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ABSTRACT. Assume that K is a closed convex subset of a uniformly convex
Banach space F, and assume that {T(s)}s>0 is a nonexpansive semigroup on
K. By using the following implicit iteration sequence {z,} defined by

1 tn
Tn =1 —ap)xp_1+ay, - t—/ T(s)xnds, Vn>1,
n Jo

the main purpose of this paper is to establish a weak convergence theorem for
the nonexpansive semigroup {7'(s) }s>o in uniformly convex Banach spaces with-
out the Opial property. Our results are different from some recently announced
results.

1. INTRODUCTION

Suppose that E is a real Banach space and that K is a nonempty subset of F.
A 1-parameter family T = {T'(t) : 0 < t < oo} of Lipschitz operators from K
into itself is said to be a semigroup of Lipschitz operators on K if it satisfies the
following conditions:
(i) T(0)x =z, Vo € K;
(i) T(t+ s)x =T(t)T(s)(x) for each t,s > 0 and x € K;
(iii) for each z € K, the mapping ¢ + T'(t)z is continuous on [0, c0);
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(iv) for 7 > 0 there exists L, > 0 such that | T'(¢t)x — T'(t)y|| < L. ||z — y|| for
each t € [0,7] and z,y € K.

A Lipschitz semigroup ¥ is said to be nonezpansive if L, =1 for all 7 > 0. Let
F(%) be the common fixed point set of the semigroup ¥; that is, F/(T) = {x €
K :T(s)x =x,Vs > 0}.

The fixed point method has a large number of applications in many areas,
such as in optimization theory, control theory, economics, and nonlinear analysis.
[terative approximation construction of fixed points is vigorously proposed and
analyzed for various classes of maps in different spaces. We point out that an
implicit process is generally desirable when no explicit scheme is available. Such
a process is generally used as a “tool” to establish the convergence of an explicit
scheme. Additionally, implicit algorithms provide better approximation of fixed
points than explicit algorithms (see [12], [13]).

[terative approximation techniques of fixed points of nonexpansive mappings
(and of common fixed points of nonexpansive semigroups) is an important subject
in nonlinear operator theory and its applications, in particular, in image recovery
and signal processing (see [3], [9]).

Several authors (e.g., see Khan et al. [8], Yang et al. [14], and Zeidler [15])
discussed the weak or strong convergence of implicit iterative approximation for
nonlinear mappings. Under a real uniformly convex Banach space with the Opial
property or with a Fréchet differentiable norm, Khan et al. [8], Yang et al. [14],
and Zeidler [15] studied the weak convergence in mean ergodic theorems. However,
many important spaces like L, for 1 < p # 2 do not possess the Opial property.

Inspired and motivated by the above results, we aim in this paper to better
understand the weak convergence of an implicit iteration approximation for non-
expansive semigroups {7'(t) : 0 < ¢t < oo} in uniformly convex Banach spaces
without Opial property. Hence the present article opens a new research direction.

First, we will collect some well-known concepts and results. Let E be a Banach
space with dimension F > 2, and let £* be its dual. The modulus of convexity
of E is the function dg : (0,2] — [0, 1] defined by

, 1
ox(e) = int{1 = Sllz+yl: o = Iyl = 1, o —yll = <}.

A Banach space FE is uniformly convex if and only if §g(¢) > 0 for all € € (0, 2].
A sequence {z,} in a normed linear space F is said to converge weakly to x if

Tim () = f(2)

for every f in the dual space E* of E. This relation is indicated by x, — . Let
@wow({2n}) = {z : 3v,; — x} denote the weak limit set of {z,,} and z,,; C {z,}.

A Banach space is said to have the Kadec—Klee property (see [6]) if, whenever
r € wy({xn}) with lim, o ||2z,]| = [|z]|, it then follows that lim, .z, = «
strongly.

Lemma 1.1 ([4, Lemma 2.7]). Suppose that K is a closed convex subset of a
uniformly convexr Banach space E. Let € = {T'(t) : 0 <t < oo} be a nonexpansive



WEAK CONVERGENCE THEOREM FOR NONEXPANSIVE SEMIGROUPS 343

semigroup on K such that F(%) is nonempty. Then for each r > 0 and h > 0,
I I
lim sup H—/ T(s)xds — T(h)—/ T(s)xdsH =0,
t—00 zc KNB, 0 tJo
where B, denotes the closed ball in E with center 0 and radius r.
Lemma 1.2 (see [10]). Let E be a uniformly convex Banach space, and let a,b be

two constants with 0 < a < b < 1. Suppose that {a,,} is a real sequence in [a,b]
and that {p,}, {m.} are two sequences in E such that

limsup,, . ||on] < ¢,

limsup,, ., |Im] < ¢,

lim, o0 ||npn + (1 — )|l = ¢
Then limy, o0 ||pn — || = 0, where ¢ > 0 is some constant.

