Ann. Funct. Anal. 8 (2017), no. 4, 512-519
http://dx.doi.org/10.1215/20088752-2017-0015
ISSN: 2008-8752 (electronic)

ANNALS o . . .
/ http://projecteuclid.org/afa

FUNCTIONAL
ANALYSIS

A QUANTITATIVE VERSION OF THE
JOHNSON-ROSENTHAL THEOREM

DONGYANG CHEN"

Communicated by D. Leung

ABSTRACT. Let X,Y be Banach spaces. We define

ay(X) = Sup{\T_1|_1 :T:Y — X is an isomorphism with [T'| < 1}.
If there is no isomorphism from Y to X, we set ay (X) = 0, and

Yy (X) =sup{d(T) : T : X =Y is a surjective operator with |T| < 1},

where §(T) = sup{d > 0 : By C T'Bx}. If there is no surjective operator
from X onto Y, we set 7y (X) = 0. We prove that for a separable space X,
oy, (X7) = 76, (X) and o, (X7) = v¢(a)(X) = ye10,11(X)-

1. INTRODUCTION AND PRELIMINARIES

This note is motivated by much of the recent research on quantitative versions
of various theorems and properties of Banach spaces (see [7] and its references).
Our main goal in this note is to prove quantitative versions of two well-known
theorems in the isomorphic theory of Banach spaces: the Johnson—Rosenthal the-
orem and the Bessaga—Pelczynski theorem. The Johnson-Rosenthal theorem [5,

Theorem IV.3] says that, for a separable space X,

(1) ¢o is isomorphic to a quotient of X whenever X* contains a (closed) sub-
space isomorphic to [y,
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(2) C(A) is isomorphic to a quotient of X whenever X* contains a subspace
isomorphic to L;, where A = {0, 1} is the Cantor set.

To quantify the Johnson—Rosenthal theorem, we define a quantity measuring how
well a Banach space is isomorphically embedded into another Banach space as
follows: let X, Y be Banach spaces. We define

ay(X) =sup{||[T""|7": T:Y — X is an isomorphism with ||T|| < 1}.

If there is no isomorphism from Y to X, we set ay (X) = 0. Obviously, ay (X) =1
if and only if X contains almost-isometric copies of Y.

The classical Banach-Mazur distance d(X,Y’) between Banach spaces X and
Y, which measures how well a Banach space is isomorphic to another Banach
space, is defined as follows:

dX,Y)=mf{|T||T7"| : T: X — Y is a surjective isomorphism }.

If X is not isomorphic to Y, we set d(X,Y) = oo. It should be mentioned that
there are close relationships between quantity ay (X) and the Banach-Mazur
distance d(X,Y). For example, it is easy to see that

ay (X) = [inf{d(Y, M) : M is a closed subspace of X}]_l.

We also define a quantity measuring how well a Banach space is isomorphic to a
quotient of another Banach space, as follows. Let X, Y be Banach spaces. We set

Y (X) =sup{d(T): T : X — Y is a surjective operator with ||T'|| <1},

where §(T') = sup{d > 0 : By C T Bx}. If there is no surjective operator from
X onto Y, we set vy (X) = 0. It is easy to see that 7y (X) = 1 if and only if YV is
a (1 + €)-(linear) quotient of X for every ¢ > 0.

Then, using the above quantities, we quantify the Johnson—Rosenthal theorem
as follows.

Theorem 1.1. Let X be a separable Banach space. Then

(a) ayy (X*) = Yeo (X)7
(b) ar, (X*) =vc)(X) = vepy(X).

The Bessaga—Pelczyniski theorem [2] states that for a Banach space X, X*
contains a subspace isomorphic to ¢y if and only if X contains a complemented
subspace isomorphic to [y if and only if X* contains a subspace isomorphic to
lso- To quantify Bessaga—Pelczynski theorem, we also need a quantity measuring
how close a Banach space is to being isomorphic to a complemented subspace of
another Banach space.

Let X,Y be Banach spaces. We set

By(X) =sup{ (JA[[IBI) " :A: X - V,B:Y = X
are operators such that AB = Iy}.

