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Abstract. We consider the triangular θ-summability of 2-dimensional Fou-
rier transforms. Under some conditions on θ, we show that the triangular
θ-means of a function f belonging to theWiener amalgam spaceW (L1, `∞)(R2)
converge to f at each modified strong Lebesgue point. The same holds for a
weaker version of Lebesgue points for the so-called modified Lebesgue points
of f ∈ W (Lp, `∞)(R2) whenever 1 < p < ∞. Some special cases of the
θ-summation are considered, such as the Weierstrass, Abel, Picard, Bessel,
Fejér, de La Vallée-Poussin, Rogosinski, and Riesz summations.

1. Introduction

For the Fejér means of an integrable function f , the classical theorem of
Lebesgue [11, p. 274] says that

lim
n→∞

1

n

n−1∑
k=0

skf(x) = f(x)

at each Lebesgue point of f (thus almost everywhere), where skf denotes the kth
partial sum of the Fourier series of the 1-dimensional function f .

A general method of summation, the so-called θ-summation method, which is
generated by a single function θ and which includes the well-known Fejér, Riesz,
Weierstrass, Abel (and so forth) summability methods, is studied intensively in
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the literature (see, e.g., Butzer and Nessel [3]; Trigub and Belinsky [15]; Gát
[5], [6]; Goginava [7]–[9]; Simon [13]; Persson, Tephnadze, and Wall [12]; and
Weisz [16]). The triangular means of 2-dimensional Fourier transforms generated
by the θ-summation are defined by

σθ
Tf(x, y) =

1

2π

∫
R2

θ
( |u|+ |v|

T

)
f̂(u, v)eı(xu+yv) du dv.

Berens, Li, and Xu in [1] and [2] have proved that σθ
Tf → f almost everywhere for

the Riesz summability (i.e., if θ(v) := max((1− |v|)β, 0), 0 < β < ∞), where f ∈
L1(R2). Szili and Vértesi [14] considered the triangular Fejér summability (when
θ(t) = max(1− |t|, 0)). Recently, we [17] generalized this convergence result and
gave a common proof for several different θ’s, such as for the Weierstrass, Abel,
Picar, Bessel, Fejér, de La Vallée-Poussin, Rogosinski, and Riesz summations.
However, the set of convergence is not yet known.

In this article, we generalize the preceding convergence result for Wiener amal-
gam spaces that are much larger spaces than the L1(R2)-space. Moreover, we char-
acterize the set of convergence. We introduce the concept of modified Lebesgue
points and modified strong Lebesgue points. It is verified in [18] that almost every
point is a modified Lebesgue point and a modified strong Lebesgue point of f ∈
L1(R2) or f ∈ W (L1, `∞)(R2). Here W (Lp, `q)(R2) denotes the Wiener amalgam
space. Under some conditions on θ, we show that the triangular θ-means of a func-
tion f ∈ W (L1, `∞)(R2) converge to f at each modified strong Lebesgue point.
The same result holds for the modified Lebesgue points of f ∈ W (Lp, `∞)(R2)
whenever 1 < p < ∞.

2. Wiener amalgam spaces

We briefly write Lp(R2) instead of the Lp(R2, λ)-space equipped with the norm

‖f‖p :=
(∫

R2

∣∣f(x)∣∣p dλ(x))1/p

(1 ≤ p < ∞)

with the usual modification for p = ∞, where λ is the Lebesgue measure. These
spaces are generalized as follows. A measurable function f belongs to the Wiener
amalgam space W (Lp, `q)(R2) (1 ≤ p, q ≤ ∞) if

‖f‖W (Lp,`q) :=
(∑
k∈Z2

∥∥f(·+ k)
∥∥q

Lp[0,1)2

)1/q

< ∞

with the obvious modification for q = ∞.
It is easy to see that W (Lp, `p)(Rd) = Lp(Rd) and the following continuous

embeddings hold true:

W (Lp1 , `q)(R2) ⊃ W (Lp2 , `q)(R2) (p1 ≤ p2)

and

W (Lp, `q1)(R2) ⊂ W (Lp, `q2)(R2) (q1 ≤ q2),

(1 ≤ p1, p2, q1, q2 ≤ ∞). Thus

W (L∞, `1)(R2) ⊂ Lp(R2) ⊂ W (L1, `∞)(R2) (1 ≤ p ≤ ∞).
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In this paper, the constants C and Cp may vary from line to line, the constants
Cp depending only on p.

