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ABSTRACT. The notion of Szegé-type properties of positive Borel measures
is well known and widely exploited. In this paper, we consider a class of or-
thogonal decompositions of isometries on Hilbert spaces which correspond to
Szego-type properties of their elementary measures. Our decompositions are
closely connected with some special families of invariant subspaces. It is shown
that this connection holds for the decomposition constructed in the paper. We
illustrate our results with several examples. We also give a short proof of Mlak’s
theorem on the elementary measures of completely nonunitary contractions.

1. INTRODUCTION AND PRELIMINARIES

Let B(H) denote the algebra of all bounded linear operators on a complex
Hilbert space H. For a given isometry V € B(H), denote by H = H, & Hs
its Wold decomposition and by E the spectral measure of its minimal unitary
extension. For every z € H the mapping u, : B(T) > w — (F(w)z,x) is a
positive Borel measure, where B(T) denotes the o-algebra of all Borel subsets of
the unit circle T. The measure p, is called the elementary measure of x (and V).

Recall that a unitary operator U € B(K) is called a wnitary dilation of a
contraction T € B(H) if

T" = PyU"y forn €N,
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where P|y, is the orthogonal projection onto H C K. Each contraction has a
minimal unitary dilation (see [13]). We can extend the definition of elementary
measures to contractions. Indeed, if E is a spectral measure for U, then the
elementary measure of x € H is the positive Borel measure u, : B(T) 5 w —
(E(w)z, ).

Let p be a nonnegative regular Borel measure on T. We say that u is a Szego
measure if for any w € B(T) the inclusion y,L*(u) C H?*(u) implies p(w) = 0,
where H?(11) denotes the closure in L?(u) of the algebra of all analytic polyno-
mials, and y,, denotes the characteristic function of the set w.

We have the following (see [5], [6]).

Proposition 1.1. A measure pp on T is a Szego measure if and only if
(1) p is absolutely continuous with respect to the Lebesgue measure m on T,
dp .
(2) log 7~ is Lebesgue summable.

We say that p is Szego-singular if H*(u1) = L?(u). Denote by A the algebra of
all analytic polynomials and by A, the subalgebra of those members of A which
vanish at 0. Observe the following.

Remark 1.2. p is Szegé-singular if and only if infye 4, [ |1 — p|* dp = 0.

By the Szeg6 theorem (see [6, p. 49]), for p absolutely continuous with respect
to m, we have the formula

inf /|1—p|2d,u:exp</logd—'udm>. (1.1)

pEAo dm

Each Borel regular measure ;4 on T has a unique decomposition

= Xult + XT\whhs

where w is a p-essentially unique Borel set, x,pu is a Szegd measure, and X\,
is Szego-singular. The above decomposition is a special case of a more general
result shown for natural representations in [5].

Recall that a decomposition of an operator T' € B(H) means T' = T} & T» where
T, € B(H1),T> € B(Hz), and H = H; & Hs. This implies that T; = T'|y, and
H; is reducing for 7' (invariant for 7" and 7™) for i = 1,2. In known examples
of decomposition like Wold decomposition or Lebesgue decomposition, one com-
ponent has some additional property (e.g., is unitary or its spectral measure is
absolutely continuous with respect to the Lebesgue measure) while the second
component completely fails to have that property. The aforementioned decompo-
sitions are unique because the considered properties are hereditary (which means
that the property is inherited by the restriction of the operator to any reducing
subspace). In the case considered in this paper, the relevant property of an isom-
etry V € B(H) is that #H is spanned by vectors whose elementary measures are
Szeg6. This property is not hereditary (see Example 2.5). Therefore, we do not
obtain a unique decomposition with respect to this property but a family of such
decompositions. We call them Szegi-type decompositions (see Definition 2.7).

We study two natural Szego-type decompositions. The first was introduced
in [4] and used there in the context of two commuting isometries. The second
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decomposition is based on unilateral and bilateral shift parts of a given isometry.
Both decompositions are based on so-called wandering vectors.