If there are no such operators A, B, then we set Sy (X) = 0. Clearly, 8y (X) =1
if and only if for every ¢ > 0 there exists a subspace M of X so that M is
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(1 4 €)-isomorphic to Y and M is (1 + €)-complemented in X. That is, M = BY
is complemented in X, and BA : X — M is the projection.
In this note, we quantify the Bessaga—Pelczynski theorem as follows.

Theorem 1.2. Let X be a Banach space. Then
* 2 * *
(e (X)) < Brn(X) < i (X7) < g (X7).

Throughout this article, an operator will always mean a bounded linear oper-
ator. An operator T : X — Y is called an isomorphism if it is one-to-one and
has closed range. If X is a Banach space, we denote by By its closed unit ball
{z € X : |jz|| < 1}. Also, Ix : X — X denotes the identity map. Our notation
and terminology are standard, and we refer the readers to [1] and [8] for any
unexplained terms.

2. PrROOFS OF THEOREM 1.1 AND THEOREM 1.2

Proof of Theorem 1.1. (a) Step 1: ay, (X*) < v, (X).
Let 0 < ¢ < oy, (X™) be arbitrary. Then there exists a sequence (z}), in X* so

that
CZ lag| < HZ akaH < Z |ag| (2.1)
k=1 k=1 k=1

for all scalars aq,as,...,a, and all n € N. Since X is separable, by passing to
subsequences, we may assume that (z7),, is w*-convergent. We set f,, = x5, ,—a5,
(n € N). According to (2.1), we get

2¢y " lax| < Hzakka <2 al, (22)
k=1 k=1 K1

for all scalars ay,as,...,a, and all n € N.
Now let g, = HJ{_ZH (n € N). Then (g,), is a w*-null sequence in Sy«. In view of

(2.2), we get

CZ|ak| < Hzakng < Z|ak|7 (2.3)
k=1 k=1 k=1

for all scalars aq,as,...,a, and all n € N.

Define an operator T : X — ¢o by Tz = ({gn, ), (z € X). Then T*e* = g,
for all n € N. It follows from (2.3) that 7™ is an isomorphism, and hence T is
surjective. Let Z = X/ ker(T'). Define an operator T:Z = coby f([x]) = Tux for
[z] € Z. Then T is a surjective isomorphism. For each n € N, we choose z, € Z
with 7'z, = e,. Let (z7), denote the functionals biorthogonal to (2, )n. Since (2, )
is a shrinking basis for Z, (z),, forms a basis for Z*. Let @ : X — X/ ker(T') be
the quotient mapping. It is easy to see that Q*z) = g, for each n € N. Since Q*
is an isometric embedding, it follows from (2.3) that for all scalars by, ba, ..., b,
and all n € N, we have

k=1 k=1

<> bl (2.4)
k=1
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We claim that ¢B,, C TB,. Let (tn)n € Bey. Set z = > 7 t,z,. By the
Hahn-Banach theorem, we choose z* € Sz« with (2%, 2) = ||2|. According to
(2.4), we get

Iz|| = (=%, 2) Zt 2%, Zn)

[e.9]

< }(z* zn)‘

n=1

HZ 2, 2)2

C

Let € > 0. Clearly, BZ (14+€)QBx. By the claim, we get 5. B., € T'Bx. Con-
sequently, 7., (X) > 75 Letting € — 0, we get 7., (X) > c. Smce ¢ is arbitrary,
we conclude Step 1.

Step 2: /yCO(X) < o (X*)

Fix any 0 < ¢ < 7,,(X). Then there is an operator T': X — ¢, so that ||T]| <1
and ¢B,, C T'Bx. This means that ||T*z|| > ¢||z|| for all z € {;. Thus, oy, (X*) > ¢,
and we are done.

(b) Step 1: az, (X™) < ye(a)(X).

