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Abstract. In this paper, we review aspects of the biography and mathemat-
ical work of Professor Anthony To-Ming Lau.

1. Introduction

Professor Anthony (Tony) To-Ming Lau has made significant contributions to
harmonic analysis and functional analysis. During the earlier stage of his career
he worked mainly on the relation between amenability of semigroups and cer-
tain fixed-point properties. He then moved to the study of various operator and
Banach algebras associated with locally compact groups, such as the group von
Neumann algebra V N(G), the Fourier algebra A(G) = V N(G)∗, and the Fourier–
Stieltjes algebra B(G). He has also studied topological center problems and Arens
regularity of Banach algebras.

Some notable theorems and structures carry his name:

• Lau algebra: A Banach algebra A, which is the predual of a von Neumann
algebra M such that the identity of M is a multiplicative linear functional
on A, is called a Lau algebra (or F -algebra; cf. [39]).

• Lau product: Let A and B be Banach algebras, and let θ be in the
spectrum of B. Then the Cartesian product A × B equipped with the
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algebra product

(a, b)(c, d) =
(
ac+ θ(d)a+ θ(b)c, bd

)
,

and the norm ‖(a, b)‖ = ‖a‖ + ‖b‖, is a Banach algebra, which is called
the θ-Lau product of A and B and is denoted by A ×θ B. This product
was first introduced by Tony [23] for F -algebras and generalized by Mehdi
Sangani Monfared in [36] (see also [37]).

Tony has served as a member of the editorial boards of several journals, includ-
ing Canadian Journal of Mathematics, Canadian Mathematical Bulletin, Annals
of Functional Analysis, Scientiae Mathematicae Japonicae, and Fixed Point The-
ory and Applications. He has received several awards, including the following:

• Josephine Mitchell Graduate Mentorship Award 2012;
• 3MTeaching Award (June 2006)—national award, of which 10 are awarded
each year for all universities in Canada and all disciplines;

• Distinguished University Professorship (from July 1, 2004);
• University Cup (September 2003);
• Award for Excellence in Mentoring, Faculty of Graduate Studies and Re-
search (1999);

• Killam Annual Professorship (July 1, 1997–June 30, 1998);
• McCalla Professorship (September 1, 1991–May 31, 1992);
• Rutherford Award for Excellence in Undergraduate Teaching (May 1992);
• Faculty of Science Award for Excellent Teaching (May 1990).

2. Biography

Professor Anthony (Tony) To-Ming Lau (Figure 1) was born in Hong Kong,
and he became interested in mathematics in elementary school. The best math-
ematics teacher he had in school was Mr. Jan-Hin Chan in grade 5 at the Kee
Lap Elementary School in Wan Chai, Hong Kong. Mr. Chan motivated Tony’s
continuing interest in mathematics for the rest of his life. Tony completed his
high school education at Raimondi College in Hong Kong before going to Cali-
fornia in August 1961 for his undergraduate degree. He received his A.B. degree
in mathematics on June 30, 1965, at the University of California, Berkeley.

At the University of British Columbia, he was very fortunate to be a Ph.D.
student of Edmond E. Granirer, who gave him the opportunity to look for his
own problems and to publish his own papers from his thesis. His earlier work was
centered around amenability of semigroups and related fixed-point properties for
nonlinear mappings (see [21]). Tony received his Ph.D. on May 1, 1969, and he
has been a faculty member at the University of Alberta since 1970.

Later, under the influence of the work of Pierre Eymard and Ed Granirer,
he began studying the group von Neumann algebra V N(G), the Fourier algebra
A(G) and Fourier–Stieltjes algebra B(G), Arens regularity and topological cen-
ters of the second dual of a Banach algebra, Beurling algebras, semigroups and
their compactifications, and the structure of harmonic functionals. He greatly
benefited from his one-year visit at the University of California, Berkeley, hosted
by Marc Rieffel from 1976 to 1977, where he met Marc for the first time, as well
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Figure 1. Anthony T.-M. Lau.

as Bill Bade and Theodore Palmer. They have greatly influenced the direction of
Tony’s research. During that year, Tony wrote his paper on F -algebras, and Marc
introduced him to the theory of hypergroups. Tony was also much influenced by
the works of Mahlon Day, Karl Hoffmann, and Ky Fan.