Definition 1.3. Let V' € B(H) be an isometry. A vector w € H is called wandering
for V' if

(V'w,w) =0
for all n € N

In Section 3, we give a characterization of the aforementioned decompositions
using intersections of some special families of invariant subspaces. In Section 4,
closely connected with the results of [4], we give a comparison of our decompo-
sitions and the Lebesgue decomposition. In Section 5, we give a simpler proof of
Mlak’s theorem of [10]. In Section 6, we show connections between the subject of
our paper and the invariant subspace problem. We conclude with Problem 7.4,
which is important for the construction in Section 7 (see Example 7.1).

2. SZEGO-TYPE DECOMPOSITIONS FOR ISOMETRIES

In this section, we introduce decompositions of isometries which are connected
with Szego measures. First we show connections between wandering vectors and
Szegd measures.

Proposition 2.1. Let V € B(H) be an isometry. If 0 # w € H is a wandering
vector for V', then its elementary measure [, is a Szego measure.

Proof. Isometry V restricted to the smallest invariant subspace containing w is a
unilateral shift with one-dimensional wandering subspace generated by w. Hence
[y 18 equal to the Lebesgue measure, and consequently is a Szegd measure. [

Theorem 2.2. Let S be a unilateral shift on a Hilbert space H. Then all elemen-
tary measures of S and S* are Szego.

Proof. For x € H denote by u, (resp., v,) the elementary measure of S (resp.,
of S*) corresponding to x. It is well known that this measure is absolutely con-
tinuous. First let us assume that p, is Szego-singular for some x € H. Then, by
Remark 1.2,

0= inf [ |1 —pPPdu, = inf [ |Z]*|1 —p|? du,

inf / 1 p dse = inf / 12P/1 — pP di
= inf [ |2 —pfdp, = inf || Sz — p(S)z||”

;gA/IZ pl*dp ;QAH z—p(9)z|",

where S is the bilateral shift extending S. By the above equality, the minimal S
invariant subspace containing x reduces S to a unitary operator, which leads to a
contradiction. As a consequence, there is no Szego-singular elementary measure.

The measure p,, as an elementary measure of a unilateral shift, is absolutely
continuous with respect to the Lebesgue measure. Therefore, by (1.1), Proposi-
tion 1.1, and Remark 1.2, u, is a Szego measure.

By elementary calculation (see [9, proof of Lemma 2.1]), we can show that v,
is Szego if and only if p, is Szego. O
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Corollary 2.3. Let {u, : x € H} be the set of elementary measures of a bilateral
shift U on a Hilbert space H. Then the set {x € H : u, is Szego} is dense in H.

Proof. We have H = @°° U"L, where L is a wandering subspace for U. The

operator U restricted toneveol:)y subspace @@, U"L (k € Z) is a unilateral shift.
Hence, by Theorem 2.2, every subspace @, U™ L consists of vectors with Szego
clementary measures. Consequently, the set |, 25 (€D,~, U"L) which is dense in
‘H has the same property. |

On the other hand, we have a nice characterization of spaces which consist of
vectors having Szego-singular elementary measures.

Proposition 2.4. Let V € B(H) be an isometry.

o Letx € H. Then x € \/[{V"x : n > 1} if and only if elementary measure
e 1S Szego-singular.

o Let L. C H be a V-reducing subspace. Then each V -invariant subspace of
L is V-reducing if and only if elementary measures for all vectors in L
are Szego-singular.

Proof. The first assertion is a consequence of the equality inf,c4, ||z —p(V)z|]* =
infpea, [ |1 — p|* dp, and Remark 1.2

For the proof of the second assertion, assume that w is an arbitrary Laurent
polynomial of z. Then for a minimal unitary extension U of V and = € L we have

@) = oVl = [ o= pP (21)

for every analytic polynomial p. Since every V-invariant subspace of L is reducing,
the infimum of the left-hand side in (2.1) taken over all analytic polynomials p
is 0. Consequently, w € H?(u,). Since w was arbitrary, we have H?(u,) = L?(u,),
which means that pu, is Szego-singular.

Conversely, assume that for each x € L the measure pu, is Szegd-singular. If
M is a V-invariant subspace of L, then every vector x € M & VM is wandering.
Hence, by Proposition 2.1, we have x = 0, and consequently M = VM, which
finishes the proof. O

Now, let us consider an example where the set of all vectors whose elementary
measures are Szego-singular cannot be a linear space.