Lemma 1.3 ([7, Lemma 2]). Assume that E is a real reflezive Banach space such
that its dual E* has the Kadec—Klee property. Let {z,} be a bounded sequence in
E, with p1, ps € wy,({x,}). Suppose that lim, o ||az, + (1 — a)py — pe|| exists
for all a € [0,1]. Then p; = ps.

Lemma 1.4 ([11, Lemma 2]). Let two fized real numbers be ¢ > 1 and D > 0.
Then a Banach space E s uniformly convex if and only if there is a strictly

increasing, continuous, and convez function g : [0,00) — [0,00), g(0) = 0 such
that

Az + (1= Ny" < A7+ @ = Dyl = we(Ng(llz = yll)
for all x, y € Bp and X\ € [0, 1], where Bp is the closed ball with center zero and
radius D, wy(A) = A(1 — A2+ X(1 — N).

Lemma 1.5 (][I, Theorem 2.3.7]). Let E be a Banach space with modulus of

convexity of 6g. Then 5ET(5) is a nondecreasing function on (0,2].

Lemma 1.6 (see [2]). Let E be a real uniformly convexr Banach space, let K be a
nonempty closed convex subset of E/, and let T be a nonexpansive mapping of K
into itself with F(T) # ¢. Let {x,} C K be a sequence such that lim,_, ||z, —
Tz,|| =0 and {x,} converges weakly to z. Then z is a fized point of T

2. IMPLICIT ITERATIVE APPROXIMATION

Let K be a closed convex subset of a uniformly convex Banach space E, and let
T ={T(t): 0 <t < oo} be a nonexpansive semigroup on K. For zp € K, n > 1,
compute the implicit iteration process {z,} defined by the following formula:

1 [t
Tp=(1—ap)r,_1 + - t_/ T(s)x,ds, (2.1)
n Jo

where {a,} C (0,1) is bounded away from 0 and 1 and {¢,} C (0, c0).
Forn e N={1,2,...}, u,v € K, define

Q¥ (1) = (1 — ay)v + an, - % /0 " T(s)uds. (2.2)
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For uy,us € K, we have

1

Q0 (u1) — Qb (us)|| = ‘ O /Otn (T(s)ur — T(s)us) dsH

[
< ay - t_/ |T(s)us — T(s)us|| ds
n Jo

< ap||uy — usl|-

This implies that each QY(u) : K — K is a contraction. It follows from the
Banach contraction principle that each x, in (2.1) is uniquely defined.

The next two results deal with the general behavior of the implicit iterative
processes of (2.1).

Lemma 2.1. Let E be a Banach space, let K be a nonempty conver subset of
E, and let a,b be two constants with 0 < a < b < 1. Let ¥ be a nonexpansive
semigroup on K, and let F(T) # (. Suppose that {x,} is defined by (2.1) with
a<a,<bforalln>1,t,— 00 asn— oo andp € F(¥). Then

(i) there exists ¢ > 0 such that lim,_,« ||z, — p|| = ¢,

(i) im0 ||z — T(s)20|| = 0 for every s > 0.

Proof. (i) It follows from (2.1) that
1 [t
Jon =9l = (1= @)s =)+ 0 - [ (T~ TCs)p) s
e
<= aloa =l +an o [T - T ds

< (1= an)|zn-1 = pll + anllzn — pll (2.3)

It follows from (2.3) that ||z, — p|| < ||zn—1 — p||. Therefore, there exists ¢ > 0
such that lim,, o ||z, — p|| = ¢

(i) Let K1 ={z€ K : ||z—p| < 70}. Then K is a nonempty bounded closed
convex subset of K, and T'(s)-invariant. Since {x,} C K; and K; is bounded,
there exists 7 > 0 such that K; C B,. It follows from Lemma 1.1 that

JEEOHT(S)% /Ot S)Tpds — —/ S)xy ds ‘ =0. (2.4)

