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ALGEBRA WHICH DO NOT SATISFY A DIFFERENTIAL
SEMINORM CONDITION
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ABSTRACT. We construct dense Banach subalgebras A of the null sequence
algebra ¢y which are spectral-invariant but do not satisfy the D;-condition
lablla < K(||alloolbll 4+ |la]lal|bllec) for all a,b € A. The sequences in A vanish
in a skewed manner with respect to an unbounded function o: N — [1, 00).

1. INTRODUCTION

We say that A is a dense Banach subalgebra of a C*-algebra B if A is a dense
subalgebra of B, and A is a Banach algebra in some norm || - || 4, which is stronger
than the restriction to A of the norm on B. We say that A is spectral-invariant
in B if the quasi-invertible elements of A are precisely those elements of A which
are quasi-invertible in B. Recall that for a,b € A, aob = a+ b — ab, and b is
a quasi-inverse for a if and only if a0 b = boa = 0 (see [4, Definition 2.1.1]).
Dense subalgebras of a C*-algebra which are spectral-invariant or which satisfy a
differential seminorm condition such as D; are used to give differential structure
to the C*-algebra, and they also have applications in noncommutative differential
geometry (see [1], [2]).

Let ¢g be the C*-algebra of complex-valued vanishing sequences, or null sequen-
ces, on the natural numbers N = {0,1,2,... }, with pointwise multiplication and
involution. For n € N, let e,,: N — {0,1} be the unit step function at n, where
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en(k) = 1if k = n and e, (k) = 0 for £ € N\ {n}. Let ¢; denote the linear
span of {e,}>°,, which is a dense ideal in ¢y. The following result shows that it
is relatively easy for a dense subalgebra of ¢y to be spectral-invariant.

Theorem 1.1. Let A be a dense Banach subalgebra of cq. Assume that the sub-
algebra of finite support functions cy is a dense subset of A. Then A is spectral-
movariant i cg.

Proof. Let A,c denote the group of quasi-invertible elements of A, with group
operation o and identity 0. Let a € A\ Ays. Then A o a cannot intersect Ayq,
or else a would have a quasi-inverse. So (a + A(1 — a)) N A,c = 0. Note that
J = A(l — a) is an ideal in A, and is proper since J N (A, — a) = 0. Since A
is a Banach algebra, A,c and its translate A, — a are open sets in A. Hence J
cannot be dense in A, and ¢; ¢ J, using the hypothesis. Since .J is a linear space,
there is some ny € N for which e,, ¢ J. Since J is a ¢;-module not containing
€ny, every element of J must vanish at ng. This can only happen if a(ng) = 1.
Hence a is not quasi-invertible in ¢g. O]

A dense Banach subalgebra A is a Di-subalgebra of B if, for some constant
K4 > 0, the Dy-condition

lablla < Ka{llallallblls + llall ][]l } (1.1)

is satisfied for all a,b € A, where |- || 4 is the norm on A and || - || g is the norm on
B (see [3]). Being a D;-subalgebra implies spectral invariance (see [3, Theorem 5
and Lemma 4]), which raises the question: Is every dense Banach subalgebra of the
null sequence algebra, which satisfies the hypotheses of Theorem 1.1, also D7 The
purpose of the present paper is to provide a counterexample. To this end, we think
of ¢y as C2?-valued sequences vanishing at infinity, ¢o(N, C?), where C? denotes
the 2-dimensional commutative C*-algebra, with coordinatewise multiplication
and involution. We identify the two C*-algebras using the isomorphism 6: ¢y =
€o (N7 (C2)7

0(f)(n) = (f(2n), f(2n + 1)), (1.2)

for f € ¢y, n € N. If A is a dense subalgebra, D; is satisfied along each
C?-summand because it is finite-dimensional. In Section 2, we construct sub-
multiplicative norms | - ||, on the nth copy of C?, which make the D;-constants
K,, become unbounded as n increases. In Section 3, we define the Banach algebra
norm || - ||4 as the sup of these C*-norms to construct the counterexample.

2. SOME NORMS ON C?

Let r € R, and let o be a constant in [1,00). Let ||t]|max = max{|z|,|y|},
7 = (z,y) € C?, denote the C*-norm on C2. Define a seminorm on C? by

15l = 1 T00]|max = max{|z +ry|, oly — rz[}, (2.1)

(_}W ;) . (2.2)

where 7)., is the (2 x 2)-matrix
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Note that A = det(7,,) = (1 +r?) > 0, so T, is invertible, and || - ||, is a
norm on C2.

We want to find the smallest constant D > 0 which satisfies ||t/]|max < D||V]]1.0
for all ¥ € C% Then D is the norm of

1 (o —r
-1 _
TT’U_A(O?” 1)

as an operator on C? with max-norm,

D = ”TerlHOP = maX{H(U, _T)||1’ (UT’ 1)H1}/A
1
= mﬂl&X{U‘{‘ |T|,U|T| + 1}
1
=152 max{1+ |r|/o,|r| + 1/c} (2.3)
< 1 —:TQ max{1+ |r|,|r| + 1} since o >1
L]
142

since the dual of the max-norm is the /!-norm. As r ranges over all real numbers,
the last expression in (2.3) is bounded by 1.21.