3. The kernel functions

The Fourier transform of f ∈ L1(R2) is given by

f̂(x, y) =
1

2π

∫
R2

f(u, v)e−ı(xu+yv) du dv (x, y ∈ R),

where ı =
√
−1. Suppose first that f ∈ Lp(R2) for some 1 ≤ p ≤ 2. The Fourier

inversion formula

f(x, y) =
1

2π

∫
R2

f̂(u, v)eı(xu+yv) du dv
(
x, y ∈ R, f̂ ∈ L1(R2)

)
motivates the definition of the triangular Dirichlet integral stf (t > 0):

stf(x, y) :=
1

2π

∫
R2

1{|u|+|v|≤t}f̂(u, v)e
ı(xu+yv) du dv

=
1

4π2

∫
R2

f(x− u, y − v)Dt(u, v) du dv,

where 1H denotes the characteristic function of the set H and the Dirichlet kernel
is defined by

Dt(x, y) :=

∫
R2

1{|u|+|v|≤t}e
ı(xu+yv) du dv = 4

cos(yt)− cos(xt)

(x− y)(x+ y)

(see Weisz [17]). Obviously, |Dt| ≤ Ct2.
It is known (see, e.g., Grafakos [10] or [16]) that, for f ∈ Lp(R2), 1 < p < ∞,

lim
T→∞

sTf = f in the Lp(R2)-norm and almost everywhere

This convergence does not hold for p = 1. However, using a summability method,
we can generalize these results. We consider a general summability method, the
so-called triangular θ-summation defined by a function θ : R+ → R. This summa-
tion contains all well-known summability methods, such as the triangular Fejér,
Riesz, Weierstrass, Abel, Picard, and Bessel summations.

Suppose that θ is continuous on R+, the support of θ is [0, c] for some 0 < c ≤
∞, and θ is differentiable on (0, c). Suppose further that

θ(0) = 1,

∫ ∞

0

(t ∨ 1)2
∣∣θ′(t)∣∣ dt < ∞, lim

t→∞
t2θ(t) = 0, (3.1)

where ∨ denotes the maximum and ∧ denotes the minimum.
For T > 0, the triangular θ-means of a function f ∈ Lp(R2) (1 ≤ p ≤ 2) are

defined by

σθ
Tf(x, y) :=

1

2π

∫
R2

θ
( |u|+ |v|

T

)
f̂(u, v)eı(xu+yv) du dv.
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It is easy to see that

σθ
Tf(x, y) =

1

2π

∫
R2

f(x− u, y − v)Kθ
T (u, v) du dv, (3.2)

where the triangular θ-kernel is given by

Kθ
T (x, y) :=

1

2π

∫
R2

θ
( |u|+ |v|

T

)
eı(xu+yv) du dv

=
−1

2πT

∫
R2

∫ ∞

|u|+|v|
θ′
( t

T

)
dteı(xu+yv) du dv

=
−1

2πT

∫ ∞

0

θ′
( t

T

)
Dt(x, y) dt. (3.3)

Hence

σθ
Tf(x, y) =

−1

T

∫ ∞

0

θ′
( t

T

)
stf(x, y) dt.

Note that for the triangular Fejér means (i.e., for θ(t) = max((1−|t|), 0)), we get
the usual definition

σθ
Tf(x, y) =

1

T

∫ T

0

stf(x, y) dt.

We may suppose that x > y > 0. The next two lemmas were proved in
Weisz [17].