Fix any 0 < ¢ < ag,(X*). Then there exist a subspace N of X* and an
isomorphism 7" from N onto L; such that

* * 1 * k
lz"l < IT2") < —lle”], 2™ € N. (2.5)

By the proof of [5, Theorem IV.3], we obtain a sequence (x}), in N such that
(T'z?),, is isometrically equivalent to the Haar basis (h,,), for L;. Moreover, the
operator S : X — (span{z} : n € N})* defined by

(Sz,2*) = (¢, z)(z € X, 2" € spanf{z}, : n € N})

satisfies the following properties:

(i) SX = Z, where Z = span{u, : n € N} and (u,), are the functionals
biorthogonal to (z7),,
(ii) SBx = By.
Let (h%), denote the functionals biorthogonal to (h,),. It is known that (h),
is 1-equivalent to the Haar basis of C'(A). Let U : span{h} : n € N} — C(A) be
a surjective linear isometry. By (2.5), we have

n n n 1
[$ ] < [ ] = [ o] <
k=1 k=1 k=1 ¢

for all scalars aq,as,...,a, and all n € N.

(2.6)
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Define an operator V' : span{z; : n € N} — L; by V! = h,(n € N). Then
V is a surjective isomorphism and hence V*h} = u,, for all n € N. According to
(2.6), an easy computation shows

n n 1

] < [$aun] <

IS ] < S ] < -
k=1 k=1

for all scalars ai,as,...,a, and all n € N.

Define an operator A : Z — span{h) : n € N} by Au, = hj(n € N). It
follows from (2.7) that c¢Bspanfn:meny € ABz. Let € > 0. Similarly, by (ii), we get
Bz C (14 €)SBx. Combining this together with the fact that U is a surjective
linear isometry, we get cBoay € (1 + €)UASBx. Moreover, combining (ii) and
(2.7), we get [UAS|| < 1. Thus, we have yo(a)(X) > 157 Letting € — 0, we get
Yo(ay(X) > c. Since ¢ is arbitrary, we finish the proof of Step 1.

Step 2: yea)(X) < vopp,1(X).

Let 0 < ¢ < y¢(a)(X) be arbitrary. Then there exists an operator 7' : X —
C(A) with ||T|| < 1 so that ¢Beay € TBx. By [1, Lemma 4.4.7], there is a
continuous surjection ¢ : A — [0,1] so that we can find a norm 1 operator R :
C(A) — C[0,1] with R(f o) = f for f € C[0,1]. This yields Bepa) € RBea)-
Consequently, cBejoi) € RTBx. In view of [|R|| = 1, we get y¢op,1(X) > c. By
the arbitrariness of ¢, Step 2 is concluded. O

, (2.7)

n
E akh",;
k=1

Finally, since L; is linearly isometric to a subspace of C[0,1]*, it is easy to
verify that vyeo,11(X) < ag, (X¥).

Corollary 2.1. If ¢q is isomorphic to a quotient of a Banach space X, then cqy
is a (14 €)-quotient of X for every e > 0.

Proof. First, we will consider the case where X is a separable Banach space
having a quotient isomorphic to ¢y. Then X* contains a subspace isomorphic to
[;. Tt follows from James’s [;-distortion theorem that «;, (X*) = 1. According to
Theorem 1.1(a), we get v.,(X) = 1.

For the general case, suppose that the quotient space X /M is isomorphic to co.
It follows from the separable case that v.,(X/M) = 1. Let € > 0 be arbitrary. Then
there exists an operator 7" : X/M — ¢, with ||T']] < 1 so that (1—€)Be, C T Bx/um.
Since Bx/n C (1 + €)@ Bx, it follows that (1 —€)B., C (1 + €)TQnBx, where
Qu 2 X — X/M is the natural quotient map. Therefore, ., (X) > }—: Letting
e — 0, we also get 7., (X) = 1. The proof is completed. O

Combining the main results of [9, Theorem 3.4] and [10, Theorem 1], one can
deduce the following corollary (see the proof of [6, Theorem 2.1]). But, this corol-
lary is also an immediate consequence of Theorem 1.1(b).

Corollary 2.2. If C[0,1] (or C(A)) is isomorphic to a quotient of a Banach
space X, then C[0,1] (resp., C(A)) is a (1 + €)-quotient of X for every e > 0.

Proof. 1f C|0, 1] is isomorphic to a quotient of a separable Banach space X, then
X* contains a subspace isomorphic to L. It follows from [3, Theorem 4] that
ar, (X*) = 1. By Theorem 1.1(b), we get vco,1)(X) = 1. For the general case, the
argument is analogous to Corollary 2.1. O
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Now we need a quantitative version of the Bessaga—Petczynski selection prin-
ciple. Tts proof is identical to the standard gliding hump arguments (see [1]).