Example 2.5. Let H = L*(m), where m is the normalized Lebesgue measure on T
and S € B(H) is the operator of multiplication by z. Each vector can be approxi-
mated by a linear combination of wandering vectors (whose elementary measures
are Szegd by Proposition 2.1). On the other hand, if we take a measurable set
a C T such that m(a) < 1, then by Proposition 2.4 the subspace xL?(m) consists
of vectors whose elementary measures are Szego-singular. Hence any vector f € H
is a sum of two singular elements xt, f, xr_f, where T, := {2 € T : Sz > 0} and
T_:={zeT:3z<0}.

We denote by F the set of all vectors € H whose elementary measures are
Szego-singular.
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Remark 2.6. The set F may not be a linear subspace.
In light of the above example, we introduce the following definition.

Definition 2.7. We call an isometry V € B(H) a Szego isometry if H is spanned
by vectors whose elementary measures are Szego. We call an isometry V' € B(H)
Szego-singular if the elementary measure of any vector is Szego-singular.

We say that a decomposition V =V, @ V5 is a Szego-type decomposition if V;
is Szego-singular and V5 is a Szego isometry.

Proposition 2.4 implies the following characterization.

Remark 2.8. An isometry is Szego-singular if and only if it does not contain any
nontrivial wandering vector.

Note that Szego-singular isometries are unitary operators, but not all unitary
isometries are Szego-singular. A unilateral shift is a Szego isometry.
Now let us consider another example (see [4]).

Ezample 2.9. Denote o := {z € T : argz € [37, 37]}. Then aUa? =T. Let H =
L*(a) @ L*(a?) & L*(«) and U € B(H) be multiplication by z. Set H; := L?*(a),
and set Hy := L*(a) @ L*(a?). Then H = H; & Hs is a reducing decomposition
such that H; C F and H, is spanned by vectors whose elementary measures are
Szego. Unfortunately, such a decomposition is not unique.

The above example shows that, generally, we cannot define a unique Szego-type
decomposition.

Now, for a given isometry V' € B(H), we introduce two subspaces which natu-
rally generate Szego-type decompositions.

First, let us consider the reducing subspace Hy := H © H,, where H,, is
the subspace spanned by all wandering vectors for V. In [4], we gave a precise
description of H,, and Hy. From the definition of H,, and Proposition 2.1 we con-
clude that H = Hy & H,, is a Szego-type decomposition. Moreover, the subspace
spanned by all vectors whose elementary measures are Szego is maximal. Such a
decomposition will be called a Szegd-type I decomposition.

Second, if we consider the decomposition H = H; @ Ho such that Hy reduces
V' to a direct sum of unilateral and bilateral shifts, and H; does not contain any
wandering vector, then H = H; @ H, generates a Szego-type decomposition of V.
Such a decomposition is not unique. Thus we define the subspace

Hps = ﬂ{?—[l : Hi reduces V to a direct sum

of unilateral and bilateral shifts}.

For the orthogonal complement we have
Hy, = \/{7—[2 : Ho reduces V to a direct sum of unilateral and bilateral shifts}.

Hence, by Propositions 2.1 and 2.4, the decomposition H = H,s & (Hns)* is a
Szego-type decomposition of V. It will be called a Szego-type II decomposition.
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3. RELATIONS BETWEEN SZEGO-TYPE DECOMPOSITIONS

In this section, we consider two families of subspaces defined for a given isom-

etry V€ B(H):
M= {mcu: v e\ V) = A,

n>0

where V € B(#) is the minimal unitary extension of V, and

M = {M CH:V(M)C M\ V(M) = H}

n>0

These families generate two subspaces ﬂM\ ({M: M e M\} and (M =
ﬂ{M M € Mj}. Note that the subspaces M, = H, ® Py, V’“(ker V*) belong

to M and M. On the other hand, Mnso Mn = H,. It follows that () M and | M
are subspaces of H,.

Theorem 3.1. Let V € B(H) be an isometry. Then

=M.

Proof. First we show that (JM C Hy. We may assume that Hy # H. Fix a
wandering vector v € H. Take M := H © {v, V*v, V**v, V3, ... }. Since H O M
is invariant for V*, the subspace M is invariant for V. Moreover, Vv € M because
v is wandering. Hence V**v = V*k+DVyy € V*EHD(AL), Thus \/,, V*(M) = H.
Consequently, M € M and v M. Therefore, () M is orthogonal to all wandering
vectors for V', and consequently [\ M C H,.