Most of Tony’s research papers published in the first 15 years of his career
were written by himself, and he started to collaborate with other researchers
more frequently around 1985. Tony also enjoys teaching, both at the graduate
and undergraduate levels, and he often teaches at least one course for first-year
students. For graduate students, he enjoys meeting with them individually, and
he trains them to conduct independent research. He has supervised 21 Ph.D. stu-
dents: Keith Taylor (1975), Maria Klawe (1977), Zhuocheng Yang (1987), Brian
Forrest (1987), Mahatheva Skantharajah (1989), Tianxuan Miao (1990), Zhiguo
Hu (1993), Qin Xu (1993), Ali Kamyabi-Gol (1997), Hossein Esslamzadeh (1998),
Mehdi Sangani-Monfared (2002), Ross Stoke (2003), Monica Ilie (2003), Shawn
Desaulniers (2008), Michael Yin Hei Cheng (2010), Danny Pak Keung Chan
(2010), Nicolas Bouffoard (2011), Ben Wilson (2011), Sabestian Guex (2013),
Matthew Mazowita (2014), and Nazanin Tahmasebi (2015), and he cosupervised
Richard Mikael Slevinsky (2014). Tony has hosted many visiting graduate stu-
dents and postdoctoral fellows from around the world, including Iran, Thailand,
and India. He has also participated in many mathematics conferences (Figures 2
and 3).

Tony served as President of the Canadian Mathematical Society (CMS) from
July 2008 to June 2010. With the assistance of Graham Wright (CMS Executive
Officer), he was in particular able to raise significantly the number of memberships
for the society.

At present, he is a professor at the Department of Mathematical and Statistical
Sciences at the University of Alberta, Canada.
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Figure 2. Lau and Moslehian—Korea, 2012.

Figure 3. Lau (fourth row, second from the left) and Neufang
(top row, second from the right)—Canada, 2007.
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3. Recent scientific work

The following are among Tony’s main recent contributions to mathematics.

3.1. Fourier–Stieltjes algebra of a topological group. In the paper [26],
the authors initiate the study of the Fourier–Stieltjes algebra B(G) as the linear
span of the continuous positive definite complex-valued functions on a topolog-
ical group G, which is not assumed to be locally compact. The main challenge
here is, of course, the lack of Haar measure beyond local compactness. A particu-
larly interesting class of non-locally compact topological groups are the extremely
amenable ones—that is, there is a multiplicative left-invariant mean on LUC(G),
the space of bounded left-uniformly continuous functions on G—a phenomenon
that occurs (nontrivially) only beyond local compactness; indeed, as shown by
Granirer and Tony [14], a locally compact group G is extremely amenable if and
only if G is trivial.

3.2. Measures on the Stone–Čech compactification of a semigroup. In
the memoir [6], the authors study the semigroup algebra l1(S) of a semigroup S
and its second dual when viewed as the Banach algebra of measure M(β(S)) on
the Stone–Čech compactification β(S) of S, where β(S) and M(β(S) are taken
with the first Arens multiplication. They prove that S is finite when M(β(S))
is amenable and study the case when M(β(S)) is weakly amenable. Three open
questions are answered, including a conjecture of J. Duncan and A. Paterson
formulated in 1990 on amenability of the semigroup algebra l1(S), and questions
left open by Ghahramani, Loy, and Willis in their paper [12] from 1996. The
authors determine exactly when the Banach algebra l1(S) of a semigroup S is
amenable. In addition, it is shown that, for a locally compact group G, the Banach
algebra L1(G)∗∗ is weakly amenable if and only if G is finite. Moreover, the new
concept of a “dct” set—that is, a set which is determining for the topological
center—is introduced. The authors show that, for a large class of semigroups,
a two-point dct exists, which is new even for the case when S is a group. This
memoir has led to the study of dct sets for various other bidual Banach algebras
associated to groups or semigroups by several authors.

3.3. Second duals of Beurling algebras. In the research monograph [7], the
authors studied the interplay between the group structure of a locally compact
group G and Banach algebras associated to G. More specifically, they study their
radicals and when the Banach algebras have a strong Wedderburn decomposi-
tion. They also study the relationship between the topological centers defined
by the two Arens multiplications, regularity and irregularity of Beurling alge-
bras, particularly when G is the free group on two generators equipped with a
weight function. Such investigations have their roots in the earlier works of Craw–
Young [5], Işik–Pym–Ulger [16], Lau [24], Lau–Losert [25], Baker–Lau–Pym [2],
and Bade–Dales–Lykova [1].

