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ABSTRACT. Let R(D) be the algebra generated in the Sobolev space W?22(ID)
by the rational functions with poles outside the unit disk D. This is called
the Sobolev disk algebra. In this article, the commutant of the multiplication
operator Mp(.y on R(D) is studied, where B(z) is an n-Blaschke product.
We prove that an operator A € L(R(D)) is in A'(Mp.)) if and only if A =
iy My, My Ti, where {hi}{—; C R(D), and T; € L(R(D)) is given by

(ng)(z) = Z?:l(_l)i+inj(Z)g(ijl(Z))v i=1,2,...,n, GO(Z) ==z

1. INTRODUCTION

Let 2 be an analytic Cauchy domain in the complex plane C, and let W?2(Q)
denote the Sobolev space

922/ 2 _ the distributional partial derivatives of ﬁrst}
W) = {f € L7(Q,dm) - and second order of f belong to L*(2,dm) J’

where dm denotes the planar Lebesgue measure. For f, g € W?2(2), we define

()= Y [ DD am.

o <2
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Then W?(Q) is a Hilbert space and a Banach algebra with identity under an
equivalent norm. The space W?%(£2) can be continuously embedded in the space
C(Q) of continuous functions on Q by the Sobolev embedding theorem, where
is the closure of (2.

Dixmier and Foiag [3] constructed operator models based on the Sobolev space.
Using these models, Herrero, Taylor, and Wang [5] discussed the variation of
point spectrum under compact perturbation. Jiang and Wang in [6, Chapter 4.5]
obtained some interesting results on strongly irreducible operators. If 2 = D,
the unit disk in C, then let R(D) be the subalgebra of W?*(D) generated by
rational functions with poles outside . This subalgebra is called the Sobolev disk
algebra (see [6], [8]). In fact, R(D) consists of all analytic functions in W?%(DD),
and the Hilbert space R(ID) possesses an orthonormal basis {e,}°°,, e, = £,2",
Bn = [m]l/2 (n=0,1,2,...). Afunction g(z) = >~ a,,2" analytic on
D belongs to R(D) if and only if 3 [§*[* < co. Given g € R(D), the multiplica-
tion operator M, is given by M, f = gf, f € R(D). It was proved that A'(M,) =
{My;9 € R(D)}, where A’'(M,) is the commutant of M, (see [6, p. 95]). The
commutant of a bounded linear operator A on the Hilbert space H is defined by

A'(A) = {B € L(H); AB = BA},

where L(H) denotes the set of all bounded linear operators on #.

An operator T € L(H) is Fredholm if ranT, the range of T, is closed and
ind7T = dimker T — dimker T* is finite. If ¢ € R(D), o(M,) = g(D), 0.(M,) =
oire(My) = g(T), and if 2y € D and g¢(zp) ¢ ¢g(T), then M, — g(29) is a Fredholm

operator and
il’ld(Mg - g(Z())) = — dimker(]\/_lg _ 9(20))* —

where 0(M,), o0.(M,), oi.(M,) denote, respectively, the spectrum, the essential
spectrum, and the Wolf-spectrum of M,. Here g(D) and g(T) are the images of D
and, respectively, the unit circle T under g and n is the number of zeros (counting
multiplicity) of g(z) —g(20) in D. (For more details about the Sobolev disk algebra
R(D), see [0].)

It is well known that the commutant of a bounded linear operator or operators
on a complex, separable Hilbert space plays an important role in determining the
structure of this operator or these operators. In [2], Cuckovic investigated the
commutant of M,» on the Bergman space. The commutant of multiplication by
a univalent function in the disk algebra was discussed in [7]. On the Sobolev disk
algebra, Jiang and Wang [6] and Liu and Wang [8] investigated the commutant
A'(Mn). Wang, Zhao, and Jin [10, Theorem 1| proved that A, is similar to M,»
if and only if ¢ is an n-Blaschke product. The main point of the main theorem of

the present article, Theorem 2.8, is to characterize the commutant A’(Mp) of an
n-Blaschke product B(z) = a ], &%, a; € D, |a| = 1.

=1 1—a; 2’

2. THE COMMUTANT OF A MULTIPLICATION OPERATOR

Lemma 2.1 ([10, Lemma 1]). Let B(z) = o[, &=% be an n-Blaschke product.

i=1 1—a;z
Then the derivative B'(z) of B(z) has no zeros on the unit circle T.
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Lemma 2.2 ([10, Proposition 1]). Let B(z) be a finite Blaschke product, f €
R(D). Then f[B(z)] € R(D), and the operator Cg defined by Cp(f)(z) = f[B(2)]
is bounded.