Next we want to find a constant C' > 0 satisfying |0} *0s||,» < C||01]r.0/|V2]]r0,
for all 7, U € C2, where 0, *7, denotes pointwise multiplication. This is equivalent
to finding the norm of the operator uy ® @y — T, (T, iy * T, ;) from C* @ C?
to C2. The operator is é times

1 T o -r un (o T Ug1

—or o or 1 U2 or 1 U9
_ 1 T (0u11 — Tulg)(UUQl - TUQQ)
—0or o (O'T'UH + ulz)(O'T'UQl + u22>

U11U21

1 r o> —ro —ro r*\ [ upiums

—or o) \o*?® or or 1 UpoUsy

U12U22

U11U21
_ 02(1 + 7”3) 0(7“2 —-7) ‘7(7“2 —-7) r?+r U11U22
T\ =r) At +r) 2P +r) o(1—13)) | upun
Up2U22

So the constant C' is
C = max{” (02(1 +73),0(r* =71),0(r* —r),r* + r)’ r
|| (03(7“2 —7),0*(r* +r),0%(r* +1),0(1 — r3)) Hl}/A2
Jmax{“’:”?’l + 2“;2_7“ + ‘Tf;"', |2 — 7| + @ + “;—;“3'}
(14 1r2)2
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< omax{[1+7°| +2Jr? — |+ |r? + [, [r* —r[+2[r* + 7| + |1 —r°}
B (1+r2)? :

where the first step used the fact that the dual of the max-norm is the ¢!-norm,
and the last step used that ¢ > 1. As r ranges over all real numbers, the last
expression in (2.4) is bounded by 20.

It follows that 20|10} * a0 < (20]|01]lr0)(20||T2]|r0), for @), v, € C2. By the
preceding paragraph, ||]|max < D||U]lr0 < 2||0]|r0 = £(20]|7]|;,»), for 7 € C2.

3. THE BANACH ALGEBRAS A, ,

In this section, we pass from the case of a single copy of C? (see Section 2) to
infinitely many copies of C2. Let 7 € R, and let o be any unbounded function from
N to [1,00). Define an infinite matrix S, as the direct sum of (2 x 2)-matrices,

where each T, is defined as in (2.2). Let A, , = {f € ¢y | S;,0f € co(N,C?)},
where 6 was defined in the Introduction (see (1.2)). By [5, Theorem 4.3.1], A,
is complete in the norm

Hf”r,o = HST,JQcho(N,@) = Si}i@){ZU ||( 2” + 1))H 70(,1)}7 (3-1)

where each || - [/, o(n) is defined as in (2.1), and where by the final remarks of

Section 2, [|fgllroe < [[fllrollgllre and [|fllec < [Ifllro, for f,g € A,,. Since
S 00f € co(N,C?) for f € A, ,, then
0= lim ||(Sy.00f)(n)|| . = lim 20(n)||(f(2n), f(2n + 1))||
n—o00 n—o0

H(C2 ro(n)’

For € > 0, let N, be large enough so that the argument of the limit is smaller
than € if n > N.. Then for n > N,,

Yoo fCR+1),0,0,.. ) =(0,...,0, f(2n+2),...
17 - f@n+1), .., H(Z‘HQMS fen+2),. )],
—sup2c7 H 2k—l—1))Hm(k)
< e,
using the definition of || - ||, (3.1). It follows that ¢ is dense in A, ,, and we can

apply Theorem 1.1 to see that A, , is spectral-invariant in cj.

Theorem 3.1. The dense Banach subalgebra A, , of cy is not a D;-subalgebra of
co forr € R\ {0,1}.

Proof. For n € N, define a,, € A, , by
a, = (0,0,...,0,0,1,7,0,0,...),
—_———

2n zeros
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where a,(2n) = 1 and a,(2n + 1) = r are the only nonzero components. Then
||an||r,a = 20—(71)(1 —+ 7”2)’

[a2]|, = 20(n) max (|1 + 72, o (n) 12 —r|),

HanHoo = max(l, |7’D

If K > 0 were a constant satisfying the D;-condition (1.1) for A4, , in ¢, then

s adllne  _ max([1 4+ o(n)|r —r|)
~ 2lan]lcollanllro 2(1 + r?) max(L, [r[)
o(n)|r* —r|

~ 2(1 4 r?) max(1, |r])
must hold for each n for which o(n)|r? —r| > |1 + r®|. No such constant K can

exist if r # 1 or 0, since o is unbounded. OJ

Remark 3.2. Note that A,, is a Banach x-algebra. The norms defined on C?
(2.1) and the norm on A, , (3.1) are both left unchanged by the %-operation of
pointwise complex conjugation.

Remark 3.3. In the cases » = 0 and r = 1, it can be shown that A,, is a
D;-subalgebra of ¢q. Further, A, , is a dense Banach ideal in ¢ if r = 0, but not

ifr=1.
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