3.4. Multipliers of commutative Banach algebras, with applications to
Fourier and Fourier–Stieltjes algebras. Let A be a semisimple and regular
commutative Banach algebra. In the paper [18], the authors establish a general
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Foguel-type theorem for multipliers of A. This result is employed to obtain various
properties of ideals associated with power-bounded multipliers. If A is Tauberian
and has a bounded approximate identity, then the authors prove a generalization
of the classical theorem of Choquet and Deny [3]. The main applications are
concerned with Fourier and Fourier–Stieltjes algebras of locally compact groups.
In particular, it is shown that if u is a power bounded element of B(G), then
the set of all x in G such that u(x) = 1 is in the closed coset ring of G, which
was completely characterized by Forrest [9] (and previously by Gilbert [13] and
Schreiber [40] in the abelian case). Further related investigations are carried out
in the articles [19] and [20], continuing Tony’s collaboration with E. Kaniuth and
A. Ülger.

3.5. Geometry and nonlinear fixed-point properties. In the paper [8], the
authors show that the Fourier–Stieltjes algebra B(G) of a noncompact locally
compact group G cannot have the weak∗-weak∗ fixed-point property for non-
expansive mappings. This answers two open problems posed at a conference in
Marseille–Luminy in 1989. They also show that a locally compact group is com-
pact exactly when the asymptotic center of any nonempty weak∗-closed bounded
convex subset C in B(G) with respect to a decreasing net of bounded subsets
is a nonempty norm compact subset. In particular, when G is compact, B(G)
has the weak∗-weak∗ fixed-point property for left-reversible semigroups. This is
a significant generalization of a classical result of Lim [34] for the circle group.
This work is related to and was motivated by Tony’s earlier work with Mah [31]
and Ülger [27].

3.6. Topological centers of Banach algebras related to groups and semi-
groups. In the memoir [11], the authors study in depth the second dual of the
measure algebra M(G) of a locally compact group with the Arens product. They

study the hyper-Stonean envelope G̃ of G, that is, the spectrum of the commuta-

tive C∗ algebraM(G)∗ with the first Arens product. They show that G̃ determines

the locally compact group G. They show that G̃ is a semigroup if and only if G
is discrete. They also give a partial solution to the topological center problem
regarding the second dual of the measure algebra M(G) posed in 1995 by Ghara-
mani and Tony [35]. This problem (known as the Ghahramani–Lau conjecture)
has recently been completely solved (see [35], [38]).

3.7. Geometry of continuous positive definite functions on groups, and
group von Neumann algebras. In the paper [17], the authors study Hahn–
Banach and separation properties for positive definite functions on groups. Let
G be a locally compact group, and let H be a closed subgroup of G. Consider
the property that the continuous positive definite functions on G which are iden-
tically 1 on H separate points in G \H from points in H. Forrest [9] shows that
if G is a [SIN]-group, then G has this separation property for every closed sub-
group. In the paper [10], the authors show that the converse also holds when G
is almost connected. For such groups, the separation property has been shown to
be related to the extension property. This article shows that outside the class of
[SIN]-groups, the two properties can be vastly different.
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3.8. Fixed-point and ergodic-type properties for semigroups of nonlin-
ear mappings. In recent years, there has been considerable interest in the study
of when a closed convex subset K of a Banach space has the fixed-point property,
that is, if T is a nonexpansive mapping from K into K, then K contains a fixed
point for T . In the papers [28]–[30] and [32], the authors study fixed-point proper-
ties of semigroups of nonexpansive mappings on weakly compact convex subsets
of a Banach space (or, more generally, a locally convex space). By considering the
classes of bicyclic semigroups they answer two open questions: one posed earlier
by Tony in 1976 and the other posed by T. Mitchell in 1984. They also provide a
characterization for the existence of a left-invariant mean on the space of weakly
almost-periodic functions on separable semitopological semigroups in terms of a
fixed-point property for nonexpansive mappings related to another open problem
raised by Tony in 1976.