Lemma 3.1. If∣∣∣∫ ∞

0

θ′(t) cos(tu) dt
∣∣∣ ≤ Cu−α,

∣∣∣∫ ∞

0

θ′(t)t sin(tu) dt
∣∣∣ ≤ Cu−α (3.4)

for some 0 < α < ∞, then∣∣Kθ
T (x, y)

∣∣ ≤ CT 2, (3.5)∣∣Kθ
T (x, y)

∣∣ ≤ C(x− y)−3/2(x+ y)−1/2, (3.6)∣∣Kθ
T (x, y)

∣∣ ≤ CT−α(x− y)−1(x+ y)−1y−α, (3.7)∣∣Kθ
T (x, y)

∣∣ ≤ CT 1−α(x+ y)−1y−α. (3.8)

Lemma 3.2. If (3.4) is satisfied for some 0 < α < ∞, then
∫
R2 |Kθ

T | dλ ≤ C
(T ∈ R+).

Now we can extend the definition of the triangular θ-means σθ
Tf with the

formula (3.2) to all f ∈ W (L1, `∞)(R2).

4. Modified Lebesgue points

The term Lloc
p (R2) (1 ≤ p < ∞) denotes the space of measurable functions f for

which |f |p is locally integrable. For f ∈ Lloc
p (R2), the Hardy–Littlewood maximal

function is defined by

Mpf(x, y) := sup
h>0

( 1

4h2

∫ h

−h

∫ h

−h

∣∣f(x− s, y − t)
∣∣p ds dt)1/p

.
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We are going to generalize the Hardy–Littlewood maximal function. For some
τ > 0 and f ∈ Lloc

p (R2), let

M(1)
p f(x, y)

:= sup
i,j∈N,h>0

2−τ(i+j)
( 1

4 · 2i+jh2

∫ 2ih

−2ih

∫ 2jh

−2jh

∣∣f(x− s, y − t)
∣∣p ds dt)1/p

,

M(2)
p f(x, y)

:= sup
i,j∈N,h>0

2−τ(i+j)
( 1

4 · 2i+jh2

∫ 2ih

−2ih

∫ s+2jh

s−2jh

∣∣f(x− s, y − t)
∣∣p dt ds)1/p

and

Mpf(x, y) := M(1)
p f(x, y) +M(2)

p f(x, y).

For p = 1, we write simply Mf , M(1)f , M(2)f , and Mf , respectively. All the
results of this section were proved by the author in [18].

Theorem 4.1. For 1 ≤ p < ∞, we have

sup
ρ>0

ρλ(Mpf > ρ)1/p ≤ C‖f‖p
(
f ∈ Lp(R2)

)
,

‖Mpf‖r ≤ Cr‖f‖r
(
f ∈ Lr(R2), p < r ≤ ∞

)
and

sup
k∈Zd

sup
ρ>0

ρλ(1[k,k+1)Mpf > ρ)1/p ≤ C‖f‖W (Lp,`∞)(
f ∈ W (Lp, `∞)(R2)

)
,

‖Mpf‖W (Lr,`∞) ≤ Cr‖f‖W (Lr,`∞)

(
f ∈ W (Lr, `∞)(R2), p < r ≤ ∞

)
.

A point (x, y) ∈ R2 is called a p-Lebesgue point (or a Lebesgue point of order
p) of f ∈ Lloc

p (R2) if

lim
h→0

( 1

4h2

∫ h

−h

∫ h

−h

∣∣f(x− s, y − t)− f(x, y)
∣∣p ds dt)1/p

= 0.

It is known (see, e.g., Feichtinger and Weisz [4]) that almost every point (x, y) ∈
R2 is a p-Lebesgue point of f ∈ Lloc

p (R2) (1 ≤ p < ∞).