Lemma 2.3. Let (x,), be a basis for a Banach space X, and let (x¥), be the
sequence of coefficient functionals. If (yn)n s a seminormalized sequence in X
satisfying im,, oo (x5, yn) = 0 for each k € N, then, for every € > 0, there exist a
subsequence (Y, )n Of (Yn)n and a (skipped) block basic sequence (z,), with respect
to (zn)n such that

(1—¢)

)

ialzz < HZazyk H <(l+e) iaizi
, 1

1= =

for all scalars ay, as, . . ., a, and alln € N. If every seminormalized (skipped) block
basic sequence with respect to (x,), is C-complemented in X (where the constant

C depends only on X ), then span{yy, : n € N} is (C'- 1£)-complemented in X.

Proof of Theorem 1.2. We only prove (o, (X*))? < 8, (X). Inequalities 3, (X) <
a (X™) and a; (X™) < oy (X*) are straightforward.

Let 0 < ¢ < ag,(X*) be arbitrary. Then there exists an operator T': ¢g — X*
with ||T'|| < 1 so that c||z]| < ||Tz]| for all z € ¢. This yields

*

¢B,, C T*Bx~ C T*Bx " . (2.8)

Let S be the restriction of 7* to X. Then Sx = ((Te,, x)), for all z € X.
Let € > 0. According to (2.8), we obtain a sequence (), in X so that ||z, [ <
for each n and so that

(el — S, er)| < 2% k=1,2,... mn=1,2.... (2.9)
By (2.9), we get lim, o0 (S, ) = 0 for each k and 1 — ¢ < ||Sxz,|| < I for all n.

It follows from Lemma 2.3 that there exist a subsequence (Sxy,), of (Sz,),
and a block basic sequence (u,), of (e!), so that

(1—6)“26@2@ < HZainki < (1+6)H2aiui (2.10)
i=1 i=1 i=1
for all scalars aq,as,...,a, and all n € N. Moreover span{Sxk :n € N} is
+H-complemented in ;. By (2.10), we have =5 < [ju, || < -7 j for each n. Since
(un)n is a block basic sequence of (ef),,, we get
) | < HZau < (2.11)

for all scalars aq,as, ..., a, and all n € N. Combmlng (2 ) with (2.11), we get

1 —¢€)? & 1
(1 +€€) Z |a;| < HZ a; Swy, aixkiH < EZ |ail, (2.12)
= =1 =1 i=1

for all scalars a1, as,...,a, and all n € N.
Let M = span{xy, : n € N}. It follows from (2.12) that S|y : M — [ is

an isomorphism with [|(S]x) 7| < = }J_FE) Let P be a projection from [; onto
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span{Szy, : n € N} with ||P|| < 1£. Then (S|y) 'PS is a projection from
X onto M with [[(S|y)"'PS|| < c((11—65))23' Define an operator U : M — [y by
Uzy, = e (n € N). According to (2.12), U is a surjective isomorphism with
10I'< 2.

Finally, we define operators A : X — I, by A=U(S|y)"'PS and B:l; -+ X
by Be! =z, (n € N). Then AB = I;; and || Al||| B < 19 Thus, we get

c2(1—e)® "
- 2(1—¢€)®
x> (s~ = S84
X = (lallel) ' =
Letting € — 0, we get (3;,(X) > ¢®. The proof is completed. O

The following corollary is due to Dowling, Randrianantoanina, and Turett [4].
As an immediate application of Theorem 1.2, we give a short proof.

Corollary 2.4 ([4, Theorem 5]). If a Banach space X contains a complemented
subspace isomorphic to ly, then, for every e > 0, there exists a subspace M of X
so that M is (1 + €)-isomorphic to l; and M is (1 + €)-complemented in X.

Proof. If X contains a complemented subspace isomorphic to [y, it follows from
the Bessaga—Pelczytiski theorem [2] that X* contains a subspace isomorphic to
co. By James’s cp-distortion theorem, a.,(X*) = 1. According to Theorem 1.2,
we get [y, (X) = 1. The proof is completed. O
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