Without loss of generality, we can assume that o = 1. By Lemma 4.5.9 of [6],
for each zy € D, we have

B(z) = B(z0) = (2 — 20)(2 — 21) - -~ (2 = 20-1) B3, (2),
where B, () # 0 for z € D. Let N,, = {1}, and let
r= U{NZO;there is at least one z; (0 <4 <n — 1) such that B'(z;) = 0}.
The set I is finite.

Lemma 2.3 ([8, Theorem 2.3]). Let f € R(D), let M} be a Cowen-Douglas
operator of index n on ), and let D; = f~1(Q). Here ) is the component of
the semi-Fredholm domain ps_p(My) containing f(zo) for zo € D, and n is the
number of zeros of f(z) — f(z0) in D. If the set of {z € Dy, f'(z) = 0} is finite,
then there exist analytic functions ay(z),...,an(2) and Gi(2),...,Gn-1(2) on

Dy \ T such that, for each A € A'(My) and g € R(D),
(Ag)(2) = a1(2)9(2) + a2(2)g(G1(2)) + - - - + 4 (2)g(Gn-1(2)), z€ Dy \T.

For this lemma, we need some explanation. In the proof of Theorem 2.3 of [8],
the authors used an implicit holomorphic function theorem (see [4, Theorem 9.6))
to prove that, for every w € D; \ T, there is a neighborhood U(w,d,) where
d. depends on w, and there are n — 1 functions G1(2),...,G,_1(2) analytic on
U(w, d,,) such that, for v € U(w,d,),

f(2) = f(0) = (z = v)(2 = G1(v)) -+ (2 = Gn-1(v) 9u(2),  gu(2) # 0,2 €D.

Obviously, there are at most countable such balls U (wg, ¢, ) that can cover Dy \I.
In these balls, suppose that U(w, dy,) N U(w;, dw;) # O for i # j. For U(w;, dy,),

we have n — 1 functions Gy, ..., G,—1 analytic on U(w;,d,,) such that, for v €
U(Wi, 6wi)7

f@)=fw) = (z=v)(2=G1(v)) - (=Gn1(v))gu(2),  g0(2) # 0,2 €D. (2.1)
For U(wj,d.,), we also have n — 1 functions Z, ..., Z,_; analytic on U(wj, du,)

such that, for v € U(wj, dw,), we have

f2)=f(v) = (z=0)(2=G1(v)) -+~ (2= Gn1(v))9u(2),  gu(2) #0,2 € D. (22)
Then for v € U(w;, du,) N U(wy,8,,), by (2.1) and (2.2), we have {G,,(v)}m_

i m=1 —
{Z,,(v)}, and so we can rearrange the index of G, such that G,,(v) = Z,,(v),
m=1,2,...,n — 1. Since {G,,, Z,,}"=_}, are analytic functions on the open set

U(ws, 0u,;) N U(wj, bu,), we have G, (v) = Zy(v) for v € U(w;, du,) N U(wj, du,)-
Thus the analytic continuation is possible.

By [8, Theorem 2.3] and the argument in its proof in [8, p. 68-69], there exist
n — 1 functions G4, ..., G,_; analytic on D \ T such that
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B(z) — B(z0) = (2 — 20) (z — Gl(zo)) e (Z — Gn_l(zo))BZO(z).

For these {G,}"~!, we have the following.

i=1>
Lemma 2.4.

(i) Each G; (i = 1,2,...,n — 1) is a Blaschke product of order 1; that is,
Gi(2) = ;222 |oy| = 1, and oy # 1;

1-b;z’
(ii) Fach Gi(2) — z (i = 1,2,...,n — 1) and each G;(z) — Gj(2) (i # j;
i,7=1,2,...,n— 1) has precisely one zero in D;

(iii) The point z € D is a zero of B'(z) if and only if either z = zy for some
2o € D such that Gi(z0) = zo for some i, or z = Gi(2o) for some zy € D
such that G;(z0) = Gj(z0) for some i # j.