Starting from the maximal function M(1)
p f and M(2)

p f , we introduce

U (1)
r,p f(x, y) := sup

i,j∈N,h>0
2ih<r,2jh<r

2−τ(i+j)
( 1

4 · 2i+jh2

∫ 2ih

−2ih

∫ 2jh

−2jh

∣∣f(x− s, y − t)

− f(x, y)
∣∣p ds dt)1/p

,

U (2)
r,p f(x, y) := sup

i,j∈N,h>0
2ih<r,2jh<r

2−τ(i+j)
( 1

4 · 2i+jh2

∫ 2ih

−2ih

∫ s+2jh

s−2jh

∣∣f(x− s, y − t)

− f(x, y)
∣∣p dt ds)1/p

,
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and in case p = 1 we write simply U
(1)
r f and U

(2)
r f . We say that a point (x, y) ∈

R2 is a modified p-Lebesgue point (or a modified Lebesgue point of order p) of
f ∈ Lloc

p (R2) (1 ≤ p < ∞) if, for all τ > 0,

lim
r→0

U (1)
r,p f(x, y) = 0.

If, in addition,

lim
r→0

U (2)
r,p f(x, y) = 0,

then we say that (x, y) ∈ R2 is a modified strong p-Lebesgue point (or a modified
strong Lebesgue point of order p). If p = 1, then we call the points modified
Lebesgue points or modified strong Lebesgue points. Obviously, every modified
(strong) p-Lebesgue point is a modified (strong) Lebesgue point.

Theorem 4.2. Almost every point (x, y) ∈ R2 is a modified p-Lebesgue point and
a modified strong p-Lebesgue point of f ∈ Lloc

p (R2) (1 ≤ p < ∞).

5. Pointwise convergence of the summability means

Now we prove that the triangular summability means σθ
Tf converge to f at

each modified strong Lebesgue point.

Theorem 5.1. Suppose that (3.4) is satisfied for some 0 < α < ∞ and that f ∈
W (L1, `∞)(R2). If (x, y) is a modified strong Lebesgue point of f and Mf(x, y)
is finite, then

lim
T→∞

σθ
Tf(x, y) = f(x, y).

Proof. Let θ0(s, t) := θ(|s|+ |t|). The first equation of (3.3) implies that

Kθ
T (s, t) := T 2θ̂0(Ts, T t).

The function θ0 is integrable because

1

4

∫
R2

θ
(
|s|+ |t|

)
ds dt =

∫
(0,∞)2

θ(s+ t) ds dt =

∫ ∞

0

∫ x

0

θ(x) dx dy

=

∫ ∞

0

xθ(x) dx =
c2θ(c)

2
− 1

2

∫ c

0

x2θ′(x) dx.

Since θ̂0 ∈ L1(R2) by Lemma 3.2, the Fourier inversion formula yields

1

2π

∫
R2

Kθ
T (s, t) ds dt =

1

2π

∫
R2

θ̂0(s, t) ds dt = θ(0) = 1.

Thus∣∣σθ
Tf(x, y)− f(x, y)

∣∣ ≤ 1

2π

∫
R2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt. (5.1)
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Figure 1. The sets Ai.

It is enough to integrate over the sets of Figure 1:

A1 :=
{
(s, t) : 0 < s ≤ 2/T, 0 < t < s

}
,

A2 :=
{
(s, t) : s > 2/T, 0 < t ≤ 1/T

}
,

A3 :=
{
(s, t) : s > 2/T, 1/T < t ≤ s/2

}
,

A4 :=
{
(s, t) : s > 2/T, s/2 < t ≤ s− 1/T

}
,

A5 :=
{
(s, t) : s > 2/T, s− 1/T < t ≤ s

}
.

Let τ < α/2 ∧ 1. Since (x, y) is a modified strong Lebesgue point of f , we can
fix a number r < 1 such that

Urf(x, y) < ε.
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Let us denote the square [0, r/2] × [0, r/2] by Sr/2, and let 2/T < r/2. We will
integrate the right-hand side of (5.1) over the sets

5⋃
i=1

(Ai ∩ Sr/2) and
5⋃

i=1

(Ai ∩ Sc
r/2),

where Sc denotes the complement of the set S. Since A1 ⊂ Sr/2, we obtain by (3.5)
that∫

A1

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ CT 2

∫ 2/T

0

∫ 2/T

0

∣∣f(x− s, y − t)− f(x, y)
∣∣ ds dt ≤ CU (1)

r f(x, y) < Cε.