Now we show that Ho C (M. Fix M € M. Denote by V|, @ V|, the Wold
decomposition of the isometry V|ys. Since V|y, is unitary, for every z € M,
we have [|z]] = ||(Vm)*z|| = ||PuV*z| < ||V*z|| < ||z|. Hence PyV*x =
V*x. On the other hand, Py, V*x = (V|u)*x. Consequently, (V'|nr)*|ar, = V*| a1,
and since M, reduces V|y, it reduces V as well. Thus H = \/,., V"M =
M, & \/,5o V" M,. The isometry V|y, is a unilateral shift. As a consequence,
\/,,50 V™" M is spanned by wandering vectors for V. Hence Ho C M, C M. O

Theorem 3.2. Let V € B(H) be an isometry. The subspace () M is reducing for
V' and generates a Szego-type decomposition.

Moreover, Hy C (M.

Proof. For every M € M we have VM € M and VM C M. Hence ﬂM\ C
Nyei VM C N M. Consequently, V(M) = Nyt VM = MM since V is
injective. Thus HM\ is reducing for V.

Now we show that each subspace of M which is invariant for V' is reducing
for V. Since HM\ C Npen V"M for M € M, it follows that ﬂM\ reduces V' to a

unitary operator. Take an invariant subspace L C () M and a vector z € L&V L.
Consider the space L, := \/, ,{V"z}, where V" = V*I"l for n < 0. Then L,
reduces V. Since all vectors in L © VL are wandering, V|, is a bilateral shift.
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Let M, := (HO L) ®V,en{V" ™2} € M. Then z € M C (,oy My = HE L,
and so x = 0. Hence L © VL = {0}. Finally, the subspace L is reducing for V.
Before we prove that () M generates a Szego-type decomposition, we will show

that Hy C ﬂM\ Pick x € Hy and consider the invariant subspace L :=
V,en{V"z}. We have LT C Ho. Since each invariant subspace of Hq is re-

ducing, L} is reducing for V. Moreover, for M € M consider the subspace
Hy = (N,en V™M C M. Since V(Hy) = Hyy, the subspace Hy; is reducing

for V. Thus, denoting by Ve B(ﬁ) the minimal unitary extension of V', and
applying Wold decomposition for V|, we have

VM) =Hye @V (Me V(M) e P V" (Me V(M)
neN 0<n<k

for all k € N. Note that LT C H = \/,», V*(M). From [4, Theorem 3.10]
we know that each vector which is orthogonal to all wandering vectors for V' is
also orthogonal to all wandering vectors for V. Thus the subspace L} C H, is
orthogonal to €, . V(Mo V(M) SPocr<k VMoV (M)). Hence z € Lt C
Hy C M. But M € M was arbitrary, and so z € (M. Finally, H, C (M.

As a consequence, ([ /W)L C H.. Thus, by Propositions 2.1 and 2.4, we con-
clude that # = M @ (M)~ is a Szegd-type decomposition. O

Let us describe relations between H, and [ M more precisely.

Theorem 3.3. Let V € B(H) be an isometry.

If there are wandering vectors for the unitary part V|y,, then
(M = Ho.

If there is no nontrivial wandering vector for V|y, and dim N (V*) < oo, then
M =H..

Proof. First assume that there exists a wandering vector v € H,. Thus the sub-
space M = (Ho{...,V*?u, V*v, v, Vo, V?u,... ) ®V{V™ : n € N, } belongs to
M and vL M. Since H,L ()M, by [4, Theorem 3.10] we have H,, L (M. Hence
ﬂ/(/l\ C Ho. By Theorem 3.2 we get the first statement.