Proof. (i) For zp € D and i = 1,2,...,n — 1, |B(Gi(20))| = |B(z0)| < 1. This
implies that |Gi(z0)| < 1. If zp € T, then |B(Gi(%0))| = |B(20)] = 1. Thus
|Gi(20)| = 1. Since G; is bounded on D\ I" and T is a finite set, each point in
I is a removable singularity (see [1]). We can assume that G; is analytic on D.
Thus G; is an inner function. Since |G;(z)| = 1 at each point of T, G;(2) is not a
singular inner function (see [9]); that is, G;(2) is a Blaschke product. Note that
B(z) — B(29) = 0 has n roots zy, G1(20), - - ., Gn—1(20) when 2z, € D. Similarly, if
z € D is fixed and we solve for zy, then

B(z) — B(z) = (2 — 20) (2 — G1(20)) -+ (2 — Gu=1(20)) Bso (2) = 0

has n roots. Thus 1 + k; + --- + k,—1 = n, where k; is the order of G;, i =
1,2,...,n—1. This implies that each G; is a Blashcke product of order 1. Suppose
Gi(2) = o 12:17ij for some b; with |b;] < 1 and «; with |a;| = 1. If oy = 1, then
a computation shows that G;(z) — z has two zeros zp = de%, where 0 is the
argument of b;. Thus B(z) — B(zy) = (2 — 20)*f(2) for some f and B'(z) = 0,
which contradicts Lemma 2.1.

(i) Solve the equation G;(z) — z = 0 or, equivalently,

bi2? — (1 — )z — ayb; = 0.
Let z1, zo be the two solutions in C. Then
—a;b;
bi
If both 21,29 € T, then B’(z1) = B'(z2) = 0, which contradicts Lemma 2.1. Thus

one of z;, 2 is located in D and the other is out of D.
Solve the equation G;(z) = G;(z) (i # j) or, equivalently,

=1.

|z120| = ’

cz—cby  z—bj
1—bz _1—b_jz7

where ¢ = &-. We get
J

bi — cb;)2* 4 (¢ + cbib; — 1 — bib;)z + b — cb; = 0.
J J J J
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If the solutions are the complex numbers 21, 2o, then

bj — Cbi

i_ij

|2120| =

For the same reason one and only one of 2z, z5 is in D.

(iii) If B'(29) = 0 and zy € D, then
B(z) — B(z)
zZ— 20

= (2= Gi(20)) (2 — G2(20)) - - - (2 = Gp—1(20)) Bz (2) = 0

as 2 — z. Since B, (z) # 0 for all z € D, 2z — G4(2p) — 0 at least for one i; that
is, Gi(z0) = 2zo. Conversely, if G;(z9) = zo for some i and zg € D, then

B(z) = B(z0) = (2 — 20)*f(2)

for some f. Hence B’(z) = 0.
If Gl'<20) = Gj(Zo), then

B(z) — B(Gi(z0)) = (2 — 20) (2 — Gi(20)) (=)

for some h. Thus B'(Gi(z)) = 0. O]
Ezxample 2.5.
(i) Let B(z) = % Calculations show that
z—c
G(z) =—
() 1—¢cz’
where ¢ = —(a+?):|22|(;+b)
(ii) Let B(z) = (#=%)*. Calculations show that
z —b;
GZ'Z = Oy _Z i:1,273,
()= o (=123
_ _ 2 . _ i(1+i[al?) _ (+ia, _ i(la]*+9)
where CV'l = -1, b = THa?? Y2 = "1 gaZ > by = 1ria ¥ = Tar=i o
b — (1+4)a
37 TaP+i-
In what follows, G1,Gs,...,G,_1 are the order one Blaschke products associ-

ated with the n-Blaschke product B(z).
Let A(z) denote the Vandermonde determinant

z Gl e Gn—l
A(z) = 2 G Ghy
anl G711—1 L. Gz:i

Let Ay;(2) be the k, j-algebra cofactor of A(z) (k,j =1,2,...,n—1). It is known
that

A(z) = (G1 = 2)(G2 — 2) -+ (Gn1 — 2)(G2 = Gh) -+ (Gt — G,
and that A(z) and Ay;(z) are in R(D).
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Lemma 2.6 (see [6, Proposition 4.5.3]). A function f(z) =3 ", f.2" analytic
on D belongs to R(D) if and only if Y, |£—Z\2 < 00, where 3, = [m]%
and f, € C (n=0,1,2,...).

