, by, by} is a canonical basis for the homology group H;(T")
produced by the algorithm in [5] and the algcurves implementation. We construct
a new basis depending on the canonical basis as follows.

1. The cycle a; = a; starts on sheet 1, encircles branch point r; = (a2 -
Vva*+8a+ 8)/(4(a + 1)) to arrive at sheet 2, and encircles branch point
ry = (a® —va* — 8a + 8)/(4(a — 1)) to arrive at sheet 1.

2. The cycle as = —ay starts on sheet 1, encircles branch point 3 = (a? +
va*+8a+8)/(4(a+ 1)) to arrive at sheet 2, and encircles branch point
ry = (a®* —2a +2)/(2(a — 1)) to arrive at sheet 1.

3. The cycle 52 = —by — a; starts on sheet 1, encircles branch point ry, =
(a* — 2a +2)/(2(a — 1)) to arrive at sheet 2, and encircles branch point
rs = (a* 4+ 2a + 2)/(2(a + 1)) to arrive at sheet 1.

4. The cycle l~)3 = I~)1 — Z~)2 = by + by + as starts on sheet 1, encircles branch
point 1y = (a®?—+v/a* — 8a + 8)/(4(a—1)) to arrive at sheet 2, and encircles
branch point 73 = (a* + va* 4+ 8a + 8)/(4(a + 1)) to arrive at sheet 1.

Consider the set {a;, as, by, 132} in the group H;(I") given by

a1 = ay, Qo = —Q2,

Elzbl—al—i—ag, bgz—bg—al.

Then, the new basis {ay, g, by, by} of Hy(T) satisfies the symplectic structure:

bi-bo= (b1 —ai+a) (—(ba+a1)) =—(br a1 +as b)) =0,

by -by = (b — a1+ as) - (by —ay +ag) = —by - a; —ay - by = 0,
62'62:(b2+a1>'(b2+a1):bQ'b2+a1'a1+b2'a1+a1'b2:07
a1 by =ay - (by —ay +ag) =1,

s - by =0,

by =ay - [—(ba+a1)] =0,

Gy by = —az - [~ (by +a2)] =1,

-1 =0y Ay =01 -Gy =ag-a; =0

Taking a base point xy < r1, we define the branch y,(z) of the function y = y(x)
with Fr(z,y(x),1) = 0 on sheet 2 in each interval r; < & < rj41, j = 1,2,3,4,
according to the algorithm given in [5] on pages 33-34. We characterize y,(z) and
the function U(z) = —1/(((4a® — 4)2? — 4a3z + (a* + 4))y2(z)) on each interval
r; < x <7rjq1 as follows.
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On the interval r; < = < 79, the functions ys(z) and U(z) are real valued,
y2(x) > 0 and U(x) < 0. Moreover, U(z) = _\/V;W’ where
V(z) = ((2a+2)z — (a* +2a+ 2)) ((2a — 2)z — (a* — 2a + 2))
x ((2a — 2)2* =’z + 1) (—(2a + 2)2* + a’z + 1).

On the interval r3 < x < 14, the functions y,(z) and U(x) are real valued,
y2(x) < 0 and U(x) > 0.

On the interval ry < x < r3, the functions y(z) and U(z) take pure imaginary
values, S(U(x)) < 0 and S(ya(x)) < 0.

On the interval ry < x < rj, the functions y(z) and U(z) take pure imaginary
values, S(U(x)) > 0 and S(ya(x)) < 0.

According to the labeling of the branches of y(x) in [5], we compute that

a ——/1 du da:——/rz v _
U ) 2((4a? — 4)2? —4ddr + (at + A))y(x) Viz)

and

~__/1 dz d_/T4 dx -0
M2 2@ 0 — et @ @) T, Ve

Similarly, we have

) X A e dx
by = /bg 2 ((4a? — 4)2? — 4a3x + (a* + 4))y(x) - /7“4 \/?(38)7

which is a pure imaginary number with $(b15) > 0, and

b1 + b2+ a ——/ . &
S bytbotas 2 (402 —4)2? — dadx + (a* + 4))y(z)
— " d—x dx

which is also a pure imaginary number with (by1 + bys + a12) < 0.
We proceed to compute the entries of the periodic matrix. The values of the
integrals

%w—_lf v d dav——/r2 v dv
a2 )y (a2 =422 —dddz + (et + Dy(x) ), V(@)

and

]{w—_lj{ v du dav—/r4 vd
o 205, (e — 422 —ddde + (P + Dy(x) ey V(@)

are real numbers. The values of the integrals

1 xdx T dx

Yi“’zz‘éﬁ G0 —tae @ 0@ © L, Vv

5
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and

1 T dzx 3 xdx

7§b T 751, G~ 0 —aabe + @ 1 @) - V@

are pure imaginary numbers, and hence 3%1 wy is also pure imaginary.