Since
tn
H—/ S)Tp ds — p} / (T(s)zn — T(s dsH
<—/ |T(s)xn — T(s)p| ds
< [lzn —pll,
then
1 [
lim sup —/ T(s)xnds—pH <ec. (2.5)
n—o0 tn 0
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Since lim,, o ||, —p|| = limy, 00 Hozn(xn_l—p)—I—(l—ozn)(% fO" T(s)x,ds—p)|| = c
and observe lim,, o ||z,—1 — p|| = ¢, it follows from (2.5) and Lemma 1.2 that

1

tn
lim —/ T(s)x,ds —x, 1|| = 0. (2.6)
Note that z, — z,_1 = fO" ds — x,,_1). Therefore, by (2.6) we
can conclude that
lim ||z, — z,—1]| = 0. (2.7)
n—o0
Since
1 [t 1 [t
lim —/ T(s)x,ds — x,|| < lim —/ T(s)xy,ds — xy,_q
n—ooll t,, 0 n—ooll ¢, 0

+ lim ||zp—1 — 24|,
n—oo

it follows from (2.6) and (2.7) that we have

1 [t
— / T(s)x,ds —x
tn Jo

lim
n—oo

(2.8)

Note that
|20 = T(s)za]|

(CE
= l‘n——
t

n

+ (T(s)l / " sy ds — T(s)z,)

——/ xnds‘

+HT / T(s)x,ds —T(s)x,

tn
——/ xndsH

E /0 T(8)2y ds — T(s)~ /0 " sy ds]).

tn n

Then it follows from (2.4) and (2.8) that lim,, . ||z, — T(s)x,| = 0. This com-
pletes the proof. O

[ mds) + (£ [ 16wt~ 1)L [ 1612 05)

n

1 tn 1 tn
—/ T(s)x,ds — T(s)—/ T(s)xy, dsH
tn 0 t 0

n

_|_

3. MAIN RESULTS

In this section, we will first prove the demiclosed principle for a nonexpan-
sive semigroup in uniformly convex Banach spaces. Since the dual of reflexive
Banach spaces with the Opial property or a Fréchet differentiable norm has the
Kadec—Klee property, our theorems generalize the known ones.
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Lemma 3.1. Let K be a closed and convex subset of a uniformly convex Banach
space E/, and let a,b be two constants with 0 < a < b < 1. Let T be a nonexpansive
semigroup on K, F(T) # 0, and let {x,} be defined by (2.1) with a < a,, < b for
alln > 1, t, = 0o as n — oo. Then for wy, we € F(%), the limit lim,,_, ||tz, +
(1 —t)wr — wal| exists for all t € [0, 1].

Proof. Let an(t) = ||txy 4+ (1 —t)w; —wsl|. Then lim,,_,o a,(0) = [Jw; —w;|| exists.
It follows from Lemma 2.1(i) that lim, o a,(1) = lim, s ||z, — we|| exists. It
now remains to prove the lemma for ¢ € (0,1). Define

QY (u) = oy, - —/ s)uds + (1 — ayp)w,

where n € N, u € K, w € K. Since Q% : K — K is a contraction, by the Banach
contraction principle there exists a unique wu,, € K such that Q% (unw) = Un -
Thus, for any natural number n, we can define the mapping A, : K — K by
A, (w) = Uy, for each w € K. And we have 2,1 = A,(x,) for all n € N. Note
that A, (v;) = u; if and only if

U; = —/ s)u;ds + (1 — ap)v;.

For any vy, v, € K, we have
[An(v1) = An(v2)[| = [Jur — us|
1

tn

San'

(T(s)uy — T(s)us) dsH + (1= an)|lor — va

§Ozn-—/ HT s)uy — )u2Hd5+(1—an)Hvl — s
< apllur = ua| + (1 = az)[vr = valf;
that is
[ur — wo|| < anllur — wal| + (1 — au)jvr — va],
which implies that
[An(v1) = An(va) || = [lur = ual| < [lor — wa].

Therefore, each A, is a nonexpansive mapping. Let w € F(T). This means
T(s)w = w, and hence

—/ (s)wds+ (1 — ap)w = w.

This implies that F(T) C (., F(A,). Set
Un,m = An+m—1 © An+m—2 ©:--0 An for m > 1.