3.9. Fixed-point sets of positive definite functions and measure on
groups: Harmonic functions. Harmonic functions are functions in L∞(G)
fixed under the convolution action by a probability measure on G. In the mono-
graph [4], the authors introduce new aspects to the theory of harmonic functions
and related topics. The work brings together recent developments in abstract har-
monic analysis, semigroups, and nonassociative functional analysis. More specif-
ically, the authors study the algebraic and analytic structure of the space of
bounded complex harmonic functions on a locally compact group G and its non-
commutative analogue, the space of harmonic functionals on the Fourier algebra,
which is the fixed-point set of a continuous positive definite function on G acting
canonically on the group von Neumann algebra V N(G). Moreover, they show
that the fixed points for the action of an element of B(G) of norm 1 form the
range of a contractive projection on V N(G) and therefore admit a Jordan algebra
structure. This provides a natural setting to apply new methods and results from
nonassociative analysis and Fourier algebras. They use these devices to study,
in particular, the nonassociative geometric structure of the space of harmonic
functionals.

3.10. Finite-dimensional invariant subspace property of Ky Fan and the
Hahn–Banach extension property for amenable Banach algebras. Moti-
vated by a result of Ky Fan in 1965, the authors of [33] establish a characterization
of a left-amenable F -algebra (which includes the group algebra and the Fourier
algebra of a locally compact group, the predual L1(G) of a locally compact quan-
tum group G, or, more generally, the predual algebra of a Hopf–von Neumann
algebra) in terms of a finite-dimensional invariant subspace property. This is done
by first exhibiting a fixed-point property for the semigroup of norm-one positive
linear functionals on the algebra. Their result answers an open question posed at
the International Conference on Nonlinear and Convex Analysis at Keio Univer-
sity, Tokyo, in 1993. We also note that a characterization of amenable Banach
algebras in terms of the Hahn–Banach extension property was obtained by Tony
in [22, Theorem 1] (see also [15, Theorem 2.8, pp. 253, 265]).
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Figure 4. Lau’s publications by year. Source: Zbl.

4. Bibliometrics

In this section, we give a quantitative analysis of Tony’s publications using
MathSciNet (MR), Zentralblatt MATH (Zbl), and Web of Science (WOS).

The following are Tony’s top three most-cited publications in MR:

• H. G. Dales and A. T.-M. Lau, The second duals of Beurling algebras,
Mem. Amer. Math. Soc. 177 (2005), no. 836. (72 citations)

• A. T.-M. Lau, Analysis on a class of Banach algebras with applications to
harmonic analysis on locally compact groups and semigroups, Fund. Math.
118 (1983), no. 3, 161–175. (69 citations)

• H. G. Dales, A. T.-M. Lau, and D. Strauss, Banach algebras on semigroups
and on their compactifications, Mem. Amer. Math. Soc. 205 (2010), no.
966. (68 citations)
The following are Tony’s top three most-cited publications in WOS:

• A. T.-M. Lau, Analysis on a class of Banach algebras with applications to
harmonic analysis on locally compact groups and semigroups, Fund. Math.
118 (1983), no. 3, 161–175. (72 citations)

• A. T.-M. Lau and V. Losert, On the second conjugate algebra of L1(G)
of a locally compact group, J. London Math. Soc. (2) 37 (1988), no. 3,
464–470. (60 citations)

• A. T.-M. Lau, N. Shioji, and W. Takahashi, Existence of nonexpansive
retractions for amenable semigroups of nonexpansive mappings and non-
linear ergodic theorems in Banach spaces, J. Funct. Anal. 161 (1999),
no. 1, 62–75. (56 citations)

The number of Tony’s publications recorded in MR and Zbl are 156 and 162,
respectively. According to MR, they are cited 1,798 times by 358 authors. Ab-
stract harmonic analysis is the subject in which Tony has published most of his
articles and in which his works are most cited.

According to Zbl (Figure 4), the top three journals in which Tony’s publica-
tions appear are Journal of Functional Analysis (20 papers), Transactions of the
American Mathematical Society (19 papers), and Proceedings of the American
Mathematical Society (16 papers). He has had 59 coauthors and has collaborated
the most with Eberhard Kaniuth (23 papers), Wataru Takahashi (18 papers), and
John B. Pym (13 papers). Four conference proceedings and one Springer lecture
note are recorded in Zbl as his books.

WOS records 89 publications by Tony (Figure 5, left). The average citation per
publication is 14.39, and Tony’s h-index is 20 (Figure 5, right). Recall that the
h-index is an index measuring the productivity and citation impact of an author.
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Figure 5. Lau’s published items and citations of his work in the
last 20 years. Source: Web of Science.

The h-index of a mathematician is n if he has n publications, each of which has
at least n citations.
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