Let Q = [AB] be the periodic matrix of I" with respect to the new basis

{ay, as, by, 52} Then the matrix A = (fL; g;; ) is invertible and its entries are real.

Further, the entries of the matrix B = (Z;l i;z) are pure imaginary, and hence
1

the Riemann matrix R = A~'Bis a complex symmetric matrix whose entries are
pure imaginary.

Let R = (%} %3), and set e; = (1,0), ea = (0,1), e3 = (r11,712), €4 =
(r21,722) = (r12,792). The space C? = R is equipped with the real part of the
standard inner product. Then the lattice > spanned by the vectors ey, es, €3, e4
is the direct sum of two orthogonal lattices ¥; = {ne; + mes : n,m € Z} and
Yo = {nes +meq : n,m € Z}. O

We run the algcurves package for the case a = 2; the period matrix [AB]
constructed by Theorem 3.1 is approximately evaluated by

A B 0.553593¢ 0.8653357

x —0.195915 0.410645 = 0.170162: 0.655061¢
—0.0199325 0.382071 /)" '

4. QUARTIC CURVE OF GENUS 3

C. Tretkoff and M. Tretkoff [21, p. 501] mentioned that the Riemann matrix of
the Fermat curve z* + y* = 1 is diag(s, 2i,4). Hence, the lattice X is spanned by
six mutually orthogonal bases of the lattice. They also found that the Riemann
matrix of the Klein-Hurwitz curve —y” + z(1 — 2)? = 0 is (=1 + +/7i)/2I3. In
this case, the lattice ¥ for this real Riemann surface cannot be decomposed into
the direct sum of two orthogonal lattices ¥q, 3s; each one has three generators.
However, we may find a suitable basis for the homology group H;(T") so that the
Riemann surface generates a lattice which is the direct sum of two orthogonal
lattices for some 4 x 4 Toeplitz matrices. (For the computation of the Riemann
matrix and the split of the lattice 3, we refer the reader to [7], [12], [19].)

Theorem 4.1. Let T be the 4 x 4 nilpotent matrix given by

~

Il
cooo
c o oW
cCo o
[ R

Then the homology group Hi(I') of the Riemann surface of the algebraic curve
Cr of the polynomial Fr(x,y, z) has a canonical basis {ay, as, as, by, by, b3} for the
homology group Hy(T') such that the Riemann matriz R = A™'B of the period
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matriz [AB] is the form

1T 112 T3
R = iTlg ’iT’QQ T23
r13 T2z  IT33

for some real numbers r;;, 1 < i < 5 < 3. Furthermore, the lattice ¥ gen-
erated by the siz vectors ey = (1,0,0),e2 = (0,1,0),e5 = (0,0,1) and ey =
(111,112, 713), €5 = (ir12,0T92,723), €6 = (7r13,7T23,17r33) is decomposed into the
direct sum of two mutually orthogonal lattices generated, respectively, by {e1, es, eg }

and {e3, e4,€5}.
Proof. 1t is easy to find that
Fr(z,y,2) = 16y* + (202 — 122%)y* + 4a* — 122722 + 2.

The curve CF of the polynomial Fr(z,y, z) has no singular points with genus 3.
From the partial derivative F,(z,y,1) = 8y(5z* + 8y* — 3), a basis for the space
of holomorphic differential 1-forms on the Riemann surface I' associated to Cg
consists of

1 dx 1 dx
wl_gy(5x2+8y2—3)’ uJ2_§5x2+8y2—3’
1 xdx
¥ 8y(522 + 8y2 — 3)

(see [4]). Our strategy is to find a basis {a1, az, as, by, by, bs} of the homology group
H,(T") so that the period matrix [AB] is the form

R aj;p a0 5 0 bz Bis
A= 91 0 7:()[23 > B = 7:/321 0 523 )
tagr 0 ass Bs1 Bz 1033

where o;; and 3;; are real numbers. Then the form A1B is the kind required.
The curve Cr has the following eight branch points:

i

Pz =—i\/5/3 ~ —1.29099i, Py =——7 ~ —0.5773501,

V3
22 242
szx:T\/—z—l.m?ll, P4::r;:i%

2—+/2 2 2
= 2\/_ ~ 0.292893, Fs = +2\/_

Prix=——~0.577350i,  Ps:x=i\/5/3~ 1.20099i.
V3
We take a base point xqg = —2.27279. The labels of the four branches of the
function are based on the following labeling:
y1(—2.27279) ~ —2.269811, y2(—2.27279) ~ —0.7449511,
y3(—2.27279) ~ 0.744951i,  yi(—2.27279) ~ 2.26981i.