Then U, : K — K is a nonexpansive mapping, and U, ,,(w) = w, U, men, =
Tpim for w € F(T), m, n € N If ||z,, — wy|| = 0 for some ng € N, then we have
x, = wy for all n € N. Indeed, if n < ng, then it follows from (2.1) that we have
Tpg—1 = Tpg—2 = -+ = &1 = wy. If n > ng, since the sequence {||z, — wi||} is
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nonincreasing, then we also have x,, = w;. Thus we may assume that ||z, —w| > 0
for all n € N. Set

bom = Unm (txn +(1- t)wl) — tUnm®n — (1 — 1) Up mwn,

L, =t(1—=1t)||x, —wi],
Wn’m: ? wl ’ <x +( )CU1)7
tlzn — wi
D — Unm(ten, + (1 —t)wi) — UpmTy,
- (1 =t)[2n — wi|

Since Uy, : K — K is a nonexpansive mapping, then we have |W,, || <1 and
| Dy.m|| < 1. Note that E is a uniformly convex space, and we have

[tz + (1 = t)y|| <1 —2min{t,1 — t}6x(]|z — y|)
<1—2t(1 —t)op(|lz —yl|) (3.1)

forallt € [0,1] and z, y € E such that ||z|| <1 and [Jy|| < 1. Therefore, it follows
from (3.1) that

Note that
[[brm||
an - Dnm =—,
W~ Dy = L
Unm n - Unm n+m
[tWom + (1 = ) Dy = G it N — o]
[@n — wi] [0 — wi
Then it follows from (3.2) that
bn’m
2Ln6E(|| - ”) < [ln = wr | = [Ensm — |- (3.3)
It follows from Lemma 1.5 that 6E—s(5) is nondecreasing. Note that lim, . ||z, —
wil] = limy, oo [|Tnam — wi|| and 0g(0) = 0. The continuity of dg gives from

inequality (3.3) that lim inf,, (lim sup,), ||bn.m||) = 0 uniformly for all m; that is
lim inf(lim supHUmm (txn +(1- t)wl) —tUp mxn — (1 — t)Ummle) = 0.

On the other hand, we have
Ay (1) < Htanrm + (1 — t)wy — wy
+ (Un,m (txn +(1- t)wl) — tUp mxn, — (1 — t)Ummwl) H
+ || = (Unm (b0 4+ (1 = t)wr) + tUn i + (1L = ) Upgmn ) ||
= HUmm(txn +(1— t)wl) — ng
|| Unn (tn + (1 = t)wr) = tUn g — (1 = ) Uy s |
< an(t) + HUn,m (tmn + (1 - t)wl) — tUpmxn — (1 — t)Un’mm”.

Therefore, limsup,,_, ., a,(t) < liminf, ,. a,(t). This implies that lim,, . a,(t)
exits for all ¢ € [0, 1]. This completes the proof. O
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Now, we prove the weak convergence of the implicit iterative processes (2.1)
for nonexpansive semigroups.

Theorem 3.2. Let E be a uniformly convex Banach space such that its dual
E* has the Kadec—Klee property and K is a nonempty closed convex subset of
E. Let T be a nonexpansive semigroup on K, and let a,b be two constants with
0<a<b<l. Let{x,} be defined by (2.1) satisfying {a,} C [a,b] for alln > 1
and t, — oo as n — 0o. Then there ezists a common fized point w € F(T) such
that z,, — w.

Proof. By Lemma 2.1(i), we get that {z,} is bounded. Since E is a uniformly
convex Banach space, {z,,} has a weakly convergent subsequence {z,, }. Assume
that {z,,} converges weakly to w for k& — oco. Note that {z,} C K and K is
weakly closed. Then w € K. By Lemma 2.1(ii), we get lim,, o |2, —T(s)x,| = 0.
By Lemma 1.6, we have w € F(T). Assume that {x,} does not converge weakly
to w. Then Iz, } C {w,} such that {z,,} converges weakly to some p # w. As
in the case of w, we must have p € K and p € F(%). It follows from Lemma 3.1
that lim, o ||tz, + (1 — t)w — p|| exists for all ¢t € [0,1]. By Lemma 1.3, we have
that p = w. Hence {z,} converges weakly to w. This completes the proof. O

Remark 3.3. The result of Theorem 3.2 is different from Theorem 3.4 of [5]. In
this paper, T is a nonexpansive semigroup, but in Theorem 3.4 of [5] 11, T, ..., T,
are a finite family of asymptotically nonexpansive mappings. Additionally, the
iterative process {z, } defined by (2.1) in this article is different from {z, } defined
by (3.1) of [5].
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