Lemma 2.7.
(i) ran M., = {f € R(D); f(z0) = 0}, 2 € D;

(ii) Given g € R(D) and g(2) = (Gi(2) — 2)f(2) fori (i=1,2,...,n—1) and
some function f, then f € R(D), g € ran Mg, ., and f = M(;il_zg;

(ili) Given g € R(D) and g(z) = (Gi(z) — Gj(2))f(2) for i # j (1,7 =
1,2,...,n — 1) and some function f, then f € R(D), g € ran Mg,_g;,
and f = Méilijg;

(iv) Given g € R(D) and g( ) A(z)f(z) for some function f, then g €
ran Ma(.) and f = M NG

Proof. (i) Note that M,_,, is Fredholm and that
HHLN@—ZO::{(Z_'aﬁg(zxfye-RGD)}

is always closed. If zy = 0 and f(0) = 0, then we can suppose that

o (e,
SIEES
k=1 k=1

Then, by Lemma 2.6,

Sl = SlR i <=

implies that h(z) := Zkzl fez*"1 € R(D) and f € ran M,. Thus ran M, = {f €

R(D); £(0) = 0}.
If 20 # 0,29 € D, and f(zp) = 0, then set g(z) = f(ZZ2). By Lemma 2.2,

g € R(D). Since g(0) = 0, g € ran M., and g() — 2g1(2), g1() € R(D). Hence
1@ =0({o5s) = G a(oos) 1~ 72" = ( — 2)h(2)
where
he) =0 ({—o5) (1~ 72) " € ROD)

Thus f € ran M, _,. The opposite inclusion is obvious.
(ii) Let zp € D be the only zero of G;(z) — z in D. Then

Gi(2) = 2= (2 = 20)G(2), Gx(2) #0
for z € D, and G, € R(D) by (i). For 0 ¢ G.,(D) = 0(Mg., ), Me,, is invertible

and G '(z) € R(D). Since g(z) = 0, we have g(z) = (2 —20)g1(2), and g1 € R(D)
by (i). Hence

9(2) = (Gi(2) = 2) G} (2)g1(2)
and
f(2) =GN (2)91(z) € R(D); that is, g € ran Mg, _..
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Note that G;(z)—z # 0 for all z € T, Mg, is Fredholm, and ran Mg, _, is closed.
Also, Mg, is injective. Therefore,

Mg,—. : R(D) — ran Mg, _,

(3

is invertible, and f = Mg" g.
(iii), (iv) By a similar argument to that used in (ii), we can easily prove (iii).
Using (ii) and (iii), we can easily prove (iv). O

Theorem 2.8. An operator A € L(R(ID)) is in A'(Mp.)) if and only if

A= iMhiMAl E;

(2)
i=1

where {h;}?_; C R(D), T; € L(R(D)) is given by

(Eg)(z) = Z(_l)i+inj(z)g<Gj—l(z))7 L= 17 2a <o N, GD(Z) =z

Jj=1

Proof. Let A € A'(Mp(.)). By Lemma 4.5.11 of [6] and Lemma 2.4, we have

(Ag)(2) = a1(2)g(2) + a2(2)g(G1(2)) + -+ + an(2)g(Gn-1(2))
for g € R(D) and z € D\ I', where ay,as,...,q, are analytic on D \ I" and
G1,Gy, ..., G, are the order one Blaschke products associated with B(z). Take
g=1,22%...,2"1 sequentially. We get
a1(z) + a2(z) + -+ + an(z) = (A1)(2)
201(2) + Gr()as(2) + - + Gur(2an(2) = (A2)(2)

hl(Z),
hQ(Z),

2o (2) + G H2)an(2) + -+ G H(2)an(2) = (A2"H)(2) = ha(2).

Solving for a;(2), as(2),...,a,(z) by Cramer’s rule, we get
hy 1 - 1
1 |he Gi - Gpa
051(2) = A(Z) : : . ’
h, G' ... G
1 hy - 1
1 z hy -+ Gnpy
az(z) = < Ol -
2"t h, Gl
11 hy
1 z Gy Do
RS NE r
gt h,

Therefore,
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(Ag)(z) = hAl((; [A11(2)g(2) — A12(2)g(G1(2)) + Aws(2)g(Ga(2))
+ (=D)AL (2)g(Groi(2))]
hQ(Z)

+ Al2) [—A21(2)g(2) + Asa(2)g(G1(2))

(2)9(Ga(2)) + -+ (=1)* Do (2)g (Gr1(2))] + -
D AL(2)g(2) + (~1)2 A (2)g(Gi(2))
1)"+3An3(2)g(G2(2)) e Am(z)g(Gn_l(z))}

where z € D\I" and g(z) = Z;‘Zl(—1)k+jAkj(z)g(Gj_1(z)). It is clear g, € R(D).