—0.292893,

P5I£l'f

~ 1.70711,
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The values of y;(zy) are pure imaginary, and labeled as

S (y1(20)) < F(y2(20)) < S(y3(w0)) < S(ya(0)).

First, we define the cycles {ay, as, as, b1, cs — aq, c7} in the following way:

1. The cycle a, starts on sheet 1, encircles branch point P; to arrive at
sheet 2, and encircles branch point P, to arrive at sheet 1.

2. The cycle ay starts on sheet 1, encircles branch point P, to arrive at
sheet 4, and encircles branch point P5 to arrive at sheet 1.

3. The cycle as starts on sheet 3, encircles branch point P, to arrive at
sheet 4, and encircles branch point P; to arrive at sheet 3.

4. The cycle b; starts on sheet 1, encircles branch point P, to arrive at sheet 2,
and encircles point Py to arrive sheet 1.

5. The cycle cg — a; starts on sheet 1, encircles branch point P, to arrive at
sheet 2, encircles branch point P; to arrive at sheet 3, encircles branch
point P; to arrive at sheet 4, and encircles branch point Pj to arrive at
sheet 1.

6. The cycle c7 starts on sheet 1, encircles branch point P; to arrive at sheet 2,
encircles branch point P; to arrive at sheet 3, encircles branch point Py
to arrive at sheet 4, and encircles branch point P, to arrive at sheet 1.

The cycles by, bs are defined by by = by — a3 — 2(cg — a1) + ¢ and by = ay +
(c¢ — a1) + a3 — c7. Then the set {ay, as, as, by, by, b3} is a canonical basis for the
homology group H;(I'). We use another canonical basis {a; = a1,ady = as, a3 =
az — aog, 51 = bl,i)g = bg + b3 — Q9, 53 = bg} Then the cycles 62,[)3 S&tiSfy 62 =
b1 — (66 — Cl),bg = as + (06 — CL1) +a; — cy.

We outline the method for computing the period matrix [AB] by computing
some specified entries.

The integrals over the cycle a; = ay give a;;, the column one entries of A.
On the line segment {iX : —/5/3 < X < —1/v/3}, the function y(r) takes
imaginary values. The branches y;(x), yo(z) of the function on this line segment
satisfy ys(z) = y1(x) and (y1(2)) < 0 < S(y2(z)), and hence the four branches
yj(x) are vertices of a rectangle with edges parallel to the real or imaginary axis
and satisfy y;(z) + y2(2) + y3(x) + ya(x) = 0. The function W (z) = 1/((5z* +
8y? — 3)y) satisfies Wy (z) = Wi(z) for y = y;(z), and S(Wa(z)) < 0 < S(W1(2)).
Then

. 1 j{ dx
an ==
U8 (5 + 8y —3)y

1 [i/V3 dr 1 [~V d
8 /—\/5/3i (522 + 8y3 — 3)y2 " 8 /_i/\/g (522 + 8y? — 3)y1
~ (0.0778069 — 0.00664367) + (0.0778069 + 0.00664361)
~ 0.155614.
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The function U(z) = 1/(5x*+8y*—3) on the line segment takes pure imaginary
values, and S(Us(z)) < 0 < (Ui (z)). Then

- 1 f dx
s = =
T8 )L (5a? 48y - 3)

_ 1/—Wg dx . 1/—V5/?>i dx
8 ) yam (52 +8y3—-3)  8) 5 (5u2 48y —3)

~ 0.072851 + 0.072851
~ (0.145702.

The function V(z) = x/((5z* + 8y* — 3)) on the line segment takes imaginary
values, and Va(x) = —Vj(z). These branches satisfy R(Va(z)) < 0 < R(Vi(x)).
Then

i _lj{ rdx
T8 )L (5a? 4 8y? — 3)

1 —i/V3 rdx V5/3i xdx

8 /\/5731 (522 + 8y3 — 3)ya " 8 /i/\/§ (522 + 8y7 — 3)m
~ (—0.00568944 — 0.0669032:) + (0.00568944 — 0.06690324)
~ —0.1338061.