Let us denote by r0 the largest number i for which r/2 ≤ 2i+1/T < r. By (3.6),∫
A2∩Sr/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C

r0∑
i=1

(2i
T

− 1

T

)−3/2(2i
T

)−1/2

×
∫ 2i+1/T

2i/T

∫ 1/T

0

∣∣f(x− s, y − t)− f(x, y)
∣∣ ds dt

≤ C

r0∑
i=1

2(τ−1)i2−τi
(T 2

2i

)∫ 2i+1/T

2i/T

∫ 1/T

0

∣∣f(x− s, y − t)− f(x, y)
∣∣ ds dt

≤ C

r0∑
i=1

2(τ−1)iU (1)
r f(x, y) < Cε.

Since s− t > s/2 on the set A3, we get from (3.7) that∣∣Kθ
T (s, t)

∣∣ ≤ CT−α(s− t)−1−βt−α+β−1 ≤ CT−αs−1−βt−α+β−1 (5.2)

for some 0 ≤ β ≤ 1. Let us choose β = α/2 if 0 < α ≤ 2 and β = 1 if α > 2.
Then ∫

A3∩Sr/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C

r0∑
i=1

i−1∑
j=0

T−α
(2i
T

)−1−β(2j
T

)−α+β−1

×
∫ 2i+1/T

2i/T

∫ 2j+1/T

2j/T

∣∣f(x− s, y − t)− f(x, y)
∣∣ ds dt

≤ C

r0∑
i=1

i−1∑
j=0

2(τ−β)i2(τ−α+β)j
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× 2−τ(i+j)
( T 2

2i+j

)∫ 2i+1/T

2i/T

∫ 2j+1/T

2j/T

∣∣f(x− s, y − t)− f(x, y)
∣∣ ds dt

≤ C

r0∑
i=1

i−1∑
j=0

2(τ−β)i2(τ−α+β)jU (1)
r f(x, y) < Cε.

We have t > s/2 on A4; hence (3.7) implies∣∣Kθ
T (s, t)

∣∣ ≤ CT−α(s− t)−1−βs−α+β−1, (5.3)

and so∫
A4∩Sr/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C

r0∑
i=1

i−1∑
j=0

T−α
(2i
T

)−α+β−1(2j
T

)−1−β

×
∫ 2i+1/T

2i/T

∫ s−2j/T

s−2j+1/T

∣∣f(x− s, y − t)− f(x, y)
∣∣ dt ds

≤ C

r0∑
i=1

i−1∑
j=0

2(τ−α+β)i2(τ−β)j

× 2−τ(i+j)
( T 2

2i+j

)∫ 2i+1/T

2i/T

∫ s−2j/T

s−2j+1/T

∣∣f(x− s, y − t)− f(x, y)
∣∣ dt ds

≤ C

r0∑
i=1

i−1∑
j=0

2(τ−α+β)i2(τ−β)jU (2)
r f(x, y) < Cε,

where β is chosen as before.
We get from (3.8) that ∣∣Kθ

T (s, t)
∣∣z ≤ CT 1−αs−1−α (5.4)

on the set A5. This implies that∫
A5∩Sr/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C

r0∑
i=1

T 1−α
(2i
T

)−1−α
∫ 2i+1/T

2i/T

∫ s

s−1/T

∣∣f(x− s, y − t)− f(x, y)
∣∣ dt ds

≤ C

r0∑
i=1

2(τ−α)i2−τi
(T 2

2i

)∫ 2i+1/T

2i/T

∫ s

s−1/T

∣∣f(x− s, y − t)− f(x, y)
∣∣ dt ds

≤ C

r0∑
i=1

2(τ−α)iU (2)
r f(x, y) < Cε.
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Similarly, we can show that∫
A2∩Sc

r/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C

∞∑
i=r0

2(τ−1)iM(1)f(x, y) + C

∞∑
i=r0

2−if(x, y)

≤ C2(τ−1)r0M(1)f(x, y) + C2−r0f(x, y)

≤ C(Tr)τ−1M(1)f(x, y) + C(Tr)−1f(x, y) → 0

and ∫
A3∩Sc

r/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C

∞∑
i=r0

i−1∑
j=0

2(τ−β)i2(τ−α+β)jM(1)f(x, y) + C

∞∑
i=r0

i−1∑
j=0

2−βi2(−α+β)jf(x, y)

≤ C2(τ−β)r0M(1)f(x, y) + C2−βr0f(x, y) → 0

and ∫
A4∩Sc

r/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C
∞∑

i=r0

i−1∑
j=0

2(τ−α+β)i2(τ−β)jM(2)f(x, y) + C
∞∑

i=r0

i−1∑
j=0

2(−α+β)i2−βjf(x, y)

≤ C2(τ−α+β)r0M(2)f(x, y) + C2−βr0f(x, y) → 0

as T → ∞. Finally,∫
A5∩Sc

r/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C
∞∑

i=r0

2(τ−α)iM(2)f(x, y) + C
∞∑

i=r0

2−αif(x, y)

≤ C2(τ−α)r0M(2)f(x, y) + C2−αr0f(x, y) → 0

as T → ∞. Note that A1∩Sc
r/2 = ∅. This completes the proof of the theorem. �

Since by Theorems 4.1 and 4.2 almost every point is a modified strong Lebesgue
point and the maximal operator Mf is almost everywhere finite in case f ∈
W (L1, `∞)(R2), Theorem 5.1 implies the following corollary.

Corollary 5.2. Suppose that (3.4) is satisfied for some 0 < α < ∞ and that
f ∈ W (L1, `∞)(R2). Then

lim
T→∞

σθ
Tf(x, y) = f(x, y) a.e.

If 1 ≤ α < ∞, then in Theorem 5.1 we can omit the condition that Mf(x, y)
is finite.
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Theorem 5.3. Suppose that (3.4) is satisfied for some 1 ≤ α < ∞ and that
f ∈ W (L1, `∞)(R2). If (x, y) is a modified strong Lebesgue point of f , then

lim
T→∞

σθ
Tf(x, y) = f(x, y).

Proof. Taking into account the proof of Theorem 5.1, we have to show only that∫
⋃5

i=2(Ai∩Sc
r/2

)

∣∣f(x− s, y − t)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt → 0

as T → ∞. For small δ > 0, let us introduce the sets

B1 :=
{
(s, t) : s > r/2, 0 < t ≤ δ

}
,

B2 :=
{
(s, t) : s > r/2, δ < t ≤ s− δ

}
,

B3 :=
{
(s, t) : s > r/2, s− δ < t ≤ s

}
.

Then we have to integrate over these three sets. On B3, we use estimation (5.4)
to obtain∫

B3

∣∣f(x− s, y − t)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ CT 1−α

N0−1∑
i=0

(i ∨ 1)−1−α

∫ i+1

i

∫ s

s−δ

∣∣f(x− s, y − t)
∣∣ ds dt

+ CT 1−α

∞∑
i=N0

i−1−α

∫ i+1

i

∫ s

s−δ

∣∣f(x− s, y − t)
∣∣ ds dt

≤ CT 1−α‖f1{(s,t):r/2<s<N0,s−δ<t≤s}‖W (L1,`∞) + CT 1−αN−α
0 ‖f‖W (L1,`∞) < ε.

The second term is less than ε if N0 is large enough, and the first term is less than
ε if δ is small enough. The rest of the proof works for all 0 < α < ∞. Indeed,
by (3.6), ∫

B1

∣∣f(x− s, y − t)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ C

N0−1∑
i=0

(i ∨ 1)−2

∫ i+1

i

∫ δ

0

∣∣f(x− s, y − t)
∣∣ ds dt

+ C

∞∑
i=N0

i−2

∫ i+1

i

∫ δ

0

∣∣f(x− s, y − t)
∣∣ ds dt

≤ C‖f1[r/2,N0]×[0,δ]‖W (L1,`∞) + CN−α
0 ‖f‖W (L1,`∞) < ε

if N0 is large enough and δ is small enough. Moreover, by (5.2) and (5.3),∫
B2∩A3

∣∣f(x− s, y − t)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ CT−α

∞∑
i=0

(i ∨ 1)−1−βδ−α+β−1

∫ i+1

i

∫ 1

δ

∣∣f(x− s, y − t)
∣∣ ds dt
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+ CT−α

∞∑
i=1

i∑
j=1

i−1−βj−α+β−1

∫ i+1

i

∫ j+1

j

∣∣f(x− s, y − t)
∣∣ ds dt

≤ CT−α‖f‖W (L1,`∞) → 0,

and∫
B2∩A4

∣∣f(x− s, y − t)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ CT−α

∞∑
i=0

i∑
j=0

(i ∨ 1)−α+β−1(j ∨ 1)−1−β

∫ i+1

i

∫ s−j

s−j−1

∣∣f(x− s, y − t)
∣∣ ds dt

≤ CT−α‖f‖W (L1,`∞) → 0

as T → ∞, where β is chosen as in Theorem 5.1. �

In the next theorem we do not need the maximal operator M(2)f .

Theorem 5.4. Suppose that (3.4) is satisfied for some 0 < α < ∞ and that
f ∈ W (Lp, `∞)(R2) with 1/α∨1 < p < ∞. If (x, y) is a modified p-Lebesgue point

of f and M(1)
p f(x, y) is finite, then

lim
T→∞

σθ
Tf(x, y) = f(x, y).

Proof. Now let τ < (α − 1/p)/2 ∧ 1. Since (x, y) is a modified p-Lebesgue point
of f , we can fix a number r such that

U (1)
r,p f(x, y) < ε.

Since

U
(1)
r,1 f ≤ U (1)

r,p f and M(1)f ≤ M(1)
p f,

we can prove in the same way as in Theorem 5.1 that∫
Ai

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt < Cε

for i = 1, 2, 3 if T is large enough.
Then we have to consider the integral (5.1) over the sets A4 and A5 only. By

(5.3) with β = 0 and Hölder’s inequality,∫
A4∩Sr/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤
r0∑
i=1

i∑
j=i−1

∫ 2i+1/T

2i/T

∫ 2j+1/T

2j/T

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣1A4 dt ds

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/T

2i/T

∫ 2j+1/T

2j/T

∣∣f(x− s, y − t)− f(x, y)
∣∣p dt ds)1/p

×
(∫ 2i+1/T

2i/T

∫ s−1/T

2i−1/T

T−αqs(−α−1)q(s− t)−q1A4 dt ds
)1/q

.
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Since q > 1, we have

∫ 2i+1/T

2i/T

∫ s−1/T

2i−1/T

T−αqs(−α−1)q(s− t)−q dt ds

≤ CT−αq
(2i
T

)(−α−1)q+1( 1

T

)−q+1

≤ C
(T
2i

)2q−2

2i(q−1−αq).

Thus∫
A4∩Sr/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ Cp

r0∑
i=1

i∑
j=i−1

2(τ−(α−1/p)/2)(i+j)

× 2−τ(i+j)
( T 2

2i+j

∫ 2i+1/T

2i/T

∫ 2j+1/T

2j/T

∣∣f(x− s, y − t)− f(x, y)
∣∣p dt ds)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(τ−(α−1/p)/2)(i+j)U (1)
r,p f(x, y) < Cε.

Using (5.4), we get in the same way that∫
A5∩Sr/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/T

2i/T

∫ 2j+1/T

2j/T

∣∣f(x− s, y − t)− f(x, y)
∣∣p dt ds)1/p

×
(∫ 2i+1/T

2i/T

∫ s

s−1/T

T (1−α)qs(−α−1)q dt ds
)1/q

≤ Cp

r0∑
i=1

i∑
j=i−1

(∫ 2i+1/T

2i/T

∫ 2j+1/T

2j/T

∣∣f(x− s, y − t)− f(x, y)
∣∣p dt ds)1/p

× T 1−α−1/q
(2i
T

)−α−1+1/q

≤ Cp

r0∑
i=1

i∑
j=i−1

2(τ−(α−1/p)/2)(i+j)