Now, assume that V' does not have any wandering vector in H,, and the uni-
lateral shift V|, has a finite multiplicity. Choose M € M and consider two
Wold decompositions: V = U @ S and V| = U’ & S, where U, U’ are unitary
operators and S, S” are unilateral shifts. The subspace which reduces an isome-
try V| to a unitary operator U’ also reduces V. Thus U = U’ @ U” for some
unitary operator U”. By the definition of M we know that the minimal unitary
extension of V', denoted as ‘A/, is also the minimal unitary extension of V|;. Thus
UpS =V = m =U ¢S , where S , S" are minimal bilateral shifts which
extend the unilateral shifts S and S’. Hence U” @ S = S'. The unilateral shifts
S and S’ have finite multiplicities. Thus the spectral multiplicity functions of S
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and S’ are constant on the unit circle. The difference of these two functions is the
spectral multiplicity function of U”. Thus the spectral multiplicity function of U”
is constant on the unit circle. Hence U” is a bilateral shift or the zero operator
(see [11]). Since H, does not contain any wandering vector, we cannot reduce U

to a bilateral shift. Hence U” = 0. As a consequence, H, C M for each M € M.
Finally, YM = H,. O

Proposition 3.4. Let V € B(H) be an isometry. Then
M C Ha.

Proof. Let H = Hi ® Ha be a decomposition such that V], is a direct sum
of a unilateral and a bilateral shift. Set Hy 1= (Ha)s @ €D,50 V" (W), where

(Hz)s is the unilateral shift subspace of V], and W is a wandering subspace
of the remaining bilateral shift. Then M, := H; & V"(H;) belongs to M. Thus
MM C N,en Mn = Hi. This shows that (Y M C Hs. O

From Theorem 3.2 and Proposition 3.4 we get the following.
Corollary 3.5. Let V € B(H) be an isometry. Then

Ho CﬂM\CHNS.

Remark 3.6. If the isometry V' is unitary, then M= M. Moreover, Szego-type |
and IT decompositions are equal; that is, Ho = [\ M = Hs.

In some cases the family M defines Szego-type II decomposition. Indeed, by
Theorem 3.3 and Proposition 3.4, we get the following.

Corollary 3.7. For any isometry V such that dim N (V*) < oo we have
ﬂ M\ = Hns-

4. SZEGO-TYPE I AND II DECOMPOSITIONS VIA LEBESGUE DECOMPOSITION

Any isometry V' acting on a Hilbert space H has Lebesgue decomposition,
which combined with Wold decomposition gives us the following decomposition:

H=Hs; D Hae D Hsing: (4.1)

where the subspaces Hs, Hae, Hsing reduce V', the operator V|y, is a unilateral
shift, the operator V|, is unitary singular (i.e., its spectral measure is singular
to the Lebesgue measure on the unit circle), and Vl]y,, is unitary absolutely
continuous (i.e., its spectral measure is absolutely continuous with respect to the
Lebesgue measure on the unit circle).

As a direct consequence of [4, Theorem 3.10], we can compare a Szego-type I
decomposition with decomposition (4.1).

Theorem 4.1. For any isometry V € B(H) we have the following:

o if V has no wandering vectors, then Ho = H = Haoe © Hsing;
o if V has wandering vectors, then Ho = Hging, Huw = Hae ® Hs.
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Comparison of a Szego-type II decomposition and decomposition (4.1) is as
follows.

Theorem 4.2. Let V € B(H) be an isometry. We have the following:

o if H, contains no wandering vector, then H,s = Hy = Hae D Haing;
o if H, contains a wandering vector, then H,s = Ho = Hsing-

Proof. Assume that H, does not contain any wandering vector. Consider a de-
composition H = H; @ H, such that Hs reduces V' to a direct sum of unilateral
and bilateral shifts. Actually, Hs reduces V' to a unilateral shift. Hence H,, C H,s.
Thus H,s = Ha.

Now we consider the second case: H, contains a wandering vector. For the
unitary operator U := V|, , by Remark 3.6 we have ﬂM\U = My, where
M\U and/\ My denote the corresponding fam/il\ies of subspaces for U. If we take
My € My, then M, = My & V"H, € M and (),.y M, = My. Thus, by
Theorem 4.1, for U we get

ﬂ./T/l\C ﬂ ﬂMU@Van:ﬂM\U:ﬂMU:HSmg-

My E.K/I\U neN

On the other hand, again by Theorem 4.1 and Corollary 3.5, we have Hypn, =
7_[0 C Hns~ FinaHY7 Hns = Hsing~ O

The above theorems have an immediate consequence.

Corollary 4.3. For a nonunitary isometry V the subspaces H,s and Hy are
different if and only if the unitary part of V' is not singular and it does not have
any wandering vectors.

The above corollary can be illustrated by the following example.