Define Trg = gx (kK = 1,2,...,n). Since R(D) is a Banach algebra under an
equivalent norm, applying Lemma 2.2, we have that T} is a bounded linear oper-
ator in L(R(D)) and ||Tkg|| < M]||g|| for g € R(D) and k =1,2,...,n

Consider the determinant expression of gy,

9(2) 9(Gi(2)) - 9( n—1(2))

z Gi(z) -+ Gupoa(2)
az) =% Gz} - 31(2) ,

A G el

where g(z) = >_;2, axz". For any € > 0, let K be a positive integer such that

Hiaizi <e, HiazGﬁ(z) o Hiai(}; 1(2)
=k i=k i=k

for any k£ > K. Thus

Zf olazz +Zz kal Zf;()laiGli"‘Z?ikaiGi Zl oasz 1""22 @G n—1
p Gy Gn_1
g1(2) = 22 G% G%_l
Zn.—l G;lfl . GZ:%
= Z a;Z; + Ry,
where
z Gi(z) Gh1(?)
Gl(Z) Gn_l(z)
2
Gn—l(z)
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and
Dozt D aiGy e 3R aG
p G, e e
R,=| # Gl = G
T
We have

i=k i=k

IRl = 8020 Yzt = Auale) Y- i oo+ (-1 Bn(2) 3y
i=k
< (Al + [[Aw]l + - + [[A])e = Le.

Hence ¢1(2) = > e @k Z.

It is easy to see that Zg = A(z), Z1 = Zy = -+ = Z,_1 = 0. When k > n, set
FOGHE) o GhL(2)
u Gi(z) -+ Gp1(2)
Py(u) = w? o Gi(z) e GRou(2)].
ut G (z) - GRT(2)

It is obvious that Py(z) = Zj. Note that P,(G1(2)) = 0 since in the determinant
expression the first two columns are the same. This implies that Py(u) has a
factor u — G1(z). Therefore, P.(z) = Z has a factor z — G1(z). Similarly, Z; has
factors z — Ga(2), ..., 2 — Gn_1(2). If setting

b Gi(z) e Gh(2)
z u Go(2) -+ Gpo1(2)

Py(u) = 2w Gie) o GRL(R)|,
At @) e GlGe)

then Py(Gi(2)) = Zi. Since Py(Ga(z)) = 0, Py(u) has a factor Ga(z) — wu,
and so Py(G1(z)) = Zi has a factor Ga(z) — G1(z). Similarly, Z; has factors
Gs3(2) — G1(2),...,Gp1(2) — G1(2). By the same arguments, Z; has factors
G3 — Gy, Gy — Ga,...,G_1 — G,_o. Hence Z; has a factor A(z), and g;(z) =
A(2)f1(z). Lemma 2.7 indicates that f; € R(D), g, € ran Ma, and f; = My'g;.
Thus

91(2)
A(z)

= (M, 'T1g)(2).
By the same argument,

9x(2)
A(z)

= (M;'Tyg)(z) and A=Y M, M'Ty.
k=1
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Conversely, for arbitrary hy, ha, ..., h, in R(D), define A € L(R(D)) by

A= M, M'T;.

k=1

= 3 (M (1A ) B (G (2)
- B(z)zi:hk.(z)Mgl(Zn:(—l)k”Akj(Z)g(Gj—l(Z))>
_ [MB<EE:M’”€M51T’“>9} (2)

= (MBAQE(Z)-

The third equality is because of B(G,_1(z)) = B(z) for j = 1,2,...,n. In fact,
by the argument before Lemma 2.4, for each zg € D,

B(z) — B(z) = (2 — 20) (z - Gl(zo)) e (z — Gn_l(zo))BZO(z),

where B, (z) # 0 for z € D. If setting z = G;_1(2) for j = 1,2,...,n, then
B(G;-1(20)) — B(20) = 0 for each zy € D; that is, B(z) = B(G;_1(z)). Hence
AMp = MpA and A € A'(Mpg). The proof of Theorem 2.8 is complete. O

Remark 2.9. In Theorem 2.8, the zeros of B(z) are not necessarily nonzero. If all
the zeros of B(z) are zero, then we get B(z) = 2", and so Theorem 2.8 generalizes
the result in [8]. If some are zero and others are nonzero, then Theorem 2.8 is
true for the general finite Blaschke product B(z) = az® [[L, 2%

=1 1-a;z"
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