Sjmilarly, the integrals over the cycle l~)1 = by give Bil, the column one entries
of B. We compute that

LR (5a? 482 — 3)y

1 /—z/\[< 1 1 ) ]
-3 - T
8 J o779 \(b2?2 4+ 8yf —3)y1 (5 + 8y3 — 3)y»

1 i/V/3 1 1
_ = — dz
8 /_2.27279((5552 + 8y —3)y1 (5224 8y — 3)y2>

1 *’L/\[ 1 1
A e )
8 J_ 57w (572 +8y5 — 3)yp (522 + 8yi — 3y

z/f
T Q - x
8 ) a7\ (572 +8y5 — 3)y2 (522 + 8yi — 3)m

1 —i/V/3 1 1
A (o E———1
4 997219 \(O22 +8yf —3)y1 (522 + 8yz — 3)12

1 i3 1 1
S T
4 a7z N(5r? +8ys — )y (5a? + 8yt — 3)ye
~ 2R (—0.155614 + 10.0721547) — 2R(—0.155614)

0.
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Next, we compute

~ 1 dx
by =< ¢ 2 1.2 _ 2
8 Ji, 5x% +8y? —3
! /—Wg d 1 /—W3 dx
-8 _2.97279 DT? + 89% —3 8 ) 997979 5% + 834% -3
+1/i/‘/§ dx 1/1-/\/5 dx
8 J 907079 522 +8y5 —3 8 ) 597079 522 4 8yf — 3

+1/_i/‘/§ dx 1/_1-/\/3 dx
8 J_ /575 52 +8ys —3 8 /373 Sx2 + 8yz — 3

1 /i/‘[ dx 1 /’/‘[ dx
\/5/32 5I +8y2 _3 8 \/5/31 51' +8y1 -3
4i —i/V3 —i/V3 dx
RV = B S )
8 —92.27279 51‘ + 8y - 3 —\/%7, 5:62 + Sy% - 3
~ 4iS(—0.0555593 + 0.0535644) — ZJ(—0.145702)
= (0.214256:.

From the definition, we have
~ 1 d
b31 = —f T dx
8 Ji, (52 +8y? — 3)y
(1 /_\/5/:% T dx 1 /_\/5/3” rdx )
~ \8 ) gm0 (522 +8yF —3)y1 8 507070 (522 + 8y3 — 3)ye

1 (V573 rdx 1 (V573 rdx
) N )
8 J 207270 (52 +8y3 — 3)y2 8 J_s7079 (522 + 8yF — 3)u
On the line segment {z(t) = (—2.27279)(1—t)+i/5/3it : 0 < t < 1}, we consider
the branches y; (z) and y»(x) of the function y = y(z) satisfying Frr(x, y(x),1) = 0.
The curve 9z(t)* 4+ 18z(t)®+5, 0 < t < 1, passes through the half-line {z : z < 0}

at some point ¢y, € (0.8302473,0.8302474). Denote the branch of square roots a
complex number

VA = /| A exp(i Arg \/2)
for —m < Arg A < m. We define

1
Yy(z) = 2_\/5\/—5:(;2 + 34+ V9rt + 1822 + 5,

1
Yi(z) = m\/—&c? +3 — V9t + 1822 + 5.

On the line (—2.27279, —/5/31), the functions ys(x),y1(z) for 0 < ¢t < ¢, are
expressed, respectively, as
x x

(5?2 4+ 8YF — 3)Ys’ (bx? +8Y?2 —3)Y;
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The functions y(x), y2(x) are expressed, respectively, as

x x
(bx? + 8YE — 3)Yy’ (bx? +8Y? — 3)Y;
for ty < t < 1. Direct computations show that

1 /—\/5/31' zdx 1 /_\/5/&- xdx
8 J_2.97979 (5552 + Sy% - 3)3/1 8 J_2.97279 (5372 + 8y§ - 3)92
~~ 0.133806 — 0.05628651,

and
1 Vo rdx 1 V5B xdx
8 /_2.27279 (522 +8y3 —3)yn 8 /_2.27279 (522 + 8yi — 3)m
~ 0.133806 + 0.05628651.
Therefore,

. 1 7{ T dx
T8 Sy, (5a? +8y2 —3)y
~ (0.133806 — 0.0562865i) + (0.133806 -+ 0.05628657) ~ 0.267613.

The remaining entries of the period matrix [AB] can be evaluated in a similar
way. We obtain numerically the matrix

0.155614  —0.311228 0
A= 0.145702 0 —0.214256i
—0.1338061 0 0.267613
and
i 0 —0.349582; —0.155614
B = [0.214256i 0 0.145702

0.267613  0.267613  0.1338064

Thus the Riemann matrix is numerically given by

o 1.69486: 0.847432: 0.152568
R=A"'B=[0.847432i 1.54696i 0.576284
0.152568 0.576284 0.576284:

We equip the space CY = R?9 with the real part of the standard inner product.
Then it is easy to verify that

(e1,e3) = (€1, e4) = (€1, €5)
(ea, €3) = (€2, €4) = (€2, €5)

(€6, €3) = (€g,e4) = (€5, €4) =

9

0
0,
0

Hence the two lattices
¥ ={ney +mey + leg : n,m,l € 7}, Yo = {nes + mey + les : n,m, L € 7}
are mutually orthogonal, and ¥ = 3; & 3. O
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