Ezample 4.4. Denote T := {z € T : Sz > 0} and p the Lebesgue measure on T
Let H = L*(u) & H?(u), and denote by V' € B(H) the operator of multiplication
by z. Then it is easy to see that H,, = L?(u). By Theorem 4.1 we get H,, = H
and 7‘[0 = {O}

5. A SIMPLER PROOF OF MLAK’S THEOREM

Now we give a simpler proof of Mlak’s theorem of [10].

Theorem 5.1. Let T be a completely nonunitary contraction on a Hilbert
space H. Then for each x € H its elementary measure pi, is Szego.

Proof. By [8] we can construct a superspace K = M & N and a contractive

extension T' of T such that H C I, M and N reduce i f! M 18 an isometry, and
T|n is a Cy. contraction. It is well known that a Cj. contraction can be extended
to a backward shift (see, e.g., [2], [13]), and so we can assume that, from the start,

K is constructed in such a way that T'|y is a backward shift.
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Take x € H, and denote by y its projection on M and denote by z its projection
on N. Then

/pdﬂx = (p(T)z,x)
= (p(D)z,z) = (P(T)y.y) + (p(T)z,2) = / pdp, + / pdp..

where p is an arbitrary analytic polynomial and i, i, g, are the elementary
measures of the vectors z,y, z respectively. Hence the measure p, — p, — f,
annihilates the disk algebra. Since the disk algebra is Dirichlet, this real measure
must be 0, and so pt; = p, +p.. Since T' is completely nonunitary, p, is absolutely
continuous with respect to the Lebesgue measure, and so is u, as an elementary
measure of a backward shift. Hence p, is also absolutely continuous. We have
dps  dpy + dyi.

dm dm  dm

Y

where m denotes the Lebesgue measure on the unit circle. Since p,, is nonnegative,
and consequently % > 0, by Theorem 2.2 and Proposition 1.1, we get

/log(j‘éj)dmz/log(%—i—%) dm > /log(jﬁi)dm> —00,

which means that pu, is a Szegd measure. 0

6. CONNECTION WITH THE INVARIANT SUBSPACE PROBLEM

One of the motivations for considering Szego-type decompositions is their con-
nection with the invariant subspace problem.

Problem 6.1 (Invariant subspace problem). If 7' € B(H) is a bounded linear
operator, then does it have a nontrivial closed invariant subspace?

This question is interesting only for operators on infinite-dimensional separable
Hilbert spaces. It is easy to see that answering this question for contractions solves
the problem. Moreover, for any contraction 7' the subspaces {x € H : T"x — 0}
and Ho {x € H : (T")"x — 0} are closed and invariant for 7. Hence Problem
6.1 is interesting only if these subspaces are trivial. A contraction 7" such that
{reH: Tz -0} =Hand {z € H: (T")"z — 0} = H (called a Cyy
contraction) has a nontrivial closed invariant subspace because it is quasi-similar
to a unitary operator (see [13]). The roles of 7" and T™* are symmetric, and so the
only two interesting cases are Cyy operators (when {z € H : T"z — 0} = {0} and
{r eH: (T*)"z — 0} = {0}) and Cyy operators (when {x € H : T"x — 0} = H
and {z € H : (T*)"x — 0} = {0}).

Before we show how the idea of Szegd-type decomposition (and wandering
vectors) can be used to reduce the invariant subspace problem in the case of Cjq

operators, we have to recall the idea of isometric asymptote that comes from
Sz.-Nagy [12].
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For a given contraction T' € B(H), {T*"T"}2, is a decreasing sequence of
positive operators. Thus it has a strong limit A which satisfies

T AT = A.
Hence ||AzTz|| = ||Azz| for € H. Therefore, there exists an isometry V such
that
AT = VAs,

That isometry is called the isometric asymptote of T

Theorem 6.2. Let T € B(H) be a Cyy contraction class. If the isometric asymp-
tote of T is not Szego-singular, then T' has a nontrivial invariant subspace.

Proof. Denote by V' the isometric asymptote of T'. Every C}y contraction is a
completely nonunitary operator. Hence, by [1, Proposition XII1.2.1], the singular
part of V' has to be zero.