× 2−τ(i+j)
( T 2

2i+j

∫ 2i+1/T

2i/T

∫ 2j+1/T

2j/T

∣∣f(x− s, y − t)− f(x, y)
∣∣p dt ds)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(τ−(α−1/p)/2)(i+j)U (1)
r,p f(x, y) < Cε.
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Similarly,∫
A4∩Sc

r/2

∣∣f(x− s, y − t)− f(x, y)
∣∣∣∣Kθ

T (s, t)
∣∣ ds dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(τ−(α−1/p)/2)(i+j)M(1)
p f(x, y)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−(α−1/p)(i+j)/2f(x, y)

≤ Cp2
(2τ−(α−1/p))r0M(1)

p f(x, y) + Cp2
−(α−1/p)r0f(x, y) → 0

as T → ∞. It is easy to see that the same holds for the integral over the set
A5 ∩ Sc

r/2, which finishes the proof of the theorem. �

With the same proof as in Theorem 5.3, we can see that the finiteness of

M(1)
p f(x, y) can be omitted.

Theorem 5.5. Suppose that (3.4) is satisfied for some 1 ≤ α < ∞ and that
f ∈ W (Lp, `∞)(R2) (1 < p < ∞). If (x, y) is a modified p-Lebesgue point of f ,
then

lim
T→∞

σθ
Tf(x, y) = f(x, y).

6. Applications to various summability methods

In this section, we list some summability methods that were also considered
in [3]. The elementary computations in the examples below are left to the reader.

Example 6.1 (Fejér summation). Let

θ(t) :=

{
1− |t| if |t| ≤ 1,

0 if |t| > 1.

Example 6.2 (de La Vallée-Poussin summation). Let

θ(t) =


1 if |t| ≤ 1/2,

−2|t|+ 2 if 1/2 < |t| ≤ 1,

0 if |t| > 1.

Example 6.3 (Jackson-de La Vallée-Poussin summation). Let

θ(t) =


1− 3t2/2 + 3|t|3/4 if |t| ≤ 1,

(2− |t|)3/4 if 1 < |t| ≤ 2,

0 if |t| > 2.

The next example generalizes Examples 6.1, 6.2, and 6.3.

Example 6.4. Let 0 = α0 < α1 < · · · < αm and β0, . . . , βm (m ∈ N) be real num-
bers, β0 = 1, βm = 0. Suppose that θ is even, that θ(αj) = βj (j = 0, 1, . . . ,m),
that θ(t) = 0 for t ≥ αm, and that θ is a polynomial on the interval [αj−1, αj]
(j = 1, . . . ,m).
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Example 6.5 (Rogosinski summation). Let

θ(t) =

{
cosπt/2 if |t| ≤ 1 + 2j,

0 if |t| > 1 + 2j,
(j ∈ N).

Example 6.6 (Weierstrass summation). Let θ(t) = e−|t|γ for some 1 ≤ γ < ∞.
Note that if γ = 1, then we obtain the Abel summation.

Example 6.7. Let θ(t) = e−(1+|t|q)γ (t ∈ R, 1 ≤ q < ∞, 0 < γ < ∞).

Example 6.8 (Picard and Bessel summations). Let θ(t) = (1 + |t|γ)−δ (0 < δ <
∞, 1 ≤ γ < ∞, γδ > 2).

Example 6.9 (Riesz summation). Let

θ(t) =

{
(1− |t|γ)δ if |t| ≤ 1,

0 if |t| > 1

for some 0 < δ < ∞, 1 ≤ γ < ∞.

By an easy computation we get that the conditions (3.1) and (3.4) are satisfied
for examples 6.1–6.5 and for example 6.9 if 1 ≤ δ, γ < ∞ with α = 1. Moreover,
examples 6.6–6.8 satisfy (3.1) and (3.4) with α = 2 and example 6.9 with α = δ
if 0 < δ ≤ 1 ≤ γ < ∞.
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