Assume that V' is not Szego-singular. Then, by Proposition 2.4, T" has a wander-
ing vector. The isometry V' contains a unilateral shift or it is a unitary operator.
If V' is a unitary operator, then any wandering vector w generates a subspace
V{V"™ : n € Z} which reduces V to a bilateral shift. Hence V' contains a unilat-
eral or bilateral shift. As a consequence, T C o(V'). By [7, Theorem 4] we get
(V) C o(T). Since every contraction whose spectrum contains the unit circle
has a nontrivial closed invariant subspace (see [2], [3]), the proof is finished. [

7. QUESTIONS AND FINAL REMARKS

Theorem 4.1 shows that, for any nonunitary isometry such that H,. # {0},
there are wandering vectors which do not belong to H.

Below we show an explicit method of constructing a wandering vector whose
projections onto H, and H, are both nontrivial.

Ezample 7.1. Let T, := {2z € C: |z| = 1,32 > 0}, and denote by p the Lebesgue
measure on T,. Consider the space H := L*(u) ® @,—,!* and the isometry
V:=U®@, S, where S is a unilateral shift on (?, and U € B(L*(T, ut)) is
the unitary operator of multiplication by z.

For a fixed k € N, set fi(z) :=1— (22 +2*+ -+ 2z%). We are going to show
that

1
1——(+2"+- - +2%)

k 2dz:(9(i).

¢ = (U™ fo fi) = / o

T+

Indeed,

T+

Since

‘ 2

koo
1 1 . A
1—E(2’2+z4—|—---+22k) dz = /1r+ z”<1+E— E i(2'23—|—§23)> dz. (7.1)

2
/ s - for even n, (7.2)
T, 0 for odd n,
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we see that ¢ = 0 for odd n and

k

—2(1 4+ 2 2
| _ )
14 2m j:1k2 14+2(m—j) 142(m+j)
for n = 2m, where m € N. Further, we calculate that

k

i( 2 B 4 )
Com = Zlk:Q 1+2m N Tr2mty)  1t2m)

and, finally,

Zki 142 Qm—]))(llsz(2m+j))(1+4m) - O(%) - O(%)

Thus Y,y |ck| < 0o. As a consequence, the following vector is well defined:

& =0 0o -
|V 0 = 012“ 0o - )
e A -

cs 0 0 Cs

Moreover, we can easily compute the mth moment (.-, S™(b%), b*) of b*:

070 JE —JE 0 | [V Va0
<O...O cg 0 — Cé R CIQC 0 koo >——CZL.

Hence, the vector v := f; ® b is wandering and has a nontrivial decomposition
corresponding to the Wold decomposition of V.

Moreover, the vector v := 2™ f; @ b* is wandering for any n, k € N. Using (7.2),
we can compute

1 k—j 2 Sk—j o1
LA — (_ 2 L 2K~ J )d —_Z 4y — :
e N e L RO M e =

Thus f — 1 in L*(T,). Hence 2" f;, — 2" (k — 00). Consequently, the set of all
projections of wandering vectors onto H,, is linearly dense in H,,. O

Using the previous construction, we can show the following result.

Proposition 7.2. Let U € B(H) be a singular unitary operator. Then

Z}(U”Lxﬂ = 00

for all x € H.
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Proof. Assume that, on the contrary, there is a vector f € H such that
Yo olen] < oo, where ¢, == (U"f, f) for n € Ni. As in the previous exam-
ple we define

Ja —J/a 0 0 ..
Ja 0 ~V& 0 00
b=y 0 0 —yg | €DE
. . . . . n=0

Then the vector v := f+b € H® @, 1* is wandering for V=U & P, , S,
where S is a unilateral shift of multiplicity 1.

The minimal unitary extension V of V can be decomposed as V=U e, , S ,
where U is the singular part of ‘A/, and S is a bilateral shift extending S. Thus,

by Theorem 4.1, all wandering vectors of V are orthogonal to H. In particular,
ve @, ? and so f =0, which leads to the contradiction. 0

By Theorem 4.1 it is clear that the set of wandering vectors for an isometry
with an absolutely continuous unitary part is dense or trivial. If the answer to
the question below is affirmative, then we will be able to prove this fact (and
Theorem 4.1) in the elementary way (using construction from Example 7.1).

Problem 7.3. Let U € B(H) be an absolutely continuous unitary operator. Is the
set {x € H: )Y " [(U'x, )| < oo} dense?

The set Fiy := {z € H : 35 |(Uz, x)| < oo} is U reducing, and so the space
H o Fy reduces U to an absolutely continuous unitary operator. Hence, to answer
Problem 7.3, it is enough to show that H © Fyy = {0}. Thus Problem 7.3 reduces
to the following.

Problem 7.4. Let U € B(H) be an absolutely continuous unitary operator. Is it
true that Fyy # {0}7

In Section 3, we gave a relation between the spaces H,, and ﬂM\ In the
proof of Theorem 3.3 we used an additional assumption. Thus there is a natural
question.

Problem 7.5. Can we omit the assumption dim N (V*) < oo in Theorem 3.37

For an isometry V' without wandering vectors in its unitary part, the inclusion
Hnps C M is equivalent to H,, C M for all M € M.

Using our previous considerations, we can show that H, C M for all M & M
such that M NHs = {0}. We need the following lemma.

Lemma 7.6. Let V € B(H) be an isometry, let N C H be a subspace reducing
V, and let M € M. Then

oM\/NG.K/l\;

e if N C M, then M & N € M\H@N, where M\H@N denotes the relevant
family for the operator V|yen-.
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Proof. Denote by U € B(K) the minimal unitary extension of V.

The subspace MV N is V-invariant as a linear span of such subspaces. Obviously
K=V,soUMCV,soU*(MV N) C K, which finishes the proof of the first
part.

For the second part, note that M © N = (I — Py)M. Since N reduces V', Py
commutes with V. Therefore, M & N is V-invariant by the following calculation:
VIMeN)=V({I—-Py)M=(—-Py)VM C (I —Py)yM =MG&N.

It remains to show that Ky := \/ ., U™ (M © N) is the domain of the mini-

mal unitary extension of V|yen. Since M € M\, we have K = K; V K5, where
Ky :=\/,>oU"N. Let us show that K; is orthogonal to K. Note that U*N =
UEDUN ¢ U*DN | and similarly U*(M © N) ¢ U***D(M © N). Thus
for any integers k,I we have U*N c U™k N and U (M © N) C
Usma{blH (M & N). On the other hand, since U* is isometry, we have
groadkii | ekl (3 o N). Thus U**N is orthogonal to U*(H © N)
for all k£,1, and we get K = K; & Ko.

Next, note that for every n > 0 we have PyonyU™"N = PyonPyU™N =
PycnV*'N C PyonyN = {0}. Hence H © N is orthogonal to K,. Consequently,
HON C K&Ky = K. Note that K is a minimal U-reducing subspace containing
M © N. Thus, by the inclusions M & N C H o N C Kj, it is also a minimal
U-reducing subspace containing H © N. In other words, Ulg, is the minimal
unitary extension of V'|yen, which finishes the proof. O

Proposition 7.7. Let V € B(H) be an isometry without wandering vectors in

the unitary part, and let V =V |y, ® Vs, be its Wold decomposition. If M € M
is a subspace such that M NHs = {0}, then H, C M.

Proof. Decompose H, = €D, o Hn, where V], is a unilateral shift of multi-

plicity 1. For each M € M define My == MV @, Hn for any k > 0 and
My == My, © @, Hn- Fix k. Note that My = Py, g1, M, which means

that M, need not be a subspace of M. Let M), € M. By Lemma 7.6 we have

Mj € M\Huea@ﬁ;}) 5, » Where /T/I\Hu@@kfl 4, 1s the relevant family for the operator

n=0

V|”Hu®®’;;é 4, It is important that H, equals the unitary subspace of the re-
striction V|Hu@®ﬁ;}) 4, - Since for V|Hu@®§;é 5, the unilateral shift part has finite
multiplicity, by Theorem 3.3 we get H,, C Mj. Since M, C My, we get H,, C Mj,
and, consequently, H, C (),>o Mk. Obviously M C (>, Mk. We will finish the
proof by showing that M = (>, M.

Let € (5 Mk. Then for any k > 0 there are z;, € M and vy, € D,,~r Hn
such that * = =z, + yi. Fix k, and consider an arbitrarily large [. From 0 =
rT—r =xp— 2 +yr—1y we get Hy D yp —y; = 21— xp, € M. Since by assumption
M NH, = {0}, it follows that y, = y;. Thus y, € @,,~, H,, for arbitrarily large [,
which means that y, = 0. Thus x = x